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ABSTRACT

Pure rotational transitions of DF(X 12+) withl < J" < 8inv" = 0 were
obtained precisely with a state-of-the-art Fourier transform spectrometer.
These data were combined with selected spectroscopic data for DF(v" = 0-4) in
a least-squares determination of Dunham coefficients.

The B'=* - X'=* ultraviolet emission band system of DF was recorded
spectrographically in the region 205-275 nm. Computer assisted rotational
analyses of 41 bands with 0 = v' < 5 and 16 < v" < 26 resulted in band origins
and rotational parameters for both electronic states.

The B'=* - X'=* emission bands of DCI in the region 166-240 nm were
photographed in higher orders of a 10.7-m concave grating vacuum spectrograph.
Rotational analyses of 56 bands of D*Cl with v'= 0-7 and v" = 11-23 furnished
molecular parameters for both states.

All reliable literature data for the X'=¥(v" = 0-19) and B'=* (v’ = 0-10)
states of HF and the X 1E+(v” = ()-26) and Blz+(v’ = (-7) states of DF were
employed to determine isotopiczily self-consistent radial operators which take
full account of Born-Oppenheimer breakdown. The dissociation energy of
DF(X 12"') was estimated as @, = 49338(43) cm™! and the vibrational index at
dissociation as vy = 29.2(5). The electronic isotope shift of B'=* was
estimated as AT, = -2.48(7) cm™L, Rotationally dependent Franck-Condon
factors for the B — X transition and Einstein coefficients for spontaneous
emission in X =% were calculated. Rotational assignments for the Bzt - x'st
emission band system of DF were extended significantly.

A similar analysis of data for H35Cl, B#c), D¥Cl, and D¥'Cl was
performed. A simultaneous four-isotopomer least-squares fit of 8497 line
positions resulted in Born-Oppenheimer potentials for the B's" and Xx's7states
and radial functions which describe adiabatic aud nonadiabatic effects. The
electronic isotope shift of B'S* was obtained as AT, = —1111(3) cm™.
Rotational assignments for the B'=* - x's* emission band system of D¥Cl were
extended and the first set of assignments for the B — X system of D*'Cl was
obtained. Quantum mechanical rotational and centrifugal distortion constants
were calculated for TCl. As was the case for HF/DF, the repulsive AT state
of HCI/DCl was found to perturb significantly the energy level manifold of

X=*ima heterogeneous fashion.
xxi
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CHAPTER 1
GENERAL INTRODUCTION

In the earlier part of this century, Erwin Schrodinger published a series
of articles () on the wave mechanical description of matter at the atomic
level. Schrodinger’s theory had far-reaching implications and influenced the
development of most areas of physical science. In the field of molecular
spectroscopy, the new wave mechanics was swiftly adopted as it provided much
improved interpretations of simple spectra over the old quantum theory
results.

All the stationary state energies, E, and wavefunctions, ¥, of a quantum
mechanical system are obtained as solutions of the .time-independent

Schrodinger equation,

#* (g, Q) ¥(g, Q) = E ¥(g, Q). (1.1)

Despite the deceptively simple appearance of this eigenvalue equation, an
exact solution is usually far from straightforward. The main problem is that
the eigenfunctions correlate the electronic coordinates, q, with those of the
nuclei, Q.

In 1927 Born and Oppenheimer (2) achieved a significant simplification of
the diatomic wave equation. In the absence of external magnetic and electric
fields, the total wavefunction was factored into electronic and nuclear parts
and any interaction between the two motions thus neglected. An important
result emerging from the Born-Oppenheimer treatment was the concept of a

potential energy function, describing the behaviour of a chemical bond as



a function of internuclear separation.

Much effort has been directed towards the development of procedures for
the determination of potential functions from basic principles and from the
results of spectroscopic experiments. Ab inifio methods varying in degree of
sophistication are applied routinely to the problem. It is found, however,
that such methodology provides results which approach spectroscopic accuracy
only for relatively simple one- or two-electron diatomics. For many-electron
systems, the average-field approximations of quantum methods give results
which are significantly inconsistent with  experimental observation.
Fortunately, more accurate methods are available whereby spectroscopically
derived “molecular constants” can be inverted to the internuclear potential.

A direct inversion method which is widely employed to generate diatomic
potentials is the semiclassical RKRV vprocedure.  This, however, is an
approximate method only; in recent years, improvement in the precision of
spectral measurements has necessitated a review of this inversion scheme.
This has stimulated the development of improved numerical procedures whose end
products are internuclear potential functions that are consistent with
experimental results, within the precision of the measurements.

One such niethod is employed in the present work to bring about a better
understanding of the electronic structures and spectra of the diatomic
hydrogen halides HF and HCI. In order to achieve this, it has been necessary
to go beyond the Born-Oppenheimer approximation. Spectroscopic information
has been employed to determine effective radial (unuclear) Hamiltonian
operators which consider adequately the coupling of electronic and nuclear
motions. Despite the widely held belief that these simple diatomic systems

have long been well understood, interesting results presented in this thesis



demonstrate clearly that previous characterizations in terms of molecular
constants precluded a comprehensive understanding of the molecular states and
their interactions.

In order to investigate the isotopic dependence of Born-Oppenheimer
breakdown in HF and HCl it has been necessary to incorporate spectral data of
several isotopomers. Due to the inferior quality or complete absence of some
data, comprehensive spectrographic investigations of the ultraviolet
B'=* - x'=* emission band systems of DF and DCI have been undertaken. Also,
a few very precise far-infrared transitions in ¢" = 0, and the fundamental
band of DF in the infrared, have been studied by interferometric techniques.

A review of some relevant theory is presented in the second chapter. The
sericlassical RKRV equations are developed and their theoretical basis, the
JWKB quantization condition, is outlined. The Born-Oppenheimer principle is
explained and its shortcomings are clearly indicated. It is shown how
electronic-nuclear coupling can be described by employing effective
Hamiltonian operatcrs that include implicitly the effects of excited
electronic states on nuclear motion. Chapter 2 also deals with computational
procedures important to this work. The statistical fitting method of
least-squares, which has been of crucial importance to the completion of the
present work, is described. Of equal importance was the numerical solution of
the radial wave equation for a general potential function, and this is
therefore also described.

The third chapter reviews previous attempts to improve semiclassical RKRV
potentials. The numerical correction method applied here io HF and HCI is
considered in particular detail; model calculations are carried out and the

effectiveness and limitations of the procedure are assessed.
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The fourth and fifth chapters describe the acquisition of new
experimental information on DF and DCl. Chapter 4 reports a conventional
rotational analysis for the B's* _ Xx5* electronic band system of DCI in the
ultraviolet and vacuum ultraviolet. Chapter 5 is divided into two parts; the
first describes a Fourier transform study of DF(»" = 0, 1), and in the second
part a rotational analysis of the ultraviolet B's* - x's* emission band
system is reported.

In the sixth and seventh chapters a numerical method is employed to
determine radial Hamiltonian operators from spectroscopic data. Chapter 6
describes the application of the procedure to a spectroscopic data base of the
isotopomers 1> Cl, H37Cl, D35C1, and D'CL. In Chapter 7 a similar analysis
is made of the spectroscopic information available for the isotopomers HF and
DF.  An important result of both analyses concerns the detection of
rotationally dependent energy shifts in the rovibrational levels of the ground
X% states arising from a strong second-order perturbation by the low-lying
repulsive AT state.

In the concluding chapter, the numerical method employed to derive radial
operators for HF and HCI is discussed briefly. The procedure is reviewed

objectively and suggestions for improved methods are provided.
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CHAPTER 2
THEORETICAL BACKGROUND AND NUMERICAL TECHNIQUES

2.1 The JWKB Approach

Within the Schrodinger equation framework, it is possible to obtain exact
analytic soluticms for a relatively few, often physically uninteresting
quantum mechanical systems. In practice, it is necessary to apply approximate
methods, as in the case for the solutions of the one-dimensional radial wave
equation. Aside from the usual tools of quantum mechanics, which include
perturbational and variational approaches, methods which investigate the
asymptotic behaviour of the wave equation can be employed.

One such procedure, for which an enormous literature exists, was
developed by Jeffreys (3), Wentzel (4), Kramers (5), and Brillouin (6).
Although this is abbreviated as JWKB in the present work, it is not uncommon
to find the alternatives WKB and WKBJ in the literature. The method is based

on a transformation of the one dimensional Schrédinger equation,

2
g}.;g@ + f% [E - UR)] ¥(R) = 0. @1

The total energy of the system is denoted by E, and its potential energy by
U(R); ¥(R) is the associated wavefunction and x the reduced molecular mass.

Insertion of the JWKB wavefunction (7),
,PJWKB(R) - e(i/h)(a’ (22)

where,

\n
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@=0,+h0 +# 0+ .. (23)

can be followed by solution of the wave equation to any desired order.
Substitution of the classical component ®, into Eq. (2.2) yields the modified

differential equation,
(ih/20)d*0 JdR? — (24)(dOJdR)* + [E — U(R)] = 0. (2.4)

If quantal effects are considered small in comparison to thz classical, the
leftmost term can be omitted, whereupon Eq. (2.4) suffers a reduction in

order. Straightforward integration yields the classical action integral,

®, = = J/ 2u[E - U(R)] dR. (2.5)

Dunham (8) has shown that if the classical component of the JWKB
wavefunction is employed only, and appropriate boundary conditions are

imposed, the Bohr quantization condition,

2 ;
r/ 2U[E — UR)] dR = 2 v, (2.6)
Ry
emerges. This old quantum theory result can be improved further by including

quantum effects partially through ©,, leading to the Bohr-Sommerfeld

half-integer quantization condition,

rz/ 2[E — UR)] dR = 270 (v + %), @.7)

Ry

where R, and R, are the classical turning points of motion and the quantum

number for the oscillation can assume the values v = 0, 1, 2 . .., etc. This

?

is also known as the semiclassical JWKB quantization condition.



If the first three terms of the expansion Eq. (2.3) are retained, a

two-term JWKB quantization condition arises and can be written as,

s r & - URaR - L. § URIE — UR 4R =v + %, (28)

By 967
1 r

where f = (1’12/2;4)1/2 and the contour of integration I" encloses the portion of

the real line for which U(R) < E. Initial applications of this and higher

order conditions were concerned with the calculation of the eigenvalues of

empirical analytical potential functions (9, 10).

The JWKB method has been criticized by Killingbeck (1) for its inherent
restriction to the classical region of motion; he pointed out that tunnelling
corrections beyond the classical turning points should be considered. As an
alternative to JWKB methodology, Killingbeck proposed a formulation based on
Young’s local momentum concept (12) and obtained preliminary numerical results
for symmetric oscillators that surpassed the two-term JWKB quantization
condition in accuracy. An alternate method stemming from work in the early
1930’s, was proposed following the rediscovery of the Milne differential
equation (I3) by Korsch and Laurent (14). The new procedure was developed

both for truly bound (14), as well as quasibound (15) energy levels.

2.2 The Dunham and Dunham-type Solutions

Dunham (I6) was the first to recognize an important application of the
JWKB method to the diatomic problem. Starting with the two-term quantization

condition, Eq. (2.8), Dunham assumed a potential energy function of the form,

UR) = a*(1 +af +af +..)+
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BJU + 1)1 - 2 + 38" - .. ), (2.9)

where § = (R - Re)/Re. R, and B, are the equilibrium internuclear separation
and rotational constant, respectively, and the rotational quantum number is

denoted by J. Dunham arrived at the energy level expression,

E, = Z Y (0 + WE + 1, (2.10)
kil

where the coefficients of the doubtle summation, Y,,, were defined in terms of
the potential expansion coefficients, a . The usual application of Dunham’s
result involves fitting spectral line positions to a model constructed on the
basis of Eq. (210). The determination of the Y,, is followed by an
estimation of the potential equilibrium derivative terms, a . By this simple
inversion procedure, experimentally derived positions of stationary energy
states are employed to deduce the molecular structure.

The main weakness of Dunham’s approach rests with the choice of the
reduced internuclear coordinate, §. The radius of convergence of this
expansion is 2R , making the model unreliable for extrapolation to larger R.
Also, the potential function adopted by Dunham fails to describe properly the
long-range diatomic interaction, the theoretical formulation of which is well
understood (I7). Following Dunhawn’s pioneering effort, other authors (18-20)
adopted different choices for £ in an attempt to improve the convergence of
the series. Despiie some improvement, these models also remain deficient in

their description of the long-range forces.



2.3 Rydberg-Klein-Rees-Vanderslice Potentials

If the rovibrational energy levels are known from experiment, it is
possible to use annther semiclassical method to determine the potential energy
function. The procedure developed by Rydberg (21), and soon thereafter also
discussed by Klein (22), exploited the half-integer quantization condition in
generating the classical turning points of motion from experimental
information, without assuming any particular analytic form for the potential.
Rees (23) later provided a graphical working formulation ¢t Klein’s equations,
but the large number of tedious manual calculations required made the method
cumbersome; as a result it did not enjoy wide use before the advent of digital
computers. Another factor contributing to the slow initial progress of this
method is the fact that the precision of experimental data often did not
warrant a more extensive description than was provided by closed term value
expressions of empirical potential-like functions. The subsequent treatment
of Vanderslice et al. (24) was successful at painting a clear picture of the
physical significance of the procedure and demonstrated the efficacy of
performing such calculations with digital computers.

The following derivation of the Rydberg-Klein-Rees-Vanderslice (RKRV)
expressions follows mainly that given in Ref. (24). As shown in Fig. 2.1, the

area enclosed by the potential function U(R) and energy level E is given by,

2
AE, J) = r [E - U,(R)] 4R, (2.11)
Ry
where U(R) = Uy(R) + /32.7(] + 1)/R2, the effective potential including the

kinetic energy of rotation. The partial derivatives



Figure 2.1
Illustration of the RKRV potential inversion procedure. R,
and R, are the inner and outer classical turning points,
respectively. The shaded area bound by energy E and the

potential well is denoted by A.
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2
[84(E, J)/6E], = | dR =R, - R, (2.12)
“R
1
'RZ
[BAE, N/3JJ + D], = —f°| R?dR = -p*R;' - R}, (2.13)
“R

1
allow for a unique determination of the two classical turning points. It is

now necessary to relate the experimentally derived energy terms to the area

integral. This is accomplished through the Eulerian integral of the type,

E - U(R) =%Jj[ i )]% dE', (2.14)

o'~ U,®

where E' are the (quantum number) parametrized energy terms and U, is the

minimum of energy. It is then possible to express the area integral as,

AE,T) = %r\/ E - E' dE' rz ‘R . (2.15)
U R V E' — U(R)

The next step in the derivation involves the manipulation of the first-order

1

JWKB quantization condition to bring it in a form compatible with the

rightmost integral above. The semiclassical eigenvalue condition,

v+ Y= () JEZ vV E' - U(R) dR, (2.16)
Rl

can be differentiated once to give,

dR
d(v' + W%)/dE' = (m)'lrz . , (2.17)
RV E - UR)

allowing the area integral to be cast as,

]
i

h
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AE, J) = 46 r»/E T E dE' d' + WdE'=
U

v+%2
48 [ V E — E dv' + ). (2.18)
ve+1/2

Since d(v' + 12) = dv’, we can write,

v
AE, J) = 4ﬂ[ VE - E'dv, (2.19)

v

€
which is essentially the usual S(E, J) “auxiliary” function from which most
derivations of the RKRV equations begin. Differentiating partially with
respect to E and J(J + 1), and setting the appropriate terms to Egs. (2.12),

and (2.13) respectively, one obtains the relevant expressions,

Y dv’
2f=R2—-R1=2,8J——-———, (2.20)
vV E — E'

€

and

2=R'-R'=2 dv' =

) A
v VE—-E' vV E—- F

€ 4

YAE' 19T (J+1) Y B, dv'
'1J = '1 v , (2.21)

where B, is a rotational constant. The two functions f and g make it

possible to extract the classical turning points from,
R @) = If/g, + f1* = f (2:22)
1,2 v 8y v Ty ’

where the + and — signs refer to the inner (R)) and outer (R,) turning points,

respectively, for vibrational level v,
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24 The Concept of Molecular Structure: The Born-Oppenheimer Approximation

The Born-Oppenheimer approximation (2) is the cornerstone of modern
molecular physics. Proposed in 1927, it facilitated an exact solution of the
wave equation for one-electron diatomic systems such as the H; molecule.
Although the general three-body problem is theoretically impossible to solve
exactly, both for classical and quantum mechanical systems, casting the
particles into a confocal elliptical coordinate system allows for a separation
of variables and hence facilitates a restricted type of solution.

