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Abstract  

Sampling requirements for the quality control of environmental sediment contamination 
characterization are not currently explicit. The effect of sample size on the accuracy of 
estimated volume and variability of contaminated sediments is important to quantify, as 
these factors potentially have major impacts on the choice of remedial action.  Random 
field simulation has been shown to be an effective method of representing sediment 
thickness variation over space, and such models have been effective in the risk 
assessment of similar environmental studies.  In this thesis, the Kriging geostatistical 
model, and random field simulative model, local average subdivision (LAS), have been 
applied to an ongoing remediation project in Boat Harbour, Nova Scotia, Canada.  

The objective of this thesis is to assess the effect of sample size on the accuracy of 
volume estimation and its variability when comparing the more common geostatistical 
modeling methods versus the more novel, and promising, random field simulative 
methods. This thesis compares the two modeling methods at various sample sizes and 
discusses further implications of model effectiveness for remediation practitioners. 
It is found that the Kriging and LAS models produce similar results at higher sample 
densities (i.e. those exceeding 2.6 samples/ha), however the LAS model produces 
higher precision and accuracy in its estimate of the total sediment volume. Furthermore, 
it is concluded that, for remedial practitioners, LAS is the more effective and 
conservative modeling technique in comparison to Kriging for sediment volume 
characterization. 
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Chapter 1.0:  Introduction  

1.1 Preamble  

This chapter will provide the problem statement and outline the rationale for the 

research, identify the research objectives, and frame the layout of the thesis. A 

discussion of the gaps in research will be presented, along with a breakdown of major 

milestones for the research project. 

1.2 Problem Background  and Statement  

Environmentally impacting pollutants are an expansive issue impacting most 

societies globally. Many of the industrial pollutants that are released into the 

environment eventually settle out of the atmosphere or water and can accumulate  

below global waterways (United States Environmental Protection Agency, 1997). 

Pollutants that do not dissolve once in contact with water will eventually settle out within 

the waterway and can potentially adhere to the underlying sediments (United States 

Geological Survey, 2020). Many industrial contaminants naturally attenuate and 

dissipate overtime once the pollution source has halted, however, depending on the 

pollutant, some contaminants may persist within sediments for significant periods of 

time (Siegel & Bryan, 2003). The issue of contaminated sediments is a global challenge 

and in the United States alone it has been shown that a significant quantity of sediments 

have been historically contaminated by chemicals such as organics (dioxins, furans, 

and polychlorinated biphenyls), and heavy metals (mercury), some of which having half-

lives exceeding 100 years (United States Environmental Protection Agency, 1997).  
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Contaminated sediments not only pose a risk to the groundwater and the adjacent 

surface water, but also can have adverse effects to aquatic and human health (Office of 

Solid Waste and Emergency Response, 2005). The adverse impacts of contaminants to 

aquatic and human health have societal and economic impacts as well. Depending on 

the contaminant and location, total destruction of aquatic life or contamination of a 

communityôs sole potable water source can have irreversible impacts on aquatic 

ecosystems and human health (United States Environmental Protection Agency, 1997).  

In the United States it was estimated that approximately 10%, or about 917 million 

m3, of sediments underlying surface waters were sufficiently contaminated with toxic 

pollutants that pose potential risk to aquatic and human health (United States 

Environmental Protection Agency, 1997). In Canada, there are over 23,663 suspected 

contaminated federally owned sites, of which it is estimated that the Canadian Federal 

Government will be liable for up to $5.7 billion in relation to the contaminant impacts and 

remediation (Government of Canada, 2020). When considering the cost of remediation, 

estimating the total volume of contaminants on a per site basis is important, as costs 

can vary heavily depending on the volume of contaminants that are required to be 

remediated (Rosengard, et al., 2010).  

Estimation of contaminant sediment volumes is a challenge as developing a full 

understanding of the magnitude and extent of contaminant sediment volumes can prove 

to be difficult (Marine Environmental Support Office, 2002). Depending on the area the 

contamination is spread over, it could take hundreds to thousands of soil samples to 

accurately delineate the extent and magnitude of soil contamination across a 

contaminated site (Canadian Council of Minsters of the Environment, 2016). When 
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considering the effect of sample size on volume estimation, estimating the reliability of 

the volume estimate is also important, as it helps understand if greater or fewer samples 

would be effective (United States Environmental Protection Agency Quality Staff, 2002). 

Furthermore, the reliability of estimates can aid in determining how to develop a more 

conservative estimate of the volume to avoid issues such as project overrun costs 

related to volume underestimation (United States Environmental Protection Agency 

Quality Staff, 2002). 

Most sediment remediation projects currently utilize primarily four main remediation 

methods, including dredging and containment, capping, monitor/natural recovery and in-

situ treatment (Rosengard et al., 2010). These remediation methods have been used in 

many notable remediation projects, of which have been discussed at length in the 16th 

edition of the USEPA superfund remedy report and will not be discussed further here 

(Office of Land and Emergency Management, 2020). Each remediation method has its 

own diverse set of challenges when estimating total cost and are all dependent on total 

volume and extent of sediments to be remediated. Traditionally, these sediment 

remediation projects have high degrees of uncertainty when budgeted, and actual costs 

can vary up to 1,000 times the original estimate, as discussed in Rosengard et al. 

(2010), even after decades of industry experience and published research and reviews.  

Estimating contaminant sediment volumes has not been standardized globally, but in 

2003, the United States Environmental Protection Agency (USEPA) released a 

methodology guidance document to help support more accurate estimates (Stahl & 

Bromm, 2003). In essence, the USEPA suggests relatively simplistic volume 

calculations, using the total encapsulated 3-dimensional volume (i.e. cone or square) 
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based on extents of the known contamination plume. The USEPAôs simplistic, basic 

shape, volume estimation method merely applies a 3-dimensional shape to the 

contaminant plume, and as such is not considering the exact variability in the extents of 

the contamination. Although the USEPA suggests a simplistic approach, the most 

potentially effective, both time and cost-wise, is parametric modeling due to its 

objectivity, repeatability, and speed (Rosengard, et al., 2010; Burns, et al., 1995). 

Parametric modeling, as a potential replacement of the simplistic USEPA approach, 

entails the use of statistical distribution fitting of specific parameters to predict unknown 

data. The use of knowledge of the mean and standard deviation of a dataset of sampled 

sediment thicknesses can lead to prediction of sediment thicknesses of un-sampled 

locations within the measured field. A major problem with the use of modeling is the 

apparent lack of publicly available real-world examples of model implementation and 

results in the estimation of contaminant sediment volumes in remediation projects 

(Myers & Engler, 2005).  

To best utilize modeling methods, the individual models for each parameter need to 

be properly validated themselves, factors such as the effect of sample size on 

confidence and the applicability and effectiveness of individual models for the specific 

challenges must be considered. Globally, best practices for planning sampling regimes 

can be described predominantly as professional opinion, or ñjudgementò based, as 

professional judgement often leads to a more cost effective and flexible sampling 

regime (McBratney & Laslett, 1993; United States Environmental Protection Agency, 

2002). Major drawbacks of the judgement-based sampling regime methods are that 

they do not allow accurate quantification of the level of confidence and allow for 
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unknown levels of selection bias that may lead to mischaracterization of contamination 

(United States Environmental Protection Agency, 2002).  

Beyond the locations of the samples, the number of samples required to accurately 

delineate a contaminate body has not been well investigated, especially for the case of 

model implementation. Global guidelines and regulations, when considering sample 

size for contaminated sediments, stipulate a ñsufficientò number of samples are 

necessary, however, ñsufficientò is left undefined and objective (Alberta Environment 

and Parks, 2016; Government of New Jersey, 2018; United States Environmental 

Protection Agency, 2018; Association of Professional Geoscientists of Ontario, 2011; 

Canadian Council of Minsters of the Environment, 2016).  