In their original treatment, Born and Oppenheimer (2) applied
perturbation theory to achieve a separation between the motions of the
electrons and those of the nuclear vibrations. A working formalism for the
separate quantization of the two motions was thus set up. Their argument was
based on the relatively large differential between values for the mass of the
electron and of typical nuclei. Since the nucleus-electron mass ratio is
large, it is expected that electrons will average their motion adequately
during the course of a single nuclear vibration, so that, to a good
approximation, the nuclei can be regarded as stationary. This allows for the
computation of electronic eigenvalues with a parametric dependence on the
internuclear coordinate.

The precise nature of the ansatz can be best elucidated by the
conventional mathematical formulation (25). Tn solving the total Schrddinger

eigenvalue equation,
Jf}otal(r’ R) Wtotal(r’ R) = E Wto[al(r. R)) (2-23)

the total molecular Hamiltonian operator for a diatomic system AB can be

expressed as,

PR S o
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ZMA ZMB lZm 471.‘60 R
Z Z
Z_A._ Z..?.+ lz J_} (2.24)
A ', 2 T
i N i i i i) Y

where r and R refer to electronic and nuclear coordinates, respectively.

Specifically, r, and r, are the instantaneous distances of electron { and
nuclei A andlB, and ;he r; are instantaneous interelectronic separations.
The internuclear separation is given by R. The nuclear charges are Z A€ and
Zge, where e is the elementary electronic charge and the Z, give the number of
protons.  The nuclear and electronic masses are given by M, and m,
respectively, and the symbol P represents a momentum operator; € is the

permittivity of free space. The total energy operator can be written as,
H R = K (R) + %, (r, R), (2.25)

where o uc(R) and o, lec(r, R) correspond to the terms in square brackets in
Eq. (2.24).
The first part of the approximation involves the separation of the total

eigenfunction into electronic and nuclear components,

Yol B) = Y 5 B) ¥ (R), (2.26)

nuc

where wclec(r, R) satisfies the eigenvalue equation,

#1o 6y B) Vo6 B) = Ep (®) 9,05 R, (227)

Since the nuclei are considered as fixed, the Z AZB/R term contributes to

Eelec(R) parametrically and need not be considered explicitly in the solution
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of Eq. (227). This results in an effective potential energy, U(R), for
nuclear motion.  Direct substitution of Eqgs. (225, 2.26) in the total

Schrodinger equation, Eq. (2.23), then yields,

['#nuc(R) + eggélec(r’ R)-‘wnuc(R)welec(R) = Etotalwnuc(R)welcc(r’ R). (2.28)

Multiplying through and discarding terms containing ¢, lec(r, R)t/)nuc(r, R), one
obtains,
1‘l)elec(r’ R)'%;mc(R)wnuc(R) + 1pnuc(R)'genuc(R)Qpelcc(r’ R) +
1‘Dnuc(R)'9"’;*:150("’ R)we'lcc(r’ R) = Eto&alwnuc(R)wclec(r’ R). (2'29)

Substituting the right-hand side of Eq. (2.27) in Eq. (2.29) and rearranging

yields,
welec(r’ R)'#;mc(R)wnuc(R) + wnuc(R)xnuc(R)¢clec(r’ R) =
Ve BIE i~ R, (R). (2.30)

The omission of the underlined term constitutes the second part of the
approximation; in this fashion all interaction between nuclear and electronic
motions is eliminated. A subsequent division of Eq. (230) by ¢ (r R)

followed by rearrangement gives the quantization expression,

3 R R = [E_ - URW, (R) (2.31)
for nuclear motion. The entire procedure can be regarded as a simple
separation of variables .ationalized by the observation that the electronic
Laplacian is orders of magnitude greater than its nuclear counterpart.

While the treatment given above, obviously inspired by the typical

smallness of the m /M, ratio, scemingly achieves the desired separation, it is

iah i =
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thought by some that the argument was too hastily accepted. Woolley and
Sutcliffe (26) contend that the Born-Oppenheimer treatment was devised in an
attempt to rationalize an already existing school of thought consisting of a
preconceived (classical) notion of molecular structure in terms of a
well-defined potential energy surface, distinct bonds and angles. Although
these authors fail to suggest practical alternatives, they bring to light some
of the dangers associated with the blind use of the Born-Oppenheimer
approximation. At a deeper level of the solution of the wave equation, it can
be shown that the concept of a potential energy function is not preserved.

In an independent examination into the causes leading to the apparent
separation between nuclear and electronic motions, Essén (27) also expresses
dissatisfaction with the original treatment of Born and Oppenheimer (2).
Essén’s view of a molecule, which is also shared by Bader (28), is supported
by application of the quantum mechanical virial theorem to the description of
Coulombic interactions. According to this view, it is not the smallness of
the m /M, ratio that leads to the observed separation, but rather the derived
form for the Coulombic interaction between collective (vibrational) and
individual (electronic) internal molecular motions.  Bader (28) views a
molecule as a network of essentially neutral subsystems, which can be likened
to atoms, that interact weakly, in analogy with the conventional notion of
bonds, arranged spatially in some orientation, forming the concept of a
molecular structure.  Bader then distinguishes molecular structure from
molecular geometry, stating that his definition of molecular structure
survives beyond the clamped-nuclei approximation, whereas the concept of
molecular geometry does not. In accord with this theoretical setup, the

solution for the total system then simply requires that a separate virial
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theorem be solved for each subsystem.

Essén (27) did not provide a working formalism in his analysis. This was
achieved, to a limited degree, in recent work by Monkhorst (29). Employing
the coupled-cluster approach to treat the electrons and nuclei on the same
quantum mechanical footing, Monkhorst gave a lucid description of how the
computational effort should proceed in obtaining positions for both stationary
and time-dependent states. The coupled-cluster approach has since been
implemented computationally and is in routine use for ab initio calculations.

Despite the philosophical objections of some, a potential energy function
for vibrational motion remains as indispensable a tool to the molecular
spectroscopist as the electronic wavefunction is to the quantum chemist. The
whole of infrared spectroscopy, with particular emphasis on radiative
transition probabilities, appears to be impossible without it. It should be
realized at the outset however, that a potential function far outside the
Born-Oppenheimer approximation should be regarded as a useful mathematical
tool only. Often, at higher energy, a network of crossings of zeroth-order
curves occurs; in this case a potential energy function is devoid of any

physical meaning.

2.5 The Adiabatic Separation of Electronic States

The Born-Oppenheimer approximation neglects all avenues by which nuclear
vibrations can affect the electronic motions. A preliminary intuitive
examination of this limitation suggests two situations which can disturb the
efficient averaging of the electronic mass/charge distribution about a
dinuclear framework. The most obvious arises in the case of increasingly

energetic vibrations. Here, the separation begins to break down as the
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electrons cannot average their motions as efficiently in the course of the now
significantly more rapid nuclear oscillations.  This renders the electronic
potential £ (R) inappropriate for governing the nuclear vibrations.

The Born-Oppenheimer description of an electronic state is short-sighted
in one more respect. It assumes that no interactions between electronic
states occur. This can be shown to be false, most effectively by a
mathematical treatment. In a comprehensive review article, Kotos (25)
develops rigorously the different levels of approximation at which the radial
wave equation can be solved. The exact radial Schrédinger equation, which
considers the coupling of nuclear and electronic motions within a single
electronic state, as well as the coupling between rovibronic levels of

different electronic states, can be written as,

[ -ew'a, + U°® + ¢, ® - E @ =

- ) G RURR) (232)

m#n
where AR is the nuclear Laplacian operator and UEO(R) the Born-Oppenheimer
potential for electronic state n. The term C (R) is known as the adiabatic

correction and is given by,

C (R) = J¢:‘“(r, R) & '(R):p;‘“(r, R) dr, (2.33)

where the perturbing Hamiltonian is given by,

n 2 n
#'(R) = (8,u)’l{ Z vr.} AR Z v, (2.34)
i=1 ' =1 "

where Vq = 62/aq2 and the reduced masses are defined as,
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wh=M1+ M (2.35)
wl = -l M (2.36)

The cross-terms VR Vr in Eq. (2.34) represent the mass-polarization effect,
which induces the electrons to follow the motion of the nuclei. This effect
is, for example, responsible for the finite dipole moment in the homonuclear
diatomic HD (25). The terms C (R) in Eq. (2.32) are off-diagonal matrix
elements coupling electronic state n to excited states m. Their explicit form
is at this point unimportant. Within the realms of the adiabatic
approximation considered here, these terms are neglected. In addition, the
effective potential for nuclear motion now contains the radial term Cnn(R) and
is collectively referred to as the adiabatic potential Within  this
formulation, the radial wave equation is still of a second-order homogeneous
type and the concept of a unique potential energy function survives.

The adiabatic approximation can be expected to provide a good description
for a well-isolated ground electronic state.  Since the matrix elements
C,,(R), which describe the effects of excited rovibronic states on the
electronic motions of electronic state n, are inversely proportional to the
nuclear masses, the adiabatic approximation should be less accurate for light
molecules. The adiabatic solutions of the simple molecular systems H, and H;
are in fact shown (25, 30) to be unsuccessful at predicting the positions of
the vibrational levels of the rotationless ground states which are known quite
accurately from spectroscopic observation.

When interactions between electronic states are of significant magnitude,
the concept of a potential function is not preserved. Neglecting electronic

state coupling for the moment, it is possible to improve further on the
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adiabatic potential. There are two more effects which have not yet been
considered.  First, due to a relativistic Lorentzian transformation of the
electronic masses, the simplistic “rest-mass” wave description of Schrédinger
fails to describe the effects arising from special relativityy ~ These are
larger for the faster moving inner core electrons of heavy atoms and can be
shown to follow a Z/n dependence, where r is the principle quantum number and
Z is the nuclear charge number. For the relatively light systems for which
traditional ab initio methods are most successful, the relativistic effects
are small. In general, to ensure a theoretically proper inclusion of these in
the electronic and nuclear energies, one must solve the relativistic wave
equation of Dirac (371). Alternatively, if the terms omitted in Schrodinger’s
treatment are small, they can be estimated by conventional perturbation
theory.

Additional corrections are predicted from the branch of quantum
electrodynamics that deals with self-interactions (32).  Since the bound
electrons in a molecular system cannot be separated from their charge
radiation fields, they will undergo continuous absorption and re-emission of
virtual photons, the pairs existing for times dictated by the energy-time
uncertainty principle. The photons are not detectable experimentally (hence
the label ‘virtual’). The electron can be viewed as being continuously
“bathed” in these virtual particles leading to a self-energy associated with
each electron, whether bound or free. The classical electrodynamical
treatment of this phenomenon predicts unphysical infinite energy shifts. The
infinities are removed by performing a mass-renormalization, whereby a mass
contribution dm, due to quantum fluctuations of the electromagnetic field, is

added to the mass m, of a hypothetical chargeless electron. m, is not an
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observable, but the effective observed mass, m, + om, or m, is now associated
with finite shifts in the positions of the system’s energy levels. At yet a
deeper level, relativistic quantum electrodynamics describes an analogous
renormalization of the electronic charge, intrcducing a further shift in
energy, evidently much less important. These quantum-field effects are often
referred to as radiative corrections. The experimental detection of these
Lamb (32) shifts in atoms cannot be rationalized by either Schrédinger’s or
Dirac’s wave mechanics.

The adiabatic function corrected for relativistic and radiative effects
can then be regarded as the best possible function which preserves the concept

of a potential energy curve.

2.6 Nonadiabatic Theory

The explicit consideration of terms connecting rovibronic levels of
different electronic states leads to an exact solution of the radial wave
equation, Eq. (2.32). These off-diagonal nonadiabatic terms give a full
account of the electron-nuclear motion interactions. In this case, the
problem involves the solution of an inhomogeneous differential equation, but
in practice it is not approached in this fashion; an exception is found in
the article by Hutson and Howard (33).

A nonadiabatic calculation begins with the best possible potential
function, as defined above. The rovibrational energy eigenvalues of the
electronic state in question are calculated by solving the homogeneous problem
and second-order nonadiabatic corrections are applied to the eigenvalues.
These contributions are normally small enough to warrant a nondegenerate

perturbation treatment. A radial nonadiabatic correction function cannot be
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added to the best possible potential, as can be seen from Eq. (2.32), if the
problem is to be approached in a zruly direct fashion; there is no simple way
in which Eq. (2.32) can be manipulated to transform the terms on the
right-hand side to the form of a unique effective radial correction to the
adiabatic function. In fact, Bishop and Shih (30) have shown that a plausible
solution would involve a separate potential for each vibrational level. In an
ab initio sense, there cannot exist a unique potential function which
describes nonadiabatic corrections simultaneously in all the bound levels.

Although the task of calculating nonadiabatic corrections reliably is
enormous, requiring an accurate description of excited state electronic
wavefunctions and potentials, these computations are usually not attempted for
a more important reason. The bottleneck in an electronic calculation of this
sort is the solution to the fixed-nuclei problem. At the Hartree-Fock level,
variational methods suffer from the need to account for electron correlation.
Although this effect can be included by employing configuration interaction
(CI) wavefunctions, such calculations demand considerable CPU time and mass
storage (34). In the zeroth-order solution of Eq. (2.27), the instantaneous
repulsions between pairs of electrons are not accounted for properly, and an
iteratively improved average-field approximation is applied. = For “heavy”
diatomic systems, the relativistic corrections are considerable; the magnitude
of these effects is often large enough that convergence in a perturbational
calculation cannot be ensured. The inapplicability of conventional quantum
tools to this problem has prompted the development of a field of research that
is still in its infancy.

For these reasons, exhaustive nonadiabatic calculations have only been

carried out for one- and two-electron diatomic systems. It should be noted
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that the agreement between experimental measurements and ab initio
calculations for the ground state of HD™ has reached the 0.001 cm™?
level (30). The agreement between ab initio estimates of the bond
dissociation energies for the isotopomers of molecular hydrogen with the
experimentally derived values is most remarkable (35, 36). This problem has
been the subject of an interesting long-term interplay between theory and
experiment, where improvements to the methodology of both fields were in the

end needed to achieve the present day agreement.

2.7 Effective Hamiltonians for Radial Motion

In the adiabatic approximation, electronic state interactions are not
accounted for so that emergy levels of one state are completely oblivious to
those of distant o7 nearby states. An exact nonadiabatic solution constitutes
an enormous computational task.  Nonetheless, spectroscopic observables
reflect all internal and external perturbations to which the eigenstates are
subjected.

Improvement in the resolving power of spectrcscopic instruments over the
years has led to more precise determinations of the energy level positions and
revealed inconsistencies in the predicted interrelationships between the
molecular constants for different isotopic forms of a diatomic molecule. The
illuminating review article of Van Vleck (37) considered the various causes
resulting in such inconsistencies. The experimentally derived constants w’F
and Bf‘p were shown to differ from their zero-order values, w, and B, by

small isotopically variant corrections, so that the simple isotopic relations,

v, = Wi (237)



ISR | R )

25

and
B e/B; = u'lu, (2.38)

where the primes refer to isotopic substitution, could not be satisfied.
Briefly, four causes were implicated: the incompleteness of the JWKB expansion
in Dunham’s treatment, adiabatic corrections, and nonadiabatic perturbations
of two types. Those arising from coupling of electronic states with the same
orbital angular momentum, A, were termed homogeneous, and those mixing states
differing by a unit in A were named heterogeneous interactions. Theoretical
expressions were provided through which the estimation of such deviations
could, in principle, be carried out, and their limiting behaviour for certain
cases was discussed.

Owing to the aforementioned difficulties associated with a reliable ab
initio estimation of these terms, the work of Van Vleck served chiefly as a
qualitative guide to the understanding of the causes, offering little in terms
of a quantitative analysis, except for the simplest cases, and then only with
approximate analytical electronic wavefunctions. Since these effects follow
well understood isotopic behaviour, and since the experimental observables
inherently hold all information relating to these, it should be possible to
contrive an inversion procedure by which reliable quantitative descriptions
become available.

Fortunately, the nonadiabatic problem can be cast in a form that proves
to be more useful. A perturbation treatment of Eq. (2.32) can decouple
distant excited states from a ground state, projecting the (small)
nonadiabatic interactions onto the adiabatic Hamiltonian of the lower state.

These, then, appear as additional radial functions modifying the adiabatic

proTas.
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Hamiltonian operator without alteﬁng the homogeneous nature of the eigenvalue
equation. This effective Hamiltonian operator is characterized by eigenvalues
which are essentially identical to those of the exact Hamiltonian.  The
procedure for accomplishing this, is known as the Van Vleck, or electronic
contact transformation (38). It appears, upon reflection, that the key to
preserving the concept of a potential energy function is the requirement that
a homogeneous differential equation describe the system. The inhomogeneous
wave equation is thus essentially equivalent with an infinite nondegenerate
perturbation expansion resulting in an homogeneous problem. It would seem,
then, that within the validity of the Van Vleck transformation, a potential
energy function is preserved. This concept is sustained as long as the
nondegeneracy of the perturbation can be ensured.

Since the pioneerir - treatment of Van Vleck, three independent works have
appeared in the literature that present effective vibration-rotation
Hamiltonians for a diatomic molecule. In the consideration of energy shifts
associated with non-Born-Oppenheimer behaviour in Is states, Herman and

Asgharian (39) derived the effective radial Hamiltonian operator,
£f -1 2
R = @)1 + (mm g (RIS +
@ )1+ (m /m )8 (R +1) + U(R), (2.39)

where Uid(R) is the adiabatic potential, and g, is defined with atomic rather
than nuclear masses. m, is the mass of a proton and the radial functions
gl(R) and gZ(R) represent heterogeneous and homogeneous perturbations,
respectively. These two Born-Oppenheimer breakdown contributions are of the

order of me/mp, in line with the errors expected in makirg the
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Born-Oppenheimer approximation.

A discussion of the physical significance of these functions with regard
to the elecronic structure of a S state is appropriate. In a
Born-Oppenheimer rotating oscillator there is complete separation of the
electronic and the nuclear motions, and gl(R) and gZ(R) are both uniformly
zero.  The effective radial Hamiltonian thus collapses to the adiabatic
operator. However, as the energy of vibration increases, some of the nuclear
excitation is transferred to the electronic cloud, coupling electronic and
vibrational motions and consequently also the ground 1> state to excited 'S
states. In an analogous fashion, as the frequency of rotation increases, some
of the nuclear angular momentum is transferred to the valence electrons,
distorting the otherwise cylindrical symmetry of the electronic distribution
along the internuclear axis. This results in a net nonzero electronic angular
momentum along the internuclear axis which imparts a partial II character onto
the X state, along with a net magnetic moment. Accordingly, matrix elements
coupling s states to I states assume finite values. Since the valence
electrons acquire a finite moment, they can interact with an applied magnetic
field and the molecule is now characterized by a Zeeman spectrum.

The results of Bunker and Moss (40) bear general similarity to those of

Herman and Asgharian (39). However, the effective Hamiltonian,
ff - 2
#TR) = 2u)g, RPL + BR)L + g RVI+1) + URR),  (240)

where B(R) = #%/2uR?, is now defined with U™(R). This potential is no longer
the adiabatic potential, but in addition contains nonadiabatic contributions.
These arise naturally by subjecting the isomorphic !> Hamiltonian to a contact

transformation and extending the resultant effective operator to the
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perturbation order required to give rise to such effects. The analogy of
8.(R) and g . (R) to g (R) and g,(R) in Eq. (2.39) should be obvious. In an
ensuing application of this operater tc the H2 and D2 isotopomers, Bunker es
al. (41) chose to model these nonadiabatic functions with effective constant
values, and achieved moderate success in describing the rovibrational energy
levels, with residuals displaying systematic trends.

The formulations of Herman and Asgharian (39) and Bunker and Moss (40)
were aimed primarily towards an ab initio type of analysis. The more recent
work of Watson (42) presents the Born-Oppenheimer breakdown problem in a
manner amenable to a JWKB treatment, and thus is more tractable for the
incorporation of experimental data in the estimation of relevant effects.
Watson begins with the Born-Oppenheimer operator and treats the correction
terms separately. The expression for the deviations of rovibrational level
positions from their Born-Oppenheimer values in electronic state n is given

by,
AE (v]) = T (m M)y, | B2 /RIT+DRO®) + SO®) |y >,  (241)

where the index i refers to each atom and the <1/)UJ| are rovibronic state
vectors; ﬂzt contains the reduced molecular mass constructed with atomic

masses. The functions ﬁg")(R) and §§")(R) are defined as,

RM®) = ROR) - R'lJﬂ 0™M(R) dR, (2.42)
RO
PR = sUR) + % [aUBO(R)/aR]Jﬁ 0"(R) dR, (2.43)
R
0

in terms of the isotopically invariant functions, QE")(R), RS")(R), and

SE")(R). To the accuracy envisaged by Watson, SS")(R) represents the pure

S L
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adiabatic correction. The purely nonadiabatic functions an)(R) and R‘g")(R)
represent homogeneous and heterogeneous perturbations, respectively, for
atomic subsystems i, The expression for the energy corrections, Eq. (2.41),
is conveniently in the form of the first-order Rayleigh-Schrédinger
perturbation theory result. Regarding the kernel as a perturbing Hamiltonian,

an effective (first-order) operator for radial motion can be written as,
~1p2 2 1p2 +1 i
T = 2u )'P2 + BROII+D)L + Z(me/Mi)Rg")(R)] + UTR), (244)
i

where,

U*(R) = UPOR) + Z(me/Mi):s'“g")(R). (2.45)

Examination of Egs. (2.42, 2.43) reveals at once the uncertainty associated
with unique determinations of §§")(R) and ﬁl(”)(R), on account of the
unspecified value of R,.  Although different functions would result for
different values of R, Watson (42) states that this does not affect the value
of the energy correction AE (v, J); addition of —-A/R to R™(R) with a
corresponding addition of (A/2)[aUPC(R)/4R] to §§")(R), would result in
identical energy corrections. From the experimentalist’s point of view, this
uncertainty results because there is no simple experimental method for
extracting any information relating to the vibrationally induced perturbation
of electronic cloud averaging, i.e. the pure homogeneous effects. Thus, as
the effective Hamiltonian, Eq. (2.44), suggests, the effects of Rl(")(R),
QE")(R) and Sg")(R) are experimentally inseparable.

2.8 The Isotopic Dependence of Molecular Constants

As indicated in the previous section, improvements in the resolution of
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spectroscopic instruments helped reveal significant inconsistencies in the
simple isotopic relations describing diatomic molecular constants. Although
in the early days these defects were discovered from the spectra of hydrides
and deuterides, nowadays it has been possible to detect significant
Born-Oppenheimer breakdown effects in the high resolution spectra of such
relatively heavy diatomics as InCl (43) and MgCl (44). A rather interesting
case of what appears to be a relativistic breakdown of the Born-Oppenheimer
approximation has been reported recently for thallium chloride (45).

Within the framework of Dunham’s semiclassical treatment, the Y,
parameters in Eq. (2.10) can be related to a set of isotopically invariant

constants Ukl according to,

_ ~(k+2D)12
Y, =U,n : (2.46)

providing for a unified description of data for different isotopomers. A
rigorous account of Born-Oppenheimer breakdown effects, as well as
consideration of the two-term JWKB quantization condition, leads to the

modified relationship (42),
_ ~(k+21)2 a b 2,242
Y, = U, w® DR 4 om A2M + m A2IM, + 0 (mYMD),  (247)

which gives better descriptions of experimental line positions for
isotopically related molecules. The isotopically invariant U, can be
regarded as the molecular constants of the Born-Oppenheimer potential. The
mass-scaling parameters A;d are composed of contributions from adiabatic and
nonadiabatic coupling, as well as from higher-order JWKB phase integrals, and

are normally of the order of unity. The term & (mﬁ/Mlz.) emphasizes that the

exact expression should inclvde contributions from additional mass-scaling
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parameters with mass weights beginning with mi/Mf. These are normally
neglected as they are too small to characterize experimentally,. Eq. (2.47)
was employed by Coxon and Ogilvie (46) in a simultaneous least-squares
reduction of spectroscopic lines for isotopomers of HCI.

In recent years, it has become preferable to approach the problem from a
different perspective. Instead of concentrating on the determination of the
coefficients of power series in (v + %4) and J(J + 1), efforts have been
directed towards the estimation of the radial variation of elements of
effective radial Hamiltonian operators which include non-Born-Oppenheimer
effects. It is from these radial functions, after all, that the concept of
molecular constants is born. It is possible, then, with a proper
understanding of the mass dependence of such effects, to formulate the
reduction procedure in a manner which allows the simultaneous incorporation of
data for various isotopomers. If desired, it is possible to calculate the
molecular parameters, using fully quantum mechanical methods, following a
determination of the Hamiltonian operators. These would arise naturally by
subjecting the radial operator to a vibrational contact transformation
yielding an expression that operates within a single vibrational state. This
is entirely analogous to subjecting the exact multi-electronic state operator
to a Van Vleck, or electronic contact transformation, to yield a function that

operates within a single electronic state.

2.9 Centrifugal Distortion Constants for Diatomic Molecules

An appreciation for the need and general usefulness of rotational and
centrifugal distortion constants can be gained by reviewing the results of

Dunham’s theory (16). The most practical result of Dunham can be regarded as
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the compact representation of rovibronic energies in terms of a double power
series in (v + %) and J(J + 1). Although Dunham provided explicit expressions
for the (interrelated) Y,, coefficients in terms of the potential parameters,
these are ordinarily treated as free parameters in least-squares fits of
spectral data. The molecular constant model also provides a theoretical basis
for performing interpolation and (cautious) extrapolation to new members of a
set of spectroscopic line positions. ~ An additional advantage of this
methodology is that the coefficients of such expansions can be employed in any
of several inversion schemes to yield the internuclear potential, allowing for
the estimation of molecular intensity factors by considering the associated
wavefunctions.

There exist many methods for the estimation of centrifugal distortion
constants. A straightforward procedure involves the representation of

spectral line frequencies as,
v(', v, J', J7) = v (', V") + F(', J') — F(v', J"), (2.48)
where
Fo, ) =B -Dx*+ Hao> + LA + Max® + ..., (249

and & = J(J + 1) for a diatomic molecule in a IS state. Subsequent fitting of
line positions to this model furnishes estimates of rotational and centrifugal
constants for the two states involved. The vibrational term energies can then
be extracted from the fitted band origins, vo(v', v"), and can be used along
with the rotational constants, B , to yield first-order RKRV turning-points.
There are two problem with this procedure. The first deals with the
possibility of estimated constants absorbing some contribution from missing

constants due to the required truncation of the power series in & The

e vt 2 kB & At A W

i i ok . shriotn s e e o et e ok s ot e

JURTSVRRERE



PR TR S

33

additional effect of interparameter correlation in the least-squares procedure
renders the rotational constants as effective least-squares parameters which
serve only to represent the data from which they were derived, lack a strict
physical meaning, and have little extrapolation ability. Also, for
sufficiently large powers of <& and values of J, the procedure can encounter
computational round-off error problems, which may necessitate the use of
quadruple precision arithmetic.

The second problem is theoretical in origin. As a result of electronic
state interactions, the rotational and centrifugal distortion constants lose
their usual mechanical meaning. Use of contaminated rotational constants in
the ensuing generation of RKRV potential curves is inconsistent with the
derivation of the semiclassical inversion procedure, and the resulting
functions will not be fully decoupled from neighbouring electronic states.

Centrifugal distortion constants can also be calculated if a potential
energy curve is available. Two basic approaches involve semiclassical and
quantum mechanical methods.  Within the JWKB picture, Kirschner and
Watson (47) developed and employed a semiclassical perturbation theory to
estimate the centrifugal distortion constants of CO(X 12+). The method was
found to be increasingly unstable towards the dissociation limit and its
accompanying complexity made it unattractive for routine use. Barwell (48)
devised a procedure which removed the near-dissociation problems, so that
semiclassical quadratures could be evaluated to obtain the constants over the
entire range of potential energy. This was made possible by considering the
theoretically predicted (49) form of the long-range potential in the
first-order JWKB quantization condition.

There are three quantum mechanical methods for calculating centrifugal
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distortion constants for a diatomic molecule. The first, introduced by Moody
and Beckel (50), was termed the -eigenvalue-fitting method.  Here, the
vibrational-rotational eigenvalues of a potential energy function were found
and subsequently fitted to a power series in ¢, giving at once Bv, Dv, Hv,
etc. The second method, discussed by Tellinghuisen (5I), exploited the
relationship,

B(J) = 36(v, 1) =p%y IR |y >=B — 2D K +3HK? +...,[(250)
v a d{ ol v/ v v v A
where calculation of the expectation values for different values of J of given
v followed by a least-squares fit to a power series in ¢ led to estimates of
the constants. This is known as the energy-derivative method. These two
fitting methods suffer from similar problems as the experimental method above.
Moreover, the energy-derivative method makes the explicit assumption that
rotational constants are given as expectation values of RZ A neglect of
heterogeneous contributions to B (J) is made. The eigenvalue-fitting method
also assumes this, albeit implicitly, by constructing rotational potentials on

the basis of a centrifugal term ,62.%/R2.

The third, and most fundamental quantum mechanical method is based on the
application of Rayleigh-Schrédinger perturbation theory. Developed by
Albritton and co-workers (52), this procedure defines the rotational and
centrifugal distortion constants as perturbation energies of the rotational
Hamiltonian operator ,BZIR?‘. Expressing first and higher order wavefunction
corrections in terms of summations over zero-order terms, these authors

obtained,

B, = g%y, |R |y, (2.51)
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¥, IRy,
_ g " :
D =p i T (2.52)
v 12

E]

etc, where for D the special symbol emphasizes that a summation should be
considered over the bound vibrational levels and an integration carried out
over the continuum. Since the computational algorithm neglects altogether the
continuum contributions, second and higher order constants become increasingly
unreliable as the dissociation limit is approached. This traditional
perturbation procedure is also inefficient computationally owing to the great
number of summation operations, particularly for higher-order perturbation
energies.

In recent work, Hutson (53) was able to circumvent the sum-over-states
expressions by considering a direct perturbation calculation. This was made
possible by employing Hutson and Howard’s novel numerical procedure (34) for
solving reliably an inhomogeneous differential equation.  For first- and
second-order wavefunction corrections made orthogonal to the zero-order
eigenfunctions, expressions for the rotational and centrifugal distortion

constants are (53, 54),

B, = o 4%, (2.53)

D, = - P2 y{Dy, 254)

H =P’ - B |yDy, 2.55)

L, =P - By + D P pts, (2.56)

M, = <pPlae’ - B |yP> + 20 PPy - B P p®y,  (257)

where the perturbing Hamiltonian is o ' = ﬂZ/RZ. This method gives constants
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which are, in principle, reliable up to the dissociation limit. Of course,
for very high vibrational levels, an extended integration range is required to
ensure that all significant portions of the wavefunction are sampled,
rendering the procedure somewhat inefficient for such levels. This latter
problem was overcome recently by Pajunen (55) through the reformulation of the
perturbation problem in terms of the Priifer phase function. The method does
not involve wavefunctions explicitly, but the natural oscillatory behaviour of
the Prifer function makes the procedure more reliable for high vibrational
levels, where the highly oscillatory structure of the wavefunction could make

previous methods less reliable due to insufficient sampling.

2.10 The Method of Least-Squares

2.10.1 Introduction

The fruitful interplay between the experimentalist and the theoretician
during the first half of this century led to the development of theoretical
models which could be applied to the representation of spectroscopic data.
However, without the modern electronic computer, the spectroscopist was
required to draw upon tedious and often unreliable methods for relating
spectral features to physical models.  Although approximate graphical
procedures (56) allowed the experimentalist to become more directly involved
with the analysis by exploiting an intimate familiarity with the experimental
information, they failed to provide reliable estimates for the molecular
parameters and their uncertainties, and were inherently limited in power and
scope.

Nowadays, fast digital computers are readily available; this has

contributed tremendously to the growth and maturity of the field of molecular

U S



37

spectroscopy.  With a variety of options available for fitting equations to
data, it is necessary to justify a preference for any one in particular. Some
of the better known fit criteria are, least absolute deviation, least-squared
deviation, maximum likelihood, minimum chi-squared, the simplex method, and
others. However, the method of minimum-variance, or least-squares (57), has
gained an almost universal acceptance as a standard fitting techmique. In
molecular spectroscopy, whether it is used for the purpose of calibrating the
wavelengths of a spectrum on a photographic plate, or for extracting
meaningful estimates of molecular constants from spectral line positions, the
method of least-squares enjoys wide popularity, primarily because of the
advantageous properties associated with the estimates it provides.