Furthermore, some authors have discussed required sample sizes when considering 

statistical modeling techniques, however, have not discussed these sample sizes in 

terms of sample size per unit area (sampling density) (Mitchell, et al., 2018; Webster & 

Oliver, 1993; Burrough & McDonnel, 1998). Some researchers have attempted to 

determine the potential efficiency gains resulting from model implementation in terms of 

percentage of fewer samples required to acquire the same level of confidence in the 

characterization of specific soil parameters but lack discussion of necessary sample 

numbers on a sample per unit area basis (Mitchell, et al., 2018). Research related to the 

effect of sample density on model accuracy have been limited, and mostly conclude that 

sample density requirements depend on parameter variability (Li & Heap, 2011; 

Benson, et al., 1994). The apparent lack of coverage of required sample densities 

leaves a gap in understanding given that 100 samples may be effective at modeling 
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spatial variability of soil parameters over a 10-acre plot, however, may be completely 

ineffective for a 100-ha plot of land.   

Statistical and probabilistic modeling techniques are potentially a promising, 

reproduceable and effective method of accurately characterizing the extent and 

magnitude of sediment contamination. However, they have not been thoroughly 

assessed. Furthermore, challenges surrounding what is supportably a sufficient sample 

size and density has gone generally un-verified and left to professional judgement.   

1.3 Objectives  

This research will analyze the suitability of two separate geostatistical and random 

field simulation techniques for assessing the extent and magnitude of contaminant 

sediment volumes at a well-sampled study site. This thesis will address the following 

research questions:  

¶ How do the total volumes of contaminated sediment at the study site compare 

when obtained using geostatistical modeling techniques and simulation modeling 

techniques? 

¶ How does the sample size affect the confidence of the estimate of total volume of 

contaminated sediment for the Boat Harbour study site? 

1.4 Thesis Outline  

This thesis is structured into five chapters. This initial chapter has been used to 

identify the problem statement and the need for this research to frame the research 

questions.  



 

 7 

Chapter 2 will provide a literature review of related work pertaining to geostatistical 

and random field simulation modeling. An overview of the relevant characteristics and 

background of the study site, Boat Harbour (BH), will be provided to further support 

model selection. 

Chapter 3 details the methodology of the techniques and modeling applied to 

achieve the research objectives. A research plan involving the use of the ordinary 

Kriging model as well as a random field simulation model (i.e. 2-dimensional local 

average subdivision) was implemented. The research plan can be divided into four 

major milestones to achieve the research objectives: 

1) (Milestone 1) A compilation of coordinate systems was developed for further 

modeling purposes. 

2) (Milestone 2) The correlation structure of the sample thickness dataset, was 

estimated through use of an exponentially decaying correlation function, and a 

list of isotropic correlation lengths were generated.  

3) (Milestone 3) The implementation of Kriging and 2D LAS models, in which 

specific setup, processing, and analysis was conducted for the individual 

requirements and outputs of the models.  

4) (Milestone 4) The final volume estimates generated were generated from a 

realized grid of modeled thicknesses, which entailed developing a 3-dimensional 

mesh representation of BH sediment and integrating across the whole mass.  

Chapter 4 presents the results obtained from the methodology presented in chapter 

3 and addresses the statistical importance of the results. Further analyses and the 
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significance of sample size on the accuracy and confidence of volume estimates 

developed from each respective model will also be discussed. 

Chapter 5 summarizes the findings and identify areas for further investigation.   
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Chapter 2.0:  Background  

2.1 Preamble  

This chapter will provide an overview of the study location including details on the 

history of the site and characteristics of the contaminated sediment being examined in 

this study. Finally, an in-depth background on the sediment volume modeling 

techniques, Kriging, and 2D LAS, will be provided.  

2.2 Contaminated Sediment Study Site - Boat Harbour  

The study site used for investigation is a wastewater treatment facility often referred 

to as Boat Harbour (BH), in Pictou Landing, Nova Scotia. BH has been in operation 

since 1967 as a raw effluent sedimentation and stabilization pond for several industrial 

services, with the primary source of influent being from a nearby kraft pulp mill (Tackley, 

2019). BH was originally a tidal estuary that connected to the Atlantic Ocean, however, 

in the 1960s was dammed as an effluent treatment pond. Boat Harbour is currently 

composed of primarily two separate coves (Cove A and Cove B) and is approximately 

140 hectares in total size, and can be seen depicted in Figure 1.  
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Figure 1: GIS Representation of Cove A and Cove B of Boat Harbour. 