The estimates furnished by least-squares are the most precise unbiased
estimates that are linear functions of the measurements (57). These are
usually termed minimum-variance linear unbiased (MVLU) estimates. The
‘unbiased’ attribute is the most important because it indicates that the
procedure iself will not introduce any systematic error into the estimates,
whereas this is often not the case for other fit criteria.

It is important to examine briefly the assumptions of the least-squares
method. First, a perfect model is presumed. This is rarely the case, as it
appears that time and again nature evades being modelled perfectly by
mathematics; hence it is important to establish the adequacy of a chosen model
through critical tests where possible or practical, before applying it to
experimental data. The linear regression method assumes a model which depends
linearly on the parameters, although it is possible to obtain MVLU estimates
for a nonlinear model. Another important assumption is that the measurements

must be described by some distribution function (not necessarily Gaussian)
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with zero-mean and a finite error variance. Accordingly, the systematic
component in the measurement error should be zero; that is, if an estimate is
determined from the same data set measured many times, with measurements
subject only to random error, the deviation from the “true” value would
average to zero. When this is not the case, as is found occasionally for
spectroscopic data, it should be realized that the ‘unbiased” property is
rendered useless and the estimates should be viewed with suspicion. Finally,
the independent variable is assumed to be without error. While this is
normally not a problem for many spectroscopic applications, as the independent
variables are often quantum numberss, the general problem in which both

variables are subject to finite errors has been solved (58).

2.10.2 Weighted Linear Least-Squares

The general linear least-squares problem can be expressed most concisely

in matrix notation as,

y = X8 + €, (2.58)
where
4 A €
y = 72 , B= ’.32 o=l 2]. (2.59)
};n 3’1 én

y contains the experimental data, § is the column vector containing the
parameters to be estimated, € contains the (unknown) measurement errors, and X
is the coefficient matrix. Application of the least-squares criterion to this

linear system yields the MVLU values B that minimize the swn of the squares
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between the measurements y and the calculated values ;, as
B = (X'wx) X wy. (2.60)
Alternatively,
B = xo )Xo, (2.61)

where the weight matrix (W) is the reciprocal of the measurement error
dispersion matrix M, which is in turn given in terms of the diagonal matrix ¢

of the measurement errors. More specifically, in matrix form,

2
a0 ] [T e

0 g 0 ‘1

so that = aiM, The of are unknown variances, but the ratios of/of , for

, (2.62)

[ # jare assumed to be known. oi is an unknown common factor and the weight
matrix is simply W = M. The common unknown factor G'Zl is calculated

from
o’ =y - XYWy - XB), (263)

where f are the degrees of freedom. The variance-covariance matrix, ©, of the

molecular parameters is calculated from

e = o’X'wxy! = ¢’v

v, (2.64)
where V is the dispersion matrix with the obvious value (XTWX)'l. This matrix
is important as it gives an indication of the degree of interdependence of the
least-squares estimates, An often more immediately helpful indicator of

parameter interdependence is the correlation coefficient matrix element, Cij’

given by
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C. = @../(éﬁéﬁ)’/z, (2.65)
the diagonal elements of which have values of unity and the off-diagonal
elements take values which range from ~1 to +1. Absolute off-diagonal values
near unity indicate strong correlation between the pair of estimates involved;
this means that there is a mutual influence in the determination of the two
estimates. In applications to real data this usually serves to reduce the
physical significance of both estimates.

Finally, it should be obvious that if the weight matrix equals the unity
matrix I, that is, if all the data are weighted equally, the results given

above collapse precisely to those of the unweighted formulation.

2103 Correlated Least-Squares (Merging)

The problem of combining multiple estimates of least-squares parameters
for the purpose of obtaining an optimum set of single MVLU values cannot be
resolved satisfactorily by a simple weighted averaging scheme. Although this
takes account of the potentially different precisions of such estimates, it
overlooks correlations that link a set of estimates together.

A procedure which facilitates a statistically sound solution to this
problem has been described by Albritton et al. (57). Here, a single-step
meige formulation was proposed whereby results from separate unweighted single
band fits were merged together to yield an optimum set of constants. The
unattractive alternative of a simultaneous weighted multi-band fit makes the
single-step approach advantageous in terms of the significantly reduced
computational demands on storage and execution time that can be achieved. An

additional benefit of this approach is the improved manner in which relative
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systematic error in a subset can be unmasked. Furthermore, the results of the
single-step approach are completely equivalent to those of the weighted
multi-band fit.

The merge approach considers the output of k individual band fits as the
input to another least-squares fit which reduces a set of m redundant input

parameters to a final set of p unique estimates. The solution of m equations
of the type
g =XB + 9, (2.66)

is considered where

¢ is the vector containing m input parameters,

X maps the input and output parameters,

£ contains the p output parameters,

0 are unknown (inferrelated) errors.
Albritton et al. (57) stressed that the O are interrelated through the
variance-covariance matrices associated with the redundant input constants,
and that it is precisely these (known) interrelations which form the basis of
the merge approach. A minimization of 616 yields p ncnredundant parameters

B, = X% Koy, (2.67)

where @ is a matrix containing the individual variance-covariance matrices
associated with each separate single band fit, so that
e . 0

A 1
& = ©, . : (2.68)

0 8,

The estimated variance of the merge fit if given by
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~2 -1 38 \Ta-1 xn
Oy = fM (g — XﬂM) O (g - X,BM), (2.69)
where fM = m — p are the degrees of freedom of the merge fit. The

variance-covariance matrix associated with the merged constants is

8 = 02V, (2.70)

defined with the p X p dispersion matrix
v, = X% . (2.71)
Despite the advantages gained by adopting the single-step merge approach,
in large applications it quickly becomes apparent that detection of systematic
error in individual subsets can be a time consuming matter. It must be
accomplished through the systematic exclusion of suspect subsets in repeated
single-step merges. For this reason, Coxon (59) investigated the possibility
of carrying out merge fits in a stepwise fashion. The stepwise approach
considers the output of several single-step merges as input into a grand
merge, shown to give results that are identical to that of a single-step

procedure. In direct analogy to the single-step result, the stepwise approach

gives the expression

~ ~TA_1~ _1~TI\_1A

Bom = X D X)X Dy B (2.72)
for the stepwise merge MVLU parameter estimates ﬁ M The estimated stepwise

merge variance is given by

‘;gm = fsﬂal(ﬁ M X5 SM)T&)I‘:AI(ﬁ M Xp s (273)

The weight matrix @y is not composed by the variance-covariance matrices

associated with the single-step merged constants, as might first be expected.

Coxon (59) found that in order to obtain results identical to those of the
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single-step approach, the weight matrix had to be defined as
) Oy o, O
&, = Vi , 274)
0 Vo,

where the (QM)i are the dispersion matrices from the q single-step merge fits.
This difference is at the heart of the stepwise approach. The variance of an

equivalent single-step grand merge of several stepwise merges is calculated by

Oomfom = “smifomr t T fove T o (2.75)

where f = fSMl + fSMz + ..., fiy Deing the degrees of freedom for

stepwise merge i,

2.104 Weighted Nonlinear Least-Squares

Therz are many interesting intrinsically nonlinear problems in chemical
physics and molecular spectroscopy. The direct reduction of line positions to
molecular constants for 2IT states, the fitting of spectral line profiles to
Gaussian, Lorentzian, or Voigt models, and the representation of RKRV turning
points by flexible analytical potential functions, are just a few.

For a set of k observations Y, the nonlinear problem can be written as,
Y=f§,8,. . -5:0,0,..., Op) + €, (2.76)
or simply, ¥ = f(¥, ©®) + €. The object here is to obtain least-squares
estimates § in an iterative fashion from a linearized problem.  The
linearization is achieved by expanding f(=Z, ©) in a Taylor series,

f(&, ©) = f(5, ©) + i [6 g, ©

6. - 6.) +
39 ; ]e=eo( ! ‘0)
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where the ©, are initial trial values of the parameters. Birss (60) has
proposed using the Hellmann-Feynman theorem (61, 62) in evaluating the second
derivatives to achieve improved convergence. These terms are neglected here.

The resultant pseudolinear system of equations can be written succinctly in

matrix form as

AY = ZA6, (2.78)
where, for the jth iteration,
I Aylj 1 [ AOlj |
Ay, Ad,.
Ay = | 7, Ab=| ¥ (2.79)
| Vg | | A% |

and

)y Bl o By

o)y Bely o e,
Z = . : : , (2.80)

), &), - B,

where AY = f(E, ©) — f(&, ©), from Eq. (2.77) above,and A@ = 6, — 6. The

key to rapid convergence is the method of estimation of the first derivatives.

e b €
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Although methods can vary in degree of sophistication, a simple finite-
difference approach was found adequate in applications found in this work.

A minimization must be applied to the error sum of squares,
S = (AY)T(AY), (2.81)
to obtain the parameter correction estimates
A6 = (Z'Wz)ZzTay, (2.82)
such that the 8 of the current (jth) iteration are

6. .=80. .. + A0, . 2.83
L] iy j-1 ) ( )
The procedure is iterated until a specified convergence criterion in the sum
of the squares is met. After convergence, an indication of the goodness of

the fit can be obtained from

.[\/J=

G = f"i[ Ayf]’/z. (2.84)

1

]

The variance-covariance matrix is
6 = a%v, (2.85)

defined with the dispersion matrix
V = 2'wz)l, (2.86)

The square roots of the diagonal variance-covariance elements give estimated

standard errors for the parameters.

2.11 Numerical Solution of the Radial Wave Equation
2.11.1 Truly Bound States

One the most useful applications of numerical methods to the field of
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molecular spectroscopy is undoubtedly in obtaining solutions of the central-
field eigenvalue problem. The present work rests on the availability of a
trustworthy solution of the radial wave equation.

The location of truly bound levels, that is, those which lie below the
dissociation limit, is accomplished through the procedure usually ascribed to
Cooley (63). The computer program used in this work includes the subsequent
modifications of Zare and Cashion (64). For a diatomic molecule regarded as a
symmetric top, solution of the Schrédinger equation expressed in polar
spherical coordinates is preceded by a separation of the problem into angular

and radial parts so that

¥ = p(R) Y,,,(®, @, ¢), (287)

is an acceptable solution, The Y\ are hypergeometric functions and should
not be confused with Dunham’s Y, (16). p(R) are the solutions of the radial

wave equation expressed in dimensionless form as,
d’o(R)IdR* = [UR) - E] p(R), (2.88)
where U(R) is the effective rotational potential,
UR) = ER) + ZZ,/R + [ — A)R, (2.89)

and E js the vibrational eigenvalue. E_(R) is the electronic energy having a
parametric dependence on internuclear distance, and Z Z /R is the nuclear
Coulombic repulsion term. The last term in Eq. (2.89) is the kinetic energy

of nuclear rotation.

The program of Zare and Cashion (64) considers the modified second-order

differential equation,

d’S(R)/dR = [U(R) ~ E] S(R), (2.90)
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where S(R) = R p(R), automatically ensuring the inclusion of volume element
R dR in subsequent expectation value calculations.

Application of Numerov’s (65) sixth-order difference equation,
2 =
T, +2I,-T_, + h“(U, — E) P, = Q, (2.91)
where P, = P(R) is an initial non-normalized solution and,
T, = [l - (112)(U, - B)] P,

U, = UR), (2.92)

14

h=R, , -R,

yields a solution associated with an error of (116/240) déPi/dRG. The
integration is performed in a bidirectional mode with inward and outward
integrations starting at the last and first mesh points, respectively. The

inward integration is initialized by applying the boundary conditions,

— 1030
P =107, (2.93)
and
P =P Uy TE-R YU TE] (2.94)

with a trial value E. Eq. (2.94) is derived from the JWKB wavefunction and
its use at the beginning of the inward solution is justified so long as the
potential is slowly approaching an asymptote near R . The inward
(decreasing-R) integration continues wuntil the first extremum of the
wavefunction is detected, at Rm.

The outward (increasing-R) integration begins with the boundary

conditions,
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P =0,P =107 (2.95)

The solution proceeds in accord with Eq. (2.91) until the radial distance R
is reached, that is, at the place where the inward integration was terminated.
At this point, the inward and outward solutions are made mutually consistent
through division by their respective non-normalized values at R ; hence at the
joint between the inward and outward integrations the solution has the same
value (P = 1), but likely suffers from a discontinuity in slope.

The potentially different slopes between the two curves at the

crossing-point R~ are used to correct the trial energy value, E. A simple

expression for such a correction is given by,

A = @), = B)/[ PR dR (296)

where P;u , and P give the first derivatives at Rm from the outward and
inward integration, respectively.  Improved convergence can be achieved
through the use of the Newton-Raphson result,

AE = —F(E)/F'(E), (2.97)

where the correction function is

A
FE) =h*-T _ +2T -T )+ U -EP, (2.98)

and its derivative is given by

FE)=-) P, (2.99)

n
=1
The procedure is iterated until |AE| < €, where € is a preset convergence

~.

criterion. Following convergence, the normalized solution is obtained as,

- i tnstn

R e A -
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S, =P /[h Jilpf]% i=1,2... 1. (2.100)

It was decided to test the accuracy of the procedure using model
potential functions for which the wave equation is solvable exactly. For the
case of no nuclear rotation (J = 0), the radial wave equation can be solved

essentially exactly with the Morse potential function,

2
UR) = ge{1 — R - Rc)] . (2.101)
An analvtical expression for the vibrational eigenvalue emerges,
2
G, =0+ %) -ox@+ %), (2.102)
with
_ Y
o, = 206(2,)"" , (2.103)
— 2
wx, = (ap). (2.104)

Choosing appropriate values for ¢ and @, allows for the procedure to be tested
very near dissociation. Table 2.1 gives the parameters a, 2, o, and Wx
for the Morse potential employed here. Cashion (64) also tested the procedure
using a Morse potential; variables such as integration interval size and
number of points were thus not investigated here. It should be noted,
however, that in specific applications, these factors were thoroughly
explored. The main objective of the present test is to ensure and demonstrate
the proper operation of the computer program, which is of critical importance
to this research. The eigenvalue convergence criterion employed was 1078
1

cm. Results from the program are compared to the true (exact) energies in

Table 2.2.



TABLE 2.1

Test of Algorithm for Solution of Radial Wave Equation:
Parameters of Analytical Potential Functions

Morse Potential Fues-Kratzer Potential
R, =1.000 A R =0916 835 9 A
@ =31 250 cm™ L @, =49 375 cm
¢ =1.685 763 14 amu p =0957 055 282 amu
R . =040 A R . =040 A
min min
R =640 A R =840 A
max max
B =0.002 A h =0.0025 A
€ =1O'6 cm™! € =10—4 cm"1

w, =2500 em’t

wx =50 cm™t
(4

Morse potential can be constructed from Eq. (2.101).
Fues-Kratzer potential is defined by Eq. (2.109). R, is the
equilibrium internuclear separation, 9, is the dissociation
limit and u is the reduced molecular mass. The functions
were constructed in the range Rmin to Rmax with a mesh size
of h. The radial wave equation was solved with a
convergence criterion of . The energy parameters o, and
o x, are defined by Egs. (2.103) and (2.104), respectively.



ar———

BT ]

[rop—"

TABLE 2.2

Test of Algorithm for Solution of Radial Wave Equation:

A Comparison of Calculated with Exact Energies (cm'l)

Morse Potential

v E™ 105 x AE v E™ 105 x AE
0 1237.5 2 12 234375 1530
1 3637.5 15 13 246375 1646
2 5937.5 49 14 257375 1725
3 8137.5 111 15 267375 1762
4 10237.5 205 16 276375 1752
5 12237.5 330 17 284375 1695
6 14137.5 482 18 291375 1589
7 15937.5 654 19 297375 1436
8 17637.5 839 20  30237.5 1241
9 19237.5 1028 21 3063735 1008
10 20737.5 1212 22 309375 743
11 22137.5 1382 23 31137.5 456
24 312375 -753
Fues-Kratzer Potential®
v J=0 J=5 J=10 J=15 J =20
0 0.0000 0.0000 -0.0001 -0.0001 -0.0001
4 -0.0001 -0.0001 -0.0001 -0.0001 -0.0002
8 -0.0002 -0.0002 -0.0001 -0.0001 -0.0001
12 -0.0013  -0.0006 -0.0002 -0.0002 -0.0002
16 -0.0044 -0.0022 -0.0003 -0.0001 -0.0002
20 -0.0109  -0.0055 -0.0009 -0.0001 -0.0003

“Entries for Fues-Kratzer potential are the discrepancies between
the exact (Eq. 2.106) and calculated (numerical solution of the
radial wave equation) energies, in cm .