BH operated as a traditional secondary treatment facility for the raw effluent of the 

kraft pulp and paper mill, and as such accumulated an estimated 577,000m3 of 

unconsolidated sediment in the basin (GHD, 2018). Until the beginning of 2020, the mill 

maintained and operated BH as a sedimentation and stabilization pond for 

approximately 87,000 m3 of raw effluent per day (JWEL & Beak Consultants Limted., 

1993). In January of 2020, the mill ceased operation and BH was decommissioned as a 

treatment facility.  
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Due to the sedimentation characteristics of BH, the anthropogenic sediment 

underlying BH varies in composition and thickness. Sample collection of the sediment 

underlying BH has been conducted using traditional coring techniques, which consisted 

of percussion coring and gravity coring, as well as recent laser induced fluorescence 

(LIF) techniques. The anthropogenic sediment is visually distinct, as it appears as a 

black sludge like layer overlying the naturally occurring grey marine silt (Spooner & 

Dunnington, 2016). Analysis of the sediment that underlies BH has revealed a variety of 

contaminants that persist above regulatory guidelines, including metals (cadmium, 

chromium, copper, lead, mercury and zinc), as well as organic compounds such as 

dioxins and furans (GHD, 2018). The sediments underlying BH have been previously 

extensively characterized by multiple authors (Spooner & Dunnington, 2016; Hoffman, 

et al., 2019; Alimohammadi, et al., 2020; Alimohammadi, et al., 2019; Tackley, et al., 

2020), and as a result will not be further discussed in this paper. 

2.3 Sediment Thickness Characterization  

Given that the thickness of the anthropogenic sediment is variable across BH, 

estimation of the total volume of sediment requiring remediation is challenging without 

significant sample sizes (number of samples) (Tackley, 2019). Current volume 

estimation has been based on professional judgement and industry standard 

approaches. To estimate how many samples are required to achieve a sufficient 

confidence, modeling techniques can be implemented. The use of statistical and 

probabilistic modeling, although is not uncommon for subterranean estimation of many 

types, has not been thoroughly investigated for a wide range of environmental 

remediation projects.  
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Investigation of the varying sediment thickness underlying BH was conducted 

though 51 coring and 504 LIF probing measurements, or 555 measurements in total, to 

investigate the variability in thickness across BH. A full list of sample type (coring or LIF) 

as well as northing and easting data can be found in Appendix A: . The location and 

density of the 555 measurements were determined by the project team based on 

professional judgement and experience in contaminant characterization. 

2.3.1 Geostatistical Modeling  

Geostatistical modeling techniques have been shown to be effective in the field of 

soil characterization and soil contaminant volume modeling (Schrooten & Alphen, 

2008). There are many available geostatistical modeling techniques, such as Inverse 

Distance Weighted Interpolation, Linear Regression, Gaussian decay, and Kriging 

(Zimmerman, et al., 1999). All of these models are relatively simplistic in 

implementation, with varying degrees of usefulness for different applications (Columbia 

Public Health, 2020). Of all the models, Kriging is the most useful for soil thickness 

characterization, as Kriging accounts for the spatial variability of the sampled data using 

an autocorrelation among sampled data points (Zimmerman, et al., 1999). In essence 

for this study, Kriging provides a best estimate of layer thickness which takes the spatial 

location of observations and their covariance structure into account (Fenton & Griffiths, 

2008). 

Kriging models are geostatistical interpolative methods, essentially a deterministic 

model that is a locally weighted moving average estimator of the conditional mean value 

of a point or many points (Gilbert & Simpson, 1983), conditioned on the observations. 

Kriging methods are implemented to produce the best estimate of a gaussian field 
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between known points. Simply put, common covariance models used in Kriging assume 

that known points closer to the point to be estimated will be weighted higher, for the 

purpose of estimation, rather than that of known points further away. In this research, 

the distance between sampled and estimated values is used to estimate their 

covariance, based on a specified correlation length. The specified correlation length, 

which in this research is assumed to be isotropic, is estimated from the site in question, 

as discussed later. A rough definition of correlation length is the distance beyond which 

two points in the field become negligibly correlated (Fenton & Griffiths, 2008). 

Kriging models determine the best estimate by minimizing the estimator error, which 

attempts to minimize the difference between the estimate and its true (but unknown and 

random) value, through minimization of variation among estimated points. Kriging 

estimators are a best linear unbiased estimator. (Gilbert & Simpson, 1983). 