1
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In order to ensure the proper operation of the program for the rotational

case, the Fues-Kratzer potential,
UR) = 91 + x* - 2, (2.105)
with y = R /R, was used. The Fues-Kratzer Schrodinger equation is solvable

exactly for all values of v and J. The terms are given by (66),

k9,
E, =@, - — (2.106)
[(v+1/2)+[J(J+1)+%+k]2]

where
k=R @8 (2.107)
The parameters of the potential and the rotational eigenvalue test results are
given in Tables 2.1 and 2.2, respectively.
It is noteworthy that the Cooley predictor-corrector procedure is not the
only method available for solving the one-dimensional Schrédinger equation. A
series of papers (67-69) dealing with an application of the quantum mechanical
variational method appeared in the late 1960’s and early 1970’s. Basis sets
were constructed as linear combinations of the well-known wavefunctions of the
harmonic oscillator, and later the eigenfunctions of a Morse potential. All
these attempts met with moderate success. In view of an already existing
successful method (64), application of the variational method to the problem
appears to be of academic value only. More reliable alternatives include the
“Log-Derivative Method” (70), the Priifer phase function method (55), and the
“Canonical Functions Method” (CFM) proposed by Kobeissi et al. (71).
Recently, Tellinghuisen (72) showed that the CFM method is formally and

numerically equivalent to the procedure of Cooley (63), provided that both

[p——
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algorithms are implemented with the Numerov integration formula. The
Cooley-Numerov method was, however, shown to be computationally more

efficient.

2.11.2 Quasibound States (Orbiting Resonances)

Adjustment of the rotationless potential by the centrifugal term
ﬁ2J J + 1)/R2 yields effective rotational functions, characterized by a
barrier. As shown in Figure 2.2, energy states which exist above the
asymptote are associated with three turning points. These quasibound states
are not fruly bound but possess a finite probability of penetrating the
barrier in a nonradiative fashion. Associated with these metastable levels
are finite lifetimes and widths related by the uncertainty principle of energy
and time. The spectroscopic detection, in emission, of a gradual broadening
of rotational lines with increasing J, followed by an abrupt disappearance of
the structure, provides convincing proof that a predissociation is occurring.
A quantitative analysis of this information yields an estimate for the
dissociation energy.

The theoretical description of quasibound states can be accomplished by a
variety of methods. Since the “exact” methods of quantum mechanics are often
tedious to use, approximate boundary condition schemes have proven to be of
great value in locating orbiting resonances. These were reviewed and tested
by Le Roy and Liu (73). Their results suggested that the Airy function
boundary condition is reliable for the type of resonances encountered in this
work.

The Airy function boundary condition derivation assumes that the

rctational potential near the third turning point can be approximated by a

8 e A A W P repon e e Rt Beacramne



Figure 2.2
Graphical representation of a quasibound level. E,and E ;
are vibrational energies corresponding to rotationless and
rotational potential curves, respectively. (RO, Rg), and
(R{, R;) are the inner and outer classical turning points
for the case of rotationless and rotational potentials,
respectively.  The third turning point for the rotational

potential curve is given by Rg.
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straight line. Application of the uniform approximation (73) to the problem
casts the wavefunction at the outermost turning point as an Airy function of
the second kind, Bi(—z) (74). Along with a boundary condition at R = 0, the
problem is transformed into the one-dimensional eigenvalue type, which allows
the procedure to be incorporated directly in Cooley’s algorithm. Since the
approximation requires the three turning points to be spaced well apart, the
increasing proximity of the second and third turning points with increasing
energy makes the method more reliable for resonances well below the barrier
maximum and totally inapplicable above it. It was shown (73) that the error
in the prediction of quasibound energies with the Airy BC is approximately 5%
of I, where T' is the full width at half-height of the energy state.
Tiemann (75), however, has shown recently that these estimates could deviate
by as much as 20% and in an unpredictable direction. For the types of
resonances that can be detected spectrographically (' < 1 cm’l), the error in
the calculated position is almost indistinguishable from the experimental
uncertainty.

The treatment of the resonance widths follows a different path.
Conceptually, the simplest approach views the width as the ratio of the
probability of barrier penetraiion to the period of oscillation in the

potential well (76, 77), so that by the uncertainty principle,

T = holt,, (2.108)
where
0 = exp{— @l:;l__ [UR) - E]" dR}, (2.109)

Ry(E)
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and

Y rz(E) R

i = (2u) [E — UR)I"" dR. (2.110)
R,(E)

This semiclassical recipe was found (77) to yield widths that were within
~ 12% of more accurate estimates, for H,(X 12"'). The widths reported in the
present work were calculated by a more complicated prescription. Le Roy’s
QBOUND subroutine (78) originally provided the simple width given above;
however, following the recent article of Connor and Smith (79), the code
appears to have been modified to calculate the width in the semiclassical

uniform approximation as,

I = 2#t  w(e)lx, (2.111)
where .
1+ 7"~ 1
w(e) = : , (2.112)
1+ ™% + 1

and € is the quadrature through the barrier.

Unfortunately, it is not as easy to verify the accuracy of Ilevel
positions for quasibound states as it was for truly bound states. The
rotational solution for the Morse oscillator is, as stated above, not truly
exact. The Fues-Kratzer eigenvalue formula is of little use here since this
potential cannot form a potential barrier. There simply does not appear to be
any absolute standard for direct comparison. This has forced previous
investigators to relv on ab initio results for positions, and well-studied
experimental systems for widths. Some promise was offered by a relatively
obscure article by Tietz (80) where an analytical potential was developed,

having an exact solution in closed form for the eigenvalues. It was found
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that adjustment of one of the potential parameters led to the fori..tion and
controlled the magnitude of an inherent potential maximum, With the exact
eigenvalue expression at hand it appeared at first that this might offer a
sound way of evaluating the accuracy of approximate methods. However, there
appears to be an error associated with the energy expression; in any case, a
solution was only considered for a real wavefunction; the case E = 9, where

the wavefunction enters the complex plane, was not considered by Tietz (80).



CHAPTER 3
IMPROVED HAMILTONIAN OPERATORS FOR RADIAL MOTION
PART A: SEMICLASSICAL METHODS

The first-order RKRV potential inversion procedure is popular because of
the relatively easy calculations involved and the usually excellent potentials
it provides.  Additionally, it is an almost unique procedure, failing to
define the behaviour of the curve only below the ground vibrational level.
Reliable evaluation of the improper integrals f and g has been the subject of
numerous articles in the literature (81-85), and the first-order problem can
be considered adequately resolved.

However, the advent of laser and interferometric methods brought an
accompanying improvement in the precision of spectroscopic data; this has
served to demonstrate convincingly the limitations of the first-order RKRV
approximation. It is often found that the quantum mechanical expectation
values of first-order RKRV functions fail to describe observables within the
measurement uncertainties. A case in point is the fundamental band of HF,
obtained experimentally by Fourier transform techniques (86). Table 3.1 shows
a comparison of observed frequencies and those calculated on the basis of
quantum mechanical eigenvalues of the RKRV curve of Di Lonardo and
Douglas (87).

The inadequacy of the semiclassically approximate RKRV potential
inversion procedure derives primarily from the neglect of higher-order JWKB
phase integrals in its derivation. On account of the correspondence

principle (88), a semiclassical JWKB formulation is expected to be less
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TABLE 3.1

Fundamental Band of HF(X 1}‘..”*): Demonstration of Inadequacy of RKRV
Potential in Predicting Observables

J P(J) AP(J) | AP(J)/e| R(J) AR(J) |AR(J)/c|

0 4001.0127 -0.0235 47.0
1 39203328 -0.0210 42.0 4038.9882 -0.0259 51.8
2 3877.7289 -0.0214 428 40753231 -0.0295 59.0
3 3833.6846 -0.0320 46.0 4109.9709 -0.0343 68.6
4 37882533 -0.0255 51.0 41428863 -0.0401 80.2
5 37414890 -0.0291 582 4174.0267 -0.0469 93.8
6 3693.4467 -0.0336 67.2 4203.3509 -0.0548 109.8
7 3644.1822 -0.0395 79.0 4230.8197 -0.0638 127.6
8 3593.7520 -0.0465 93.0 4256.3958 -0.0736 147.2
9 35422127 -0.0537 107.4 4280.0442 -0.0838 167.6
10 3489.6214 -0.0620 124.0 4301.7319 -0.0953 190.6
11 3436.0358 -0.0698 139.6 4321.4284 -0.1080 216.0

The quantities AP(J) and AR(J) refer to observed-calculated line
positions (cm'l) for the P- and R-branches, respectively. € is the
experimental error estimate; € = 0.0005 cm™! for this band.
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reliable where quantal effects are significant. Better results can therefore
be obtained for heavy molecules and high values of the quantum numbers. In
this section, methods for improving first-order RKRV Hamiltonians are

reviewed.

3.1 Direct Inclusion of 3rd-Order JIWKB Phase Integral

The first documented method for incorporating exactly the second finite
JWKB integral in the RKRYV procedure is due to Vanderslice and co-workers (89).
This derivation was followed by an application to the ground state of
molecular hydrogen (90). A solution was obtained in an iterative fashion,
whereby a repetitively improved firsi-order curve was used to estimate the
second-order RKRYV (third-order JWKB) corrections to the turning points. Some
difficulty was encountered in fitting the potential derivative required for
the second-order corrections to a power series in Ul/z. This was due to the
large values of dU/dR at small internuclear separations and led to problems
with the uniqueness and stability of the procedure.  Furthermore, the
corrections obtained were of the order of the uncertainties in the firsi-order
turning points indicating that highly precise data are required for a proper
evaluation of such effects.

A mathematically equivalent procedure for second-order RKRV calculations
was presented by Kirschner and Watson (47). This was applied to the ground
X'z* state of CO, and despite the need for intermediate least-squares fits,
the calculations provided a potential which could recover satisfactorily the
input G, and B, values. The Rydberg-Klein-Dunham second-order calculations of

McKeever (9I) for the ground state of H, appear to be equally successful.

Here, it was shown that the previous results of Davies and Vanderslice (90)
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were overestimates of the second-order corrections to the turning points.

A rigorous derivation of a two-term RKRYV procedure was undertaken by
Le Roy (92). The resulting expressions for the f and g integrals included
explicitly the effects of the third-order JWKB integral.  The solution
proceeds in an iterative fashion but so far there do not appear to be any

published applications of this procedure.

3.2 Indirect Inclusion of Higher-Order JWKB Terms

It is possible to include the effects of higher-order phase integrals
while avoiding the mathematical and numerical complexities associated with
their explicit evaluation.

By far the simplest procedure of this type was proposed by Kaiser (93).
The contributions from the second JWKB term were considered in the modified

quantization condition,
{V E, = UR)dR = 218(v + %2 + A), (3.1)

where A was treated most concisely by Kirschner and Watson (47), obtaining
- B i 2 =512
A=-F—1im ¢ (dU/AR)[E — UR)] "dR. (3.2)
64w E=>0

Ke.ser (93) gave the simple result,

A=Y Y, (3.3)

where the Dunham coefficient Y, was approximated by

B, - (uexe) aw, (aw,)

Y, = + +
00 3
4 2B, 1448
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defined with the usual vibrational-rotational parameters. This adjusts the
positions of all vibrational levels by a constant amount and simply requires

that first-order RKRYV integrals be evaluated from the modified lower limit,

vl = — 1 - A, (3.5)

reducing sharply the work required to obtain what is presumably in effect a
second-order RKRV potential. Recent work (94), however, has shown that the
Kaiser modification may lead to results for the g integral that are often
inferior to those of an unmodified first-order calculation. This is because,
even though the Kaiser correction considers the second JWKB term, it fixes its
value to that at the potential minimum (94), i.e. the condition that E — 0 in
Eq. (3.2) above.

The approach of Huffaker (95) considered the evaluation of turning points
in terms of two power series given as analytic functions of the spectroscopic
constants. Second-order JWKB terms were introduced effectively by making
corrections to spectroscopic constants based on Huffaker’s Perturbed Morse
Oscillator (PMO) model (96),

UPMOR) = ¢ [yz + z b, y"}, (3.6)
n

where

y =1-exp[~aR — R)] 3.7
This method was applied to the ground electronic states of CO and HF (95) with
moderate success, encountering particularly significant problems near the
dissociation limit. A breakdown of JWKB theory might be expected immediately
near dissociation (97), but it is unlikely that the levels considered by

Huffaker (95) enter into this region.
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By a similar approach, Coxon and Ogilvie (46) followed Watson’s (42)
suggestion of correcting experimental values of the U, for higher-order
effects, and used these in a Kaiser unmodified first-order RKRV calculation.
The resulting potential should then have been equivalent to one obtained by
considering higher-order JWKB phase integrals explicitly. ~Along the same
lines, expressions for higher-order coniributions to some Dunham coefficients
were obtained by Bouanich (98) through perturbation theory.

In more recent work, Schwartz and Le Roy (94) proposed to eliminate the
third-order JWKB integral by considering information on two isotopomers
simultaneously. The resulting simple expressions were thus exact within the
third-order JWKB approximation. Maodel calculations showed that results were
superior to those of both an unmodified first-order calculation and the Kaiser
corrected first-order results. At the same time, the model testing suggested
that care should be exercised in applying the method. In particular, the
procedure was found to be highly sensitive to the precision of the input data,
and should be used for very precise measurements only. Also, since the two
isotopomers were assumed to have the same potential, the method should not be
applied to systems for which the Born-Oppenheimer approximation is
significantly deficient. = This limitation is unfortunate as it makes the
procedure less reliable for light diatomics, the very systems for which
higher-order JWKB effects are most significant. = These warnings were
apparently not heeded in a recent application of the procedure to the isotopic
LiH molecules (99). Not surprisingly, improvement over the first-order
results was not realized.

A most inieresting application of Watson’s (100) semiclassical inversion

procedure was proposed by Gouedard and Vigue (Z01). In an attempt to improve
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a first-order RKRV potential iteratively, these authors identified a function
X (R) with a small potential correction, AU(R), and inverted AG, and AB _ values
to this function. AG _ and AB , the differences between the experimental and
quantum mechanical values, became gradually smaller, but it was found that
after convergence, the final differences displayed oscillatory behaviour for
CC(x 12+), with better results realized for heavier diatomics. The authors
speculated that for a light molecule like CO, quantum effects may be
significant, and pointed io their inability in separating calculational from
quantum limitations on the method.

A chief criticism of methods that rely on a partial intermediate set of
molecular constants is that these constants are not true observables of a
system, but have significance only as parameters that define an infinite
perturbation expansion. Putting aside, for the moment, any inconsistencies
and loss of mechanical significance that may result owing to the method of
their estimation, the quantum mechanical identities of these constants, and
their effect on the physical significance of RKRYV potentials must be
considered.

Since the molecular constants employed in the estimation of RKRV turning
points are derived by considering experimental line positions, they must
reflect the nonadiabatic interactions experienced by the electronic state in
question. This contamination will, to some extent, enter into the classical
turning poinis of motion. In order to gain more insight into this, it is
helpful to examine qualitatively the influence of neighbouring -electronic
states on the values taken by the derived G, and B, constants that serve as
input for such a calculation. The vibrational terms will deviate from their

(generally unknown) adiabatic values through homogeneous mixing of the
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unperturbed eigenfunctions. This type of perturbation is fully compatible
with a JWKB transformation of the eigenvalue problem, Eq. (2.1), since it will
contribute to the adiabatic potential and to the adiabatic rotational
constants in a J-independent fashion. Thus the RKRV procedure can recover
homogeneously perturbed potential curves. However, even though a
heterogeneous interaction will have no additional effect on the rotationless
term values, it can significantly alter the adiabatic (or even homogeneously
nonadiabatic) identity of rotational constants. No provisions were made for
this type of interaction in the derivation of the RKRV equations; the
formulation of Klein’s g integral assumes that rotational constants are
expectation values of R?%.  More significantly, a fundamental neglect of
heterogeneous coupling is made in the JWKB transformation of the radial wave
equation, Eq. (2.1). It is Eq. (2.32) that should be subjected to this
transformation. Therefore, although the rotational constants contain all the
information on the heterogeneous couplings, the RKRV equations have not been
set up tc extract such information in a theoretically proper fashion. It
appears, then, in the matter of electronic state interactions, that
semiclassical methods face similar limitations as ab initio descriptions; in
order to describe the couplings properly, knowledge of excited state potential
functions is required. In spite of this, a truly inverse JWKB procedure
taking this implicitly into account appears to be possible; the recent work of
Watson (42) offered an as yet unexplored semiclassical scheme for achieving

such a task.