The way in which kriging estimates are effected by points closer are as seen in 

Equation ( 1 ), where the estimate at the unobserved point ὢ  (Kriging best estimate 

thickness at the unknown point) is determined via a combination of our sampled 

observed thicknesses: 

 
ὢ  ‘ ‍ὢ ‘  

( 1 ) 
 

Where ‍ is the Kriging weight, ὢ is a known sampled thickness, ‘ is the mean of the 

sampled thicknesses and ‘  is the moving conditional mean. The Kriging weights are 

determined by solving the following for beta: 

 ὃ ‍ ὦ ( 2 ) 
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where A is the covariance matrix between sampled thickness points, and b is the 

covariance vector between sampled thickness points and prediction points (locations to 

be estimated). 

The Kriging used herein (ordinary Kriging) makes some inherent assumptions about 

the field to be modeled, including (Fenton & Griffiths, 2008): 

1) Stationarity: The probability distribution of the parameter to be estimated (the 

thickness) does not vary over the entire field, therefore the mean and variance of 

the parameters being modeled remain constant; and, 

2) Isotropy: The correlation length is the same in all directions. 

To develop the Kriging weights, the spatial covariance matrix must be developed 

and inverted. It should be highlighted that the Kriging method can suffer from numerical 

problems in the inversion of the covariance field if points in the field are highly 

correlated. Numerical singularity of the covariance matrix can occur when the sampled 

datapoints are too spatially close so that their correlation coefficient is very close to 1.0. 

Note that when the correlation coefficient is equal to 1.0, the two matrix elements 

become linearly dependent and the matrix becomes singular.  

Due to the general simplicity and wealth of knowledge on Kriging models, it is a 

recommended geospatial analysis technique for the use of soil characterization in 

environmental site characterizations (Canadian Council of Minsters of the Environment, 

2016).  In the case of BH, the layer being modeled has been produced by sedimentation 

processes and should be expected to gradually vary, and so Kriging methods seem well 

suited for this application.   
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2.3.2 Probabilistic Modeling  

When considering other modeling techniques for investigating variation in sediment 

thickness, probabilistic based methods are of interest. Probabilistic techniques using 

Monte Carlo simulations are a means of obtaining probability distribution estimates of 

the parameter of interest (sediment volume) and are especially useful when the cost of 

remedial action is high due to their ability to characterize the potential variability in the 

field being simulated (United States Environmental Protection Agency, 1997). Through 

characterizing the potential variability in the filed being simulated, practitioners 

implementing Monte Carlo simulations can better avoid potential risks associated with 

over or underestimating the variable of interest. When considering the use of Monte 

Carlo simulation for environmental site characterization, it has been recommended as a 

preferable method in order to quantitatively characterize the uncertainty and variability 

(Canadian Council of Minsters of the Environment, 2016). One of the most challenging 

aspects of this type of modeling is assessing the variability and uncertainty based on 

the sample data provided, especially considering quantitative assumptions are often 

produced from qualitative insights (United States Environmental Protection Agency, 

1997). Furthermore, although Monte Carlo simulations have been implemented in the 

environmental field in relation to remedial activities, these projects have been primarily 

focused on contaminated water characterization (Canadian Council of Minsters of the 

Environment, 2016).  

Many types of random field simulations exist, of which there is discrete Fourier 

transform, fast Fourier transform, turning bands method, and local average subdivision 

to name a few (Fenton & Griffiths, 2008). Each simulation technique has its own set of 
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advantages and disadvantages, which include, computation time and accuracy of the 

mean, variance and covariance structures (Fenton & Griffiths, 2008). The local average 

subdivision method is selected here because it is simple to use and provides local 

average values over each discrete cell similar to soil engineering parameters that tend 

to be measured and reported as the average or range of the property being estimated. 