3.3 Extended Dunham and Dunham-type Methods

Recently Bessis et al. (102) proposed a method for the direct reduction
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of vibrational-rotational data to analytical functions describing the radial
dependences of various interesting effects. The coefficients of such
functions were expressed in terms of familiar spectroscopic parameters. The
starting point in a computer-aided perturbation calculation was the Dunham
potential.  Additional functions were employed to describe the effects of
interest, and the coefficients of these were given by unwieldy expressions in
terms of the potential parameters and known spectroscopic constants. One
application of the method was to the description of the radial variations of
the spin-rotation and spin-orbit couplings in the ground state of OH, with
encouraging results.

More recently, Ogilvie (103) developed an analogous inversion procedure
modelled with the Ogilvie-Tipping reduced potential coordinate (104). In
addition to providing less complicated expressions for the coefficients of the
radial functions, the work of Ogilvie was superior in another aspect; the
Dunham reduced coordinate x° = (R -- R)/R employed by Bessis et al. (102),
suffers from a limited radius of convergence (0 < R = 2R ), whereas use of
T = 2R = R)I(R - R), with 0 < R_ < o, is preferable.

The main criticism of these approaches concerns their ability to describe
properly the potential function all the way up to dissociation. It is
doubtful whether any single analytic function can achieve this. In addition,
the power series functions employed above fail to describe the long-range
behaviour of an internuclear potential function.  Finally, neither of the
analytic formulations has been adapted to include heterogeneous interactions
in a theoretically proper fashion. The coefficients would then partially

absorb such effects, losing their originally intended identity.
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PART B: QUANTUM MECHANICAL METHODS

3.4 Direct Perturbation Methods

Initial efforts involving the application of quantum wmechanical
perturbation theory to the improvement of potential functions were concerned
with systematic corrections to a variety of analytical model functions. Galin
et al. (105) considered the calculation of Dunham parameters in high orders of
perturbation  theory, obtained through computer algebraic methods.
Subsequently, Burenin (106) formally perturbed a Fues-Kratzer oscillator,
using the exact solution for this system as a zeroth-order starting basis.
The perturbation expansion was carried out in terms of inverse powers of the
internuclear distance, but use of the conventional Rayleigh~-Schridinger
approach was avoided. Instead, a different perturbation theory (706) was
used, involving a finite number of terms for the emergy corrections, in
contrast to the conventional infinite expansion method. Only the theoretical
layout was presented, and application of the resulting {complicated) procecure
does not appear to have been undertaken.

The first “perturbative” expansion on the basis of a Morse oscillator can
be attributed to Dunham (Z6). In more recent work, expressions sirnilar in
structure to those of Dunham emerged from the formal perturbative treatment of
Huffaker (96). The model was coined the Perturbed Morse Oscillator (PMO) and
in later work (107) it was applied to a variety of diatomic states. In its
purely theoretical form, the PMO expansion was only moderately successful,
encountering particular problems for the ground states of HF and HCL Thus,
despite jargon suggesting otherwise, its current applications find it as a

flexible analytic fitting model for the representation of RKRV turning
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points (95, 108), or ab initio results (109).

3.5 Inverse Methods

The label for methods to follow herein as “inverse” is only loosely
applied. A frue inverse method determines the internuclear potential directly
from experimental data rather than assume some parametrized functional form
and adjust it in a fit to the data (Z10). In this section, methods which
systematically impose corrections to radial Hamiltonian operators to attain
agreement with the experimental data are considered. On the other hand,
Dunham’s procedure can be regarded as a true inversion of the experimental
data to the internuclear potential. This also applies to the procedures

considered in sections 3.2.1 and 3.2.2 above.

3.5.1 Semiempirical Correction Methods

The possibility of removing the disagreement between experimental results
and those of approximate theoretical methods by using the correction function
approach, was first explored by Le Roy and Bernstein (Z11). The method was
applied to H (X 12;) where the ab initio potential of Kotos and
Wolniewicz (112) was adjusted by an empirical correction function in an effort
to resolve a serious discrepancy in the calculated vibrational intervals from
those known precisely from experiment. An interesting result of this work was
that either of a pair of empirical correction functions could remove the
discrepancy, indicating a displeasing lack of uniqueness.

Kuriyan and Pritchard (113, 114) constructed effective nonadiabatic

potential functions for diatomic hydrogen and deuterium, and their molecular

-
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ions using a correction function approach. The method of estimation of such
functions involved the interactive piecemeal determination of linear
correction patches (Z13), applied only to the outer limbs of the trial
potentials. The work of Ref. (11I1) showed that the nonuniqueness of the
correction procedure would be greatest for the low vibrational levels
considered here, so that adjustment of either limb near the minimum would
result in similar changes to the eigenvalues. A small criticism of this
work (113) concerns the failure to consider any possible alteration of the
centrifugal term by heterogeneous nonadiabatic coupling. The importance of
these two articles (113, 114) is that they offered an interesting, albeit
somewhat unrefined alternative to expensive high-level ab initio nonadiabatic
calculations.

Some consideration to heterogeneous effects in hydrogen was given in an

article by Bunker et al. (41), where a centrifugal term of the type,
#_(R) = fI(J + D[1 + a(R)R, (3.8)
was included in fits to low vibrational-rotational energy levels of H2 and DZ'

However, only partial success was demonstrated, most likely due to the

modelling of a(R) by a simpie constant.

3.5.2 Inverse Perturbation Analysis (IPA)

A more methodical approach for obtaining potential correction functions
from experimental data was proposed by Kosman and Hinze (715). This method

begins with a zeroth-order radial Schrédinger equation for a > state,

() + o ) = E 0, (3.9)

vib Tot

=,
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where
0 2.2, 52
) = —fd’ R + UYR), (3.10)
and
_ p2 2
* = BIJ + VIR (3.11)

It is then assumed that the “true” (effective) rotationless potential differs
fromm the approximate function Ug(R) in Eq. (3.10), by a radial correction
function AU(R), so that

= UJR) + AUR), (3.12)

where the -as yet unknown- correction function can be regarded as a perturbing
operator.  Rayleigh-Schrédinger perturbation theory provides the first-order

energy corrections,

AE ;= ) | AUR) ), (3.13)
in terms of the zeroth-order radial cigenvectors. Eq. (3.13) is normally
encountered in direct applications, whereby an assumed AU(R) function is
employed to calculate the first-order energy corrections. Alternatively, a
known AU(R) function can be used in conjunction with parametrized eigenvectors
ltpg,(al, a,, - - -, @; R)) in a variational calcuiation.

The inverted perturbation approach seeks to determine AU(R) by assuming
that the differences AE .y between the approximate eigenvalues, Egj, and the
experimental terms, Ez"p, can be described entirely by a firsi-order model.

These differences should actually be expressed as,

- <vJ AU|wK>
= (uJ|AU v + Z ASadind. l + higher order terms. (3.14)

vIEWK vJ - EwK
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The IPA assumes that second- and higher-order terros are small in relation to
the first term in Eq. (3.14), and unimportant with regard to the experimental
errors.

If the perturbing Hamiltonian AU(R) is expanded in terms of a flexible

mathematical basis set,
AU(R) = c; fi(R), (3.15)

and substituted back into Eq. (3.13), a set of linear equations,

AE,; = ) KU, (316)

is obtained. In typical applications, this set of linear equations is
overdetermined and can be treated effectively by a least-squares minimization
procedure to provide estimates of the c,.

The key approximation of IPA is that the Ezp - Eg] differences can be
equated to the AE  first-order corrections of Eq. (3.14). This can be
ensured by choosing a trial potential, Ug(R), which forms a close
approximation for the final effective potential, Ugff(R). Since this might
not always be possible, and since a finife basis set is used to approximate
AU(R), it is not expected that the perturbation calculation will converge in
one cycle. Therefore, in the IPA formulation of Kosman and Hinze (115), an
iterative approach was adopted. This might equally be thought of as an
application of the variational theorem since the stepwise improvement of the
potential causes a concomitant optimization of the radial eigenfunctions.

Vidal and Scheingraber (116) formulated the IPA in much the same fashion
as the previous investigators (115). The key difference was their choice of a

basis set; improved convergence was claimed with the nonlinear interpolation,
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(R - Re)(Rmax - Rmin)

x = , (3.17)
R_._+ Rmin)(Rc + R) - Z(Rmamein + ReR)

max
with R and R . chosen as the outermost and innermost classical turning
points, respectively. Their representation for AU(R) was,
.xQn
AU(R) = z ¢, P e* (1=ns5) (3.18)

[

where Pi(x) are Legendre polynomials. These authors employed Eq. (3.18) in a
fit using a partial set of term value differences.

The inverted perturbation procedure can also be discussed in terms of the
Hellmann-Feynman (61, 62, 117) theorem (HFT). The HFT equates the rate of
change of an eigenvalue with respect to a real parameter, with the expectation
value of the rate of change of the potential function with respect to the same
parameter, that is,

f;—; = <l1f|?%-}9|4'>- 1)
It is easy to show that the first-order perturbation result is actually a
limiting case of the HFT. In fact, Epstein (118) went on to derive the
conventional second-order resuit from the HFT, and intimated that the entire
Rayleigh-Schrédinger perturbation theory follows from the HFT. However, the
relationship between the IPA and the HFT is not as simple as this and derives
from the use of a least-squares minimization procedure in the optimization of
Ugff(R). Consider the simple case of a single electronic state =,

characterized by a potential,
UR) = [UOR) + BT + 1)/RY + AU (R), (3.20)

with associated eigenvalues
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E  =E +AE . (3.21)

n
The IPA procedure considers the minimization of eigenvalue residuals, AE .,
to obtain AU(R). It is possible to write a Hellmann-Feynman theorem for
Eq. (3.21) with respect to a set of parameters c; that define the potential

correction AU(R), as
0E_jloc, = 9E] loc, + AAE_Jac, (3.22)
which is also equal to
ff,
OE_ Joc, = <nv]|aU (R)ac,|nvl >, (3.23)
leading to the relationship,
0AE Joc, = <nv]|dAU (R)/dc,|nvl>. (3.24)

I. AU (R) is given by Eq. (3.15) above, the partial derivatives given here

assume the explicit form,
IAE  Jdc, = Lmul [f(R)|nv]). (3.25)

These are identically the expectation values (c¢f. Eq. (3.16)) which form the
coeffiicient matrix for the least-squares fit of the IPA.

The need for an initial potential which forms a close approximation to
the final potential has been discussed previously in terms of the reliability
of a first-ordexr perturbaticn model; a good initial potential can reduce the
number of iterations required to achieve convergence. However, a slightly
different interpretation here finds the use of first-order perturbation theory
as the means of linearizing an inherently nonlinear probleia, that is, the
exact relationship between a Hamiltonian operator and its point spectrum. 1t

appears that perturbation tueory acts as the agent of a pseudolinearization of
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the exact ncnlinear problem; partial derivatives required for the
least-squares analysis are obtained most accurately as Hellmann-Feynman
integrals. = The quality of partial derivatives in nonlinear least-squares
analysis is a crucial factor in determining the rate of convergence of the
problem.

The expressions Eqgs. (3.23-3.25) given above were written in terms of the
wavefunctions of the final effective potential; in fact, in equating the

Hellmann-Feynman treatment with the first-order perturbation setup, the subtle

assuraption,

OE, 3, = ULl ®I¥5 > = Wo iRy, (3:26)
was made. In the usual perturbative treatment, the true wavefunction is
expanded,

Wy > = Wi > + A WS> + 2 > + .., (3:27)

in terms of the zeroth-order eigenfunctions and perturbation corrections.
This shows clearly the nature of the first-order perturbation assumption; the
first- and higher-order wavefunction corrections are neglected in the first
cycle and as the potential function is improved iteratively,

IPA | crf

[lPA S s yeil s, (3.28)

that is, the IPA wavefunctions approach ihe exact wavefunctions. This is the
inverse perturbation formulation of the problem of correcting wavefunctions
which is, of course, implicit in the procedure. The IPA wavefunctions are
implicitly, and nonlinearly, dependent on the c, coefficients of the potential
correction. This demonstrates the importance of a good initial potential.

The expectation values employed in the correction procedure depend critically
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on the quality of the trial wavefunctions and will affect the convergence
properties of the solution.

Despite the demonstrated success of IPA in describing systems to which it
had been applied, it remains theoretically deficient in its ability to
describe  rotational shifts that arise from a global heterogeneous
perturbation. The validity of Eq. (3.i1) was not in any way questioned
despite the existing article of Herman and Asgharian (39). It would have
taken little additional labour to implement a Bunker et al. (41) a(R)J(J + 1)
contribution to the eigenvalues in the IPA algorithm. The importance of such
a term in relation to the experimental errors must be established
statistically and not a priori ignored.  Finally, although Koeman and
Hinze (115) claim the method to be within the adiabatic approximetion, it is
easy to see that the scheme can absorb homogeneous nonadiabatic perturbations
as additional corrections to the rotationless potential curve.  Thus, the
claim of adiabaticity in the functions derived Uy the IPA is not proven simply
by obtaining a satisfactoty representation of the spectral data. Adiabatic
and homogeneously nonadicbatic corrections are experimentally inseparable and

potential functions derived in this fashion must reflect both effects.

3.5.3 A Hamiltoriian Correction Approach
3.5.3 (a) Introduction

The procedure described in this section has been developed by
Coxon (119, 120) and applied to the description of the quantum energy levels
and electronic structure of hydrogen chloride isotopomers. The method is
employed in the nresent work to improve the understanding of the spectra,

molecular structures, and electronic state interactions in the hydrides HF,
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DF, HCI and DCl. The formulation rests soundly on the theoretical results of

Watson (42), allowing Coxon to write an effective radial Hamiltonian for a Iz

electronic state n as,

AR) = PLi2u ) + B2IU + D1 + ¢ RVR® + UT(R), (3.29)

defined with atomic masses to take into account the general tendency of the
inner electrons to follow closely the motion of the nuclei. The inclination
of the valence electrons to “slip” from rapid nuclear vibrations is described
by applying a correction to the Born-Oppenheimer potential, as given
previously by Eq. (2.45), with radial functions §';(R) for each atomic centre
i. The §’;(R) can be expressed in terms of two other functions, S}(R) and
Q';(R), as in Eq. (243). In the formulation of Watson, the S'lf(R) are pure
adiabatic corrections, whereas the work of Bunker and Moss (40) shows that
they contain some (small) nonadiabatic component. The functions Q’i'(R)
describe homogeneous nonadiabatic inieractions and allow for the vibrationally
induced slippage effect.

The slippage of valence electrons during particularly energetic nuclear
rotations is characterized by the purely nonadiabatic function qn(R) given in

terms of 1sotopically invariant functions ﬁ';(R),

q(R) = Z(me/Mi)ﬁ';(R), (3.30)

where, as indicated by Eq. (2.42), ﬁ';(R) is expressed in terms of two
functions RY(R) and Q7(R). The functions R}(R) are responsible for
heterogencous electronic state mixing. Due to the contributions from Q';(R),

the total function g (R) is purely nonadiabatic but not purely heterogeneous.
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3.53 (b) Numerical Procedure

Unlike the IPA, the Hamiltonian Correction Approach (HCA) considers the
adjustment of line position residuals by optimizing term value residuals for
two states simultaneously. ~ This is statistically more correct than the
separate adjustment of term values, as the process of measuring a speciral
line position correlates the two levels. It is also more pleasing
conceptually to operate on true obsefvables, the spectral line positions,
rather than on derived quantities. The residuals Av, between the measured

line positions, v__, and those constructed from the eigenvalues of the trial

nbs?

Hamiltonians, v, are given by,

09
— —— 0 — and
AVn’U’]’n”?J”J" - (Enlvlll En'v']’) (En"'U"J" Egnvnju). (3-31)
The simultancous adjustment of two AE . is accomplished by applying the
principles of IPA. Starting with the approximate radial operator
#°®) = Plrap + R + I + IR, (3.32)
the terms

AU (R) + BLJU + 1)q (R)R, (3.33)

associated with the difference between the trial and final effective

operators, Egs. (232) and (3.29), yield the corrections to the eigenvalues,

AE = I RS + e RIWETHIT + 1), (334)

where g (R} = ﬂ:tqn(R)/R?‘. Note that the exact corrections are given as
expectation values of the final effective wavefunctions. Now, a first-order

approximation for Eq. (3.34) is obtained,
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0 0 0 0
AE, = W0 IAU RS> + Wl ®WLSIT + 1), (339)
and the individual kernels are expanded as

AU (R) = Z ¢, R), (3.36)

3
and

&R =) dIR) (337)

casting the Av problem into,

Byt = ) GKED ) AQODTTHY) -
i i

) e — ) dpIET, (338)
i i
where
= @° 19 R 3> = @’ |9R)|¢° 3.39
9> = Y BN, 2, B> = <Y, I8 BIY,,»- (3:39)
Weighted linear least-squares optimization is applied to determine estimates
2

of the coefficients. The weighting is achieved as 0; , Where o, is the

estimated measurement uncertainty of the i™ line position.

353 (c) Mathematical Model

In retrospect, the most important consideration in the success of any
inverted perturbation approach, is the choice of a mathematical basis for
representing the unknov.2 functions. It is also the main weakness of any suci.
procedure; one attempts to determine functions with no prior knowledge of
their radial variations. This requires thoughtful selection of a basis set.

Also, at the fitting stage, much time consuming trial and error optimization
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is not unusual. More will be said on this later, when the HCA is scrutinized
through model calculatiors.

Coxon (120) realized that the use of global functions, which exert an
influence over the entire domain of molecular existence, can lead to
difficulties. ~In particular, the determination of such functions is weigated
strongly towards the lower vibrational levels, for which highly precise data
are often available, paying little regard for spectrographically obtained
electronic data. Thus, it was found (119) that highly precise low-v data
could be fitted quite satisfactorily, whereas electronic data fits were
characterized by systematic residuals that increased with v and J. In later
work (120), use of functions that imposed corrections in localized regions of
coordinate space, removed the systematic trend in the fitted residuals and
allowed the inclusion of highly excited rotational levels in the fits.

The mathematical model employed for AUn(R) in this work is,

AU(R) = AT+ a8 (R) + z b, G (R) + z C iR (3.40)
i ij
ATM is an adjustment to a trial electronic term value. The second function,

§ (R), is the first derivative of the trial rotationless potential,
S (R) = dU(R)/R, (3.41)

which is approximated by the c2ntral-difference formula (121),

- U + 8U -8U, .+ U
S:(R) _ k+2 k-; ;,, k-1 k2 (3.42)

h being the radial distance between adjacent points in the numerical
potential. The derivative term is aimed at translating the potential function

along the internuclear coordinate axis without changing the positions of the

7 * e e |
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energy levels. Use of the first derivative term alone is not correct
mathematically. The increment form of the Taylor series (122) defines,
UR + &) = UR) + h UR) lﬁgfg%}g) + ’i3-d3U3R + ol (343)
dR 2! dR 3! dR
as the mathematical transformation required to achieve a tramslation of the
rotationless potential by h units along the radial axis. Clearly, then, use
of the Sn(R) function alone ignores second and higher derivative terms.
However, the approximation is good for small translations >nd use of the first
derivative alone in this work is justified a posteriori. The explicit use of
higher than first derivatives in the fitting procedure is possible but would
necessitate the wuse of nonlinear least-squares since the coefficients of
derivative terms in the Taylor series expansion, Eq. (3.43), are interrelated.
The G, (R) are modified Gaussian functions,
G (R) = (R - R)=xp[-a (R - R )], (3.44)
constructed about a central radial distance Rm.. The damping parameters a
are in general different on either side of R . (k = 1 ard 2 refer to R < R .

and R > R ., respectively). For two adjacent Gaussians, G, and Gn,i +1° %o
and @ .., are chosen such that the damping components of both functions

have a value of 0.75 midway between R . and R . . (/20). The 0.75 factor is
ni ni+1

somewhat arbitrary but Coxon has shown (120) that a fitted function is

relatively insensitive to this, provided sufficient overlap between adjacent

functions is ensured. Similar conclusions were reached by Hamilton et

al. (I123) in a recent application of a correction procedute employing local

Gaussian functions as a basis.

Finally, the Fm.j(R) functions are defined by

g
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F.R=@®-R) forR<R andF_ (R)=0forR>R (349
and
F (R) = (R - R)Y foR>R andF ,(R)=0forR<R , (346)

allowing for separate radial correction functions for the imner (j = 1) and
outer (j = 2) limbs. R  is the R, value for electronic state n.

The representation chosen for the nonadiabatic function gn(R) is
g (R) = Z d_ H (R), (3.47)
i
where
- (p _ i_ _ i
HRY=R-%)~-R, ~ &), (3.48)

with R chosen to be the smallest internuclear seperation to which the data

are sensitive.

3.5.3 (d) Model Testing
3.5.3 (d.1) General Description of the Problem

A major assumption of the least-squares method is that the selected model
describes the physical problem perfectly,. —In practice this condition is
almost never fulfilled. Here, the a priori assumption is made that the
effective radial operator given by Eq. (3.29), portrays an adequate
theoretical description of the p’ ical problem. The reliability of this
assumption can be established absolutely only by extensive ab initio
calculations that consider explicity the electronic structures and
interactions of all possible states of a quantum mechanical system. This is

clearly not practical here. In general, Eq. (3.29) can be trusted insofar as
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a contact transformation of the exact Hamiltonian is valid. This requires
that electronic states remain fairly well-separated so that any nonadiabatic
interactions can be managed by a second-order nondegenerate perturbation
scheme.

The primary objective of the model calculations is to test the general
reliabilty of the mathematical basis in reproducing known Hamiltonian
operators from synthetic spectra. This will be of help in assessing the
strengths and weaknesses of the HCA and will give an indication of the ranges
of reliability of derived functions.

The model problem is designed to approximate closely the situations
encountered later in this work, where the procedure is applied to real data.
Figure 3.1 portrays a hypothetical layout of three electronic states, labelled
X, A, and B. The ground singlet X state possesses no axial electronic angular
momentum in its unperturbed configuration. It does, however, gain a net
magnetic moment through an interaction with its repulsive A neighbour state.
The nonadiabatic mixing is small for the low vibrational levels of the ground
state, but becomes quite significant as X I3* vibrational levels approach the
dissociation limit, where neutral atomic products are shared by the two
electronic states. Also, a unique perturber approximation is made, whereby
other T states are too far away from X 15* to influence its energy level
manifold to the precision of the measurements. The (second-order) energy of

interaction from the L-uncoupling can then be given approximately by (124),

_ 2 L(L + 1)h2
Wy = =J(J + DBR)} TSy (3.49)

where only valence electron excitation contributes to the kinetic energy of

the muclei.  This expression bears a striking resemblance to the term
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Figure 3.1
Arrangement of electronic states for the model calculations.
The system is composed of a valence ground state X 12+, a
repulsive electronic state AT which correlates with the X
state dissociation products, and an ionic B'st state at

higher energy.
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q(R)J(J + 1) in the effective operator, Eq. (3.29). In fact, by analogy with

a more rigorous treatment (124), q(R) would be given by,

(3.50)

|<a'm|L | X'z
4(R) = ~4{B (R)}Z[Z”ZZ Nz, + Ua'm - U(Xlz')]’

where the summation is over closed-shell electrons around nuclei of distance
T away from the centre of mass. The approximation of pure-preccssion is not
used as it is clearly not realistic for the particular problem at hand

It is evident that the perturbation to bound rotational energy levels
will always be negative.  This is fully consistent with the second-order
Rayleigh-Schrédinger perturbation theory result which dictates that the
unperturbed levels of the lower state adjust away (ie. in a negative
direction) from the higher-lying perturber. With respect to the electronic
state mixing, it is also assumed that the matrix element <A1H|Lx| X 12} from
which the L(L + 1) term in Eq. (3.49) is derived, is slowly-varying and tends
to zero at very small separations and in the limit of dissociation. These
arguments are not only helpful in obtaining a reasonable radial variation for
the model g(R) function, but also in providing a description that may later be
of value in understanding the physics of real molecules.

On the “experimental” front, the emission from the lower vibrational
levels of the ionic B'E" state to the upper vibrational levels of the X g+
state has been “studied” photographically in the ultraviolet. The coupling of
B'=* t0 AT is assumed to be too small to characterize spectrographically, and
mixing of B'=* with high-lying Rydberg states is not of measurable magnitude
for the low vibrational levels considered here. The ground state lower

vibrational levels are known precisely from Fourier transform spectroscopy,
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and an ensuing flame emission “study”, examining intermediate vibrational
levels, has closed-up the gap between the infrared and ultraviolet data.
Spectral data are available both for a hydride HX and its deuteride DX,
covering similar energy ranges. The hypothetical halogen atom X has only one
stable nuclide. Synthetic spectroscopic information is summarized in Table
3.2. The entire system has admittedly been designed to resemble HF and DF,

for reasons that will become apparent as this work progresses.

3.5.3 (d.2) Model Hamiltonians and Synthetic Spectra

Herein, the model molecular systems are defined mathematically. The X Iyt
valence ground state for the hydridle HX has been represented by a Morse
potential function, Eq. (2.101), the relevant parameters given in Table 3.3.
The potential function of the deuteride has been constructed by adding the

simple polynomial form,

AUL(R)

6
Z (R - RY, (3.51)
i=1

to the hydride Morse function. The hi are listed in Table 3.3. The
rotational perturbations from A1 are described by the nuclear-mass-
independent part of the g(R) function, Eq. (3.37), as

~X
2, MR 2 3 4
(r /2)—31-2-2—- =aR-R) +a,R~-RY +aR-R), (352

constructed by considering the theoretical scenario described above.
Parameters a, are listed in Table 3.3. It is assumed that the same functional

form: (ie. the isotopically invariant part) of g(R) applies to both
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TABLE 3.2

Synthetic Spectroscopic Data Base for the Model Calculations

HF DF

Fourier Transform Infrared Spectra

Bands: 1-0, 2-0 Bands: 1-0, 2-0
Precision: 0.0002 cm”] Precision: 0.0002 cm™?

Infrared Flame Emission Spectra

ends: 1-0, 2-1, 3-2, 4-3, 5-4,  Bands: 1-0, 2-1, 3-2, 4-3, 5-4,
4-2, 5-3, 6-4, 7-4, 8-4, 6-5, 7-4, 8-5, 9-5, 9-6,
8-5 10-6, 11-6, 12-7

1 1

Precision: 0.05 cm™ Precision: 0.05 cm”™

B — X Electronic Emission Spectra

Bands: 0-12, 0-13, 0-14, 0-16, Bands: 0-20, 0-21, 0-22, 1-17,

1-11, 1-15, 1-16, 2-10, 1-18, 1-19, 2-12, 2-16,

2-14, 2-17, 3-15, 3-17, 2-17, 3-14, 3-15, 3-16,

3-18, 3-19, 4- 9, 4-10, 4-12, 4-13, 4-14, 5-23,

4-18, 4-19, 5- 9, 5-13, 5-24, 5-25, 6-22, 6-26,

6-11, 6-12 7-12, 7-13, 8-24, 8-26
1 1

Precision: 0.030 cm™ Precision: 0.035 cm™

Underlined data subsets were excluded in fit II (see text).



TABLE 33

Parameters of Hamiltonian Operators for the
Model Calculations”

Potential Functions

HF(X!=*) Eq (2.101) HF(B'Z%) Eq. (2.105)

P, =49 380 em! @, = 45 000 cm!

R, =09168 A R, = 2.1000 A
B =2.382 704 898 3 A’

Radial Range: 0.40 - 4.00 A
Number of Points: 2001

Radial Range: 1.20 - 420 A
Number of Points: 1201

AU(R) Function, Eq. (3.51)

h, = -420 h,= 602
h2 = 10.16 h5 = -1.47
113 = -11.60 h, = 014

(*/2)m_RE(R)/R® Function, Eq. (3.52)

a, = -40 X 1073 a, = 4.0 X 103 4 .= 20 X 1073

ahi are in cm A units and a, in units of amuZcm LA™
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isotopomers. This implies that only contributions from ﬁg(zz) in Eq. (3.30)
are considered spectroscopically significant.

B'=* is assumed to be a Born-Oppenheimer state. Its representation has
been chosen to reflect the ionic nature of the interaction, and is given by a
Fues-Kratzer potential, Eq. (2.105), with R, and 9, given in Table 3.3.

Following the construction of model operators, the point spectra
(eigenvalues) were obtained. The ground state rovibrational eigenvalues for
the two isotopomers were obtained through numerical solution of the radial
wave equation, whereas the eigenvalues for the B's* state were obtained
directly from Eq. (2.106). The spectra described briefly above were then
calculated from the true eigenvalues, normally distributed zero-mean random
errors were generated using the Box-Muller method (Z25) and added onto the

synthetic line positions. These errors are known precisely and facilitate a

later comparison with the fitted values.

3.5.3 (d.3) Trial Operators and Least-Sijuares Fit

Although trial operators for a real data set are normally found from
least-squares estimates of the molecular constants, this was not required for
the model calculations; it sufficed to identify the quantum mechanical
definitions of the traditionally derived rotational constants and wvibrational
term values. In defining properly the true rotational constant of the ground

state, it is helpful to write,
2 3
E,=G, +B[({J +1)] - Dv[J(J + D"+ HJJ + ) + ..., (333)

so that the partial derivative
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oE
—— ¥ B —UJ+ DI +3HIJ + D +..., (354
IV + 1) v Y b
evaluated at J = 0, gives precisely the rotational constant B . This partial
derivative may be estimated by applying the Hellmann-Feynman theorem with

A =J{ + 1) to yield,

B s i) 3.55)
= |l=—| =<l I¥> :
CoBve + Y, TG+l (
where, as a result of the heterogeneous mixing,

U(R) = U,R) + FI( + DL + qRVR. (3.56)

Evaluation of the partial derivative on the right-hand side of Eq. (3.55),

gives

B, = fw,|ll + gRVR|,>, (3:57)
which is composed of the usnal mechanical R? expectatior: value, and a
nonmechanical contribution, /32<q(R)/R2>v. Identical results are obtained by
applying the first-order Rayleigh-Schrodinger perturbation expression, showing
once again the intimate relationship between the HFT and ordinary perturbation
theory. It is important to realize that a conventional Dunham-style
rotational analysis would estimate precisely these constants, as the energy
levels, however parametrized, reflect fully the L-uncoupling effects. The
constants of Eq. (3.57) can then be safely regarded as the experimental
constants, demonstrating the futility of performing time consuming
band-by-band and merge fits. However, it is only fair to comment that
constants obtained traditionally would be slightly different than these
quantum mechanical constants owing to interparameter correlations and

truncation of the series in the least-squares procedure. At the same time,
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for the lowest-order constants B , these should be of the order of the
uncertainties. The true rotational constants were thus calculated and the
vibrational terms, G,, were obtained by numerical integration of the radial
wave equation with Uy(R), the true rotationless potential. The G , B, pairs
were employed to calculate first-order RKRV curves which serve as the trial
potentials.

In order to introduce uncertainty in the RKRV calculations, the
rotational constants and the vibrational term values were truncated at the
fourth and second decimal places, respectively. Additional error arises from
the use of a simple first-order RKRV procedure, although for the Morse
potential this would be very small, as there exists an exact quantization
condition for this oscillator, which resembles that of Bohr and
Sommerfeld (126). This can be expected also by calculating the Dunham Y
correction, which turns out to be zero, suggesting that the third-order JWKB
contributions are small, at least near the minimvin.  The eight-point
interpolation of Lagrange introduces yet more error, and finally, the RKRY
potential for X Is* was purposely extrapolated to a false dissociaiion limit,
20 cm™! lower than the true value. This might be a common problem for hydride
molecules, as the dissociation energy is rarely known with more certainty,
chiefly due to the relatively sparse distribution of vibrational levels near
dissociation. =~ With the pointwise trial potential known, it is possible to
calculate exactly what correction is required to give back the model
potential. The main objective of the model testing is to examine to what
extent the least-squares procedure employed here can recover the model
functions. RKRV calculations were also carried out for the B'Z' state

employing rotational constants which were simple expectation values of RZ
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For the B'=* state, a dissociation energy 2000 cm™! lower than the true limit
was assumed.

In order to set up the least-squares problem to take into account data
for two isotopomers simultaneously, the rotationless potential functions for

xls* resulting from such an analysis are written as,

U (R = USR)yy + AULR), (3.58)
U (R)px = U (R + AUSR), (3.59)

where AU;(R) relates the hydride and deuteride effective functions. For the

Born-Oppenheimer Bzt state,
ff
U Ry px = UpR)yy + AULR), (3.60)
for both isotopomers. The ground state rotational perturbations can be
handled simultaneously for both HX and DX, having already made the

approximation that the halogenic contribution to g(R) is spectroscopically

insignificant. Thus, the relationship

GNR) = (MM )40 R), (3.61)
is built into the fit.

The mathematical model employed in the representation of correction
functions is given by Eq. (3.40). Table 3.4 lists the basis functions that
represented correction functions in the least-squares fit. Initial fits were
concerned with finding an adequate representation for the basic correction
functions, AU(R) and AUL(R), as well as for the function 8y(R), by employing
a small representative hydridic data base. This was accomplished by numerous
trial and error fits. Once satisfactory representations of these functions

were obtained, a partial representative data base for both isotopomers was set
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TABLE 3.4

Basis Functions for Model Calculations

X I+ State
AU(R) AUYR)
inn inn
Gv=0 and Gv=3 FX11 and FX31
Fyay Fxep and Fygy Faw Fyzp Fysp Fxp,
out
Gpeo-13 and Fy,,
H
Sx Sx
&,(R) AU(R)
Hy,, Hys and Hy, Fpyp Fpey and Fpg
Fpap Fpsy Fgrp Fpoy

The functions are defined in the text by Eqgs. (3.42, 3.44,

345, 3.46, and 3.48).

Gaussian functions centered on inner/outer turning points of

The superscripts

the vibrational levels denoted as subscripts.

nOut  yefer to

The subscripts

X B for functions F identify the electronic state.
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up. Numerous subsequent fits optimized the additional functions required to
take the effective hydride functions to those of the deuteride. Finally, the
entire data set was included in a two-isotopomer fit.

Before a comprehensive discussion is made of the results, it is “elpful
to snmmarize briefly the final findings. The reduced standard deviation,

which is defined as,
i2 Y

5 = wp Z {(v(ibs; Vi) } (3.62)

€

with f being the degrees of freedom and €; the measurement error of the i™
line position, is ideally are g = 1 for a model representing the data within
the precision of the measurements, on average. The value obtained here in fit
A (complete data base) was 0 i
Some numerical results of interest are summarized in Table 3.5; with a full

= 1.07, which is considered satisfactory.

data set, the ability of the method to extract the mndel electronic term value
is excellent. However, the fact that the final equilibrium bond lengths are,
for the ground state, further away from the model values than the trial
estimates is somewhat disconcerting. It can be noted, however, that the
fitted difference, RI:X - R?X, was obtained very accurately.

A second data base was collected, excluding all spectroscopic information
for the deuteride in the region v = 5-14 of the ground electronic state. This
simulates the situation which is found for the spectral data base of the
diatomic DF, considered later in this thesis. A subsequent least-squares fit
(B), gave a reduced standard deviation identical to that of fit A. Moreover,
it was found (Table 3.5) that the electronic term values of the BIS* state
were obtained in very good agreement with the model parameters, despite the

gap of several thousand wavenumbers in DX(X 12+). The interpolated data were




TABLE 3.5

Results of the Model Calculations: Radial Functions

Quantity HF DF
R‘:"d(xlz*) 0.916 800 0 A 0.916 807 5(1) A
R xIzty 0916 791 7(1) A 0.916 799 3(1) A

(4
R™B zh* 2.100 0 A
RItpls*y 2.099 999 5(5) A

e
T7@B'sY) 84 780.00 cm™ 84 800.00 cm™

FIT 1
T Blst) 84 780.01(2) cm’’ 84 799.98(2) cm™
[
FIT I

fit, pl+ -1 -1
itz 84 779.98(3) cm 84 799.88(6) cm

4

Quantities X™% and X™ are associated with the model and
fitted operators, respectively. R, is the equilibrium bond
length and Te is the term value of B'Z™.
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typically within two to three standard measurement errors.

Results for selected J for a representative model band, the 4-14
electronic band of DX, are shown in Table 3.6, The random normally
distribuied errors Ail'm added onto the synthetic line positions are <hown to
be in better than expected agreement with the fitted residuals, Ai!'ﬁt. This
situation is typical of the vast majority of line positions and is indicative
of the large flexibility of the mathematical model. This shows the ability of
the procedure in representing accurately spectroscopic line positions subject
to random error. From the application of the procedure to real data, later in
this work, it is found that systematic error is also readily detected.

The ability of the procedure to predict energies and widths of quasibound
states is shown by the results given in Table 3.7. It is particularly
interesting to note that for the levels (v, J) = (24, 29) and
(v, J) = (25, 26) of DX, which were not sampled by the least-squares fit, the
agreement in the widths is nevertheless satisfactory. It should be mentioned,
however, that several line positions associated with high-lying orbiting
resonances, could not be fitted by the model and had to be excluded from
consideration. There does not appear to be any distinguishing characteristic
linking these levels together.  While they all have fairly short lifetimes,
levels with even shorter lifetimes were included in the fit and represented
satisfactorily. Perhaps these problems are associated with local

discrepancies between the true and fitted correction functions.

3.53 (d4) Radial Functions and Discussion

Substantial effort with trial and error optimization was required to

provide the success described above for the model calculations. During the

o et 2
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TABLE 3.6
Results of Least-Squares Fit for the Model DF 4-14 (B — X) Band

P-Branch (cm'l) R-Branch (cm"l)

I vmod"'Avcrr A"’err Avﬁt vmod+Averr Averr Avﬁt

51780.361 0.065 0.072
51662.825 0.027  0.033 51697.194  -0.041 -0.035
51393.582  -0.037 -0.033 51458358  -0.002  0.002
12 50973.535 -0.082 -0.081 51068.081  -0.020 -0.020
16 50410245  -0.004 -0.007 50533.660 -0.010 -0.013
20  49713.670 -0.037 -0.042 49864.980  -0.043 -0.049
24 48896913 0.024 0.016 49074.877 0.024  0.015
28 47975435 -0.014 -0.027 48178.587  -0.042  -0.055
32 46967.943 0.016 -0.002 47194.756 0.023  0.006
36 45896.094 0.004 -0.013 46144.908 0.103  0.086
40  44785.619 -0.01¢ -0.018 45054.435  -0.006 -0.012
44 43667558 -0.036 -0.038 43954.653 0.031  0.031
48 42581491 -0.034 -0.039 42884.820 -0.032 -0.034
52 41583.730 0.065 0.071 41901.408 0.047  0.056

(o B S e

17m0 ¢ are line positions synthesized from the eigenvalues of

the model operators. Aierr are the random normally distributed
errors and AV, represent the fitted residuals.



99
TABLE 3.7

Results of the Model Calculations: Energies, and Widths
of Selected Quasibound Levels

T
HF(X's)
10 40 51 617.77 0.30 51 617.76 0.30
11 38 51 390.69 1.71 51 390.70 1.73
12 35 50 831.06 0.11 50 831.07 0.12
13 33 50 704.76 1.49 50 704.77 1.55
14 30 50 318.86 0.27 50 318.86 0.30
15 27 50 023.86 0.08 50 023.85 0.06
16 24 49 812.24 0.06 49 812.22 0.04
17 21 49 671.96 0.15 49 671.76 0.11
18 17 49 463.07 0.09 49 463.00 0.08
19 14 49 454.01 1.46 49 454.09 1.33
v J Emod rr?gﬁm Eﬁt rf f‘; rtlm
DF(x'z*)
*24 29 49 746.69 0.30 49 746.81 0.19
*25 26 49 667.91 1.02 49 668.69 0.81
26 21 49 478.25 0.13 49 478.24 0.11

e

Quantities X™ and X™ are associated with the model and
fitted operators, respectively. E (cm'l) are the
eigenenergies and I'. . (cm'1) are the full widths at half
intensity maximum. Levels marked with an asterisk (*) were
not represented in the least-squares fits.
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course of this intermediate phase of the analysis it was possible to identify
some interesting aspects of the physical problem which deserve some
discussion.

Since information pertaining to energy is employed to determine the
radial variation of elements of the Hamiltonian operators, it seemed natural
to consider a mapping of the vibrational-rotational energy eigenvalues onto
the radial domain. This can be achieved by linking the energy levels to the
classical turning points of motion for the outer limb, or to the internuclear
separations at which the probability function w:J(R) has decreased to a small
percentage (eg. 10%) of the outermost peak magnitude. The resulting
distribution peaks at mid-v,J and finds the highest vibrational-rotational
levels relatively isolated and sparsely distributed. Determining a correction
function at large-R then places a large burden on these few implicitly
outweighted levels. While low-v,J levels near the potential minimum are also
somewhat similarly distributed, these are often more precisely studied. The
total weighting, then, derives explicitly from the precision of the data and
the frequency of observation, and implicitly from the distribution of levels
along the radial coordinate.

A number of correction functions were obtained in various fits, differing
only slightly from the true correction at short/large-R, while providing
equally satisfactory representation of the data.  This demonstrates the
expected difficulties in obtaining a unique solution of the radial functions
in regions of lower weights. Fortunately, it was also noted that as
statistical correlations among fit parameters were reduced, by careful choice
of basis functions, the fitted corrections reproduced the true functions

essentially exactly. The nonuniqueness problem is depicted in Figure 3.2,



Figure 3.2
The correction function AUX(R) for the model calculations.
The solid line represents the model correction function and
the broken lines are functions obtained in two independent
fits (see text). R . and R are the innermost and
outermost turning points respectively, obtained by
considering all the fitted E ;.  Filled circles represent
the radial distances where the probability function w,sz(R)
declines to 10% of its value at the outermost maxima for
J=0and J = J o of given v. For HF vibrational levels
v = 16-19, the open circles indicate the analogous positions
for other high-J rotational levels, with J decreasing in

steps of unity from J A"
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which shows two fitted AU (R) functions, both representing the line positions
equally well, but with only one being a good representation of the true radial
correction functions, also shown in the figure. Some indication is given of
the distzibution of the higher rovibronic levels along the radial coordinate,
which helps in rationalizing the onset of nonuniqueness with a sharp decline
in the distribution. The range defined by Rmin and Rmax in Fig. 3.2, is that
of the innermost and outermost turning points obtained by considering all the
fitted E_.

The agreement between the fitted and model g(R) functions is also very
good, as shown in Fig. 3.3. The systematic disagreement at large-R is due to
the rapidly diminishing implicit weighting in this region. For the functions
AUL(R) and AU;,{(R), Figures 3.4 and 3.5 show excellent agreement in regions of
ample weighting, but exhibit clear disagreement at both extremities of the
function, where only a relatively few (implicitly outweighted) line positions
influence the determination of the functions. It is interesting to note,
however, that the disagreement for the two limbs is of opposite sign; it is
hence found that the model eigenvalues are predicted considerably better,
despite the nonuniqueness in the determination of the radial functions at
small/large-R.

Although it is essential to choose radial ranges for the generation of
first-order perturbation expectation values (Hellmann-Feynman/least-squares
partial derivatives) which sample the rovibrational eigenfunctions adequately,
it is not expected that the fitted corrections will be physically meaningful
in this entire range of R. While this would be the case for a perfect model,
the collective results of the model testing indicate clearly that the true

functions fall within the 95% confidence intervals of the fitted functions in



Figure 3.3
The isotopically invariant component of the ground state
g(R) function for the model calculations. The solid curve
represents the model function and the two broken curves give
the 95% confidence limits of the fitted function. For the
definitions of R . and R . and the filled circles see the

legend to Figure 3.2.
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Figure 34
The function AUG(R) for the model calculations. The solid
curve represents the model correction and the two broken
curves represent the 95% confiderce limits of the fitted
function. For the definitions of R . and R __ and the

filled circles see the legend to Figure 3.2.
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Figure 3.5
The function AU?((R) for the model calculations. The solid
curve represents the model correction and the two broken
curves represent the 95% confidence limits of the fitted
function. For the definition of R . ad R and the

filled circles see the legend to Figure 3.2.
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a slightly less extensive range of R. It is found that the innermost and
outermost classical turning points (Rmin and Rmax), obtained by considering
all the fitted eigenvalues, define a more realistic range of R for a
statistically meaningful determination of the correction functions. It is
evident that outside this range, the calculated statistical confidence limits
have little significance.

In summary, the overall results of the model testing are very
satisfactory and quite enlightening. While the intermediate regions of the
fitted corrections are trustw...y, the extreme inner and outer sections of
the derived potential functions are less reliable and should be regarded with
caution. This is partly due to the inherent nonuniqueness of the
central field problem, which unavoidably correlates the corrections on the
inner and outer limbs, and also due to a slight inadequacy of the mathematical
correction model. In regions of low weighting, the procedure is more
committed to the determination of a unique set of eigenvalues than unique
determinations of the radial variations of the Hamiltonian operator elements.
The uniqueness in the determination of radial functions can be improved by
careful choice of basis functions as to decrease interparameter correlaticns,

and hence also by the careful choice of trial operators.



CHAPTER 4
ROTATIONAL ANALYSIS OF THE B'z* - x!s*
EMISSION BANDS OF D>Ct

4.1 Introduction

The X'S* state of HCY/DCI is not a pure covalent state. While it does
yield neutral products upon dissociation, its chemical properties in the
ground vibronic level reflect some degree of ionmicity. This is due to an
avoided crossing with the excited Bzt state, as a recent ab initio study has
shown (127). The ground state is mainly ionic, 4% 2*50° , at small (=< 3.5
bohr) internuclear separations while at larger bond lengths (= 5.2 bohr) the
46%27*5060  valence configuration is dominant. Contributing in the
intermediate internuclear separation region is yet a third configuration,
40%25"66” , peaking at about 15% of the total contribution at approximately 4.8
bohr. The valence contribution increases rapidly at large R leading to the
neutral dissociation products CI(ZP) + H(ZS). Correspondingly, the Bls*
interaction is wvalence at small separations, becoming increasingly ionic at
long-range and yielding the products Cl"(lS) + HY. Also, at very small (= 1.5
bohr) internuclear distances, the B state intersects a set of tightly bound
Rydberg states which converge gradually to, and resemble, the HC1+(X 2I’I) core
in character.

A single electron (@ — o*) excitation gives rise to the A repulsive
state, lying between X * and B'=* and sharing neutral dissociation products
with X!S*. This state contributes heterogeneously to the energy level

manifold of the ground state in a rctationally dependent fashion. The smooth
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vibrational dependence of this effect makes it impossible to detect the 4 - X
interaction from a spectroscopic analysis based on molecular constants for a
single isotopomer. Figure 4.1 shows some of the low-lying electronic states
of HCI(DCI).  The experimental spectrum (I28) displays severe local
perturbations beginning approximately above v = 9(13) for HCI(DCI) of the B'=*
state due to interactions with the neighbouring Rydberg states.

The ground electronic state of hydrogen chloride has been the subject of
numerous Spectroscopic  studies. Very precise molecular constants are
available for the lowest vibronic level (129). Far-infrared transitions in
v” = 0 have been studied by tunable laser techniques and serve as reliable
spectral standards. The first eight vibrational levels are known well from
experiment and the higher vibrational levels (7 < ¢" < 17) have been
characterized by the rotational analysis of Coxon and Roychowdhury (130).
These authors observed emission from the lower (0 < v' =< 6) levels of the B
state. The B'Z* state has also been detected in absorption from v" = 0 of the
ground state by Douglas and Greening (1238). The higher vibrational levels
accessed in this study were found to be highly perturbed so that the quoted
molecular constants must be viewed with caution. This study also reported
fragmentary structure attributed to several high-lying Rydberg states.

The spectroscopic characterization of the X 3% state of DCI is less well
established. Only levels with v" = 0-5 have been studied experimentally and
no information is available for the higher vibrational levels, the emission
from B'S* not having been hitherto observed. A principal aim of the present
work is therefore to provide an analysis of the B - X system of DCl in
emission to complement the information already available for the

hydride (130). A combined treatment of HCl and DCI line positions will result



Figure 4.1
Arrangement of low-lying electronic states of HCI(DCI). The
potentials for X Is* and B'3* are RKRV curves (130). Al

other potentials were taken from an ab initio study (127).
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