The LAS method, like Kriging, preserves the spatial correlation, but also simulates 

realizations of averages which aids in reducing the variance of the random field 

produced (Liza, 2014). The way in which LAS simulates values in 2D can be 

summarized as the following (Fenton & Vanmarcke, 1990): 

1) Generate a normally distributed global average (labeled ὤ) with mean zero and 

variance obtained from local averaging theory (therefore developing the parent 

cell of the first subdivision, to which 4 children will be generated), 

2) Subdivide the field into four equal parts, 

3) Generate four normally distributed values (four children), ὤ, ὤ, ὤ and ὤ, 

whose means are variances are selected so as to satisfy three criteria:  

a. That they show the correct variance according to local averaging theory, 

b. That they are properly correlated with one another, 

c. That they average to the parent value, ὤ ὤ ὤ ὤ  ὤ , 

That is, the distributions of ὤ, ὤ, ὤ and ὤ are conditioned on the value of ὤ , 

4) Subdivide each cell in stage 1 into four equal parts (therefore subdividing 4 

parent cells into 16 new children), 
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5) Generate four normally distributed values, ὤ , ὤ , ὤ  and ὤ , whose means and 

variances are selected to satisfy four criteria:  

a. That they show the correct variance according to local averaging theory, 

b. That they are properly correlated with one another, 

c. That they average to the parent value, ὤ ὤ ὤ ὤ  ὤ, 

d. That they are properly correlated with ὤ , ὤ , ὤȟὤ, ὤ , ὤ ȟὤ , ὤ , 

ὤ ȟὤ , ὤ  and ὤ . 

To develop the normally distributed values of the children cells a mean term is 

added to a random component, whereas the mean term is derived from a best linear 

unbiased estimate, specifically (Fenton & Griffiths, 2008): 

 ὤԜ  ὃԜԜԜὤԜ ὒԜԜὟԜ ( 3 ) 
 

where  is a vector of independent N(0,1) standard normal random variables, and the 

covariance matrices !ԜԜ, and ,ԜԜ are defined by the following underlying covariance 

calculations of 2ԜԜ (covariances between parent cells in the neighborhood), 3ԜԜ 

(covariances between parent cells and subdivided cells) and "ԜԜ (covariances between 

subdivided cells) (Fenton & Griffiths, 2008):  

 ὙԜԜ ὉὤԜὤԜ  ( 4 ) 
 

 ὛԜԜ ὉὤԜὤԜ , and ( 5 ) 
 

 ὄԜԜ ὉὤԜ ὤԜ  ( 6 ) 
 

and the matrix !ԜԜ is determined by: 

 ὃԜԜ ὙԜԜὛԜԜ ( 7 ) 
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The lower triangular matrix ,ԜԜ satisfies: 

 ὒԜԜὒԜԜ  ὄԜԜ ὛԜԜὃԜԜ ( 8 ) 
 

2.4 Areas Requiring Research  

Modeling techniques such as Kriging, or LAS can potentially be effective in the 

modeling the thickness of anthropogenic sediments for the purpose of environmental 

remediation. Kriging models have been significantly studied due to their past relevance 

in the mining industry, and have been implemented in many fields including oil 

exploration, ground water studies, bathymetry, acid rain reposition, air quality data, and 

many more (Gilbert & Simpson, 1983). Furthermore, probabilistic analyses, such as 

Monte Carlo simulations, have also been implemented to characterize uncertainty and 

variability for water characterization projects (Jiang, 2013).  

An area lacking greater clarity in the literature is the effectiveness of geostatistical 

methods in comparison to random field simulative methods, especially when 

considering the effect of sample size in such a comparison. Furthermore, when 

comparing random field simulation modeling and Kriging, some research has been done 

to show that, when characterizing contaminant concentrations in soil, random field 

simulation methods result in smaller misclassification costs, such as underestimation of 

contaminant concentration levels (Goovaerts, 1996).  

In terms of soil characterization modeling, simulation methods have been utilized 

and studied for many decades but have challenges. When considering the newer, and 

underutilized due to less widespread understanding in comparison to geostatistical 

modeling, random field simulation methods, they are potentially powerful for 

environmentally contaminated soil thickness characterization but lack direct examples of 



 

 19 

implementation for such projects. The lack of directly relatable projects with the 

implementation of random field simulation for contaminated soil thickness 

characterization poses a challenge, as contaminant remediation contractors may be 

more ambivalent when deciding between previously proven and more novel techniques 

due to the speculation of potential unknown risks. Furthermore, when considering the 

main challenges of any remediation project, determining the extent and magnitude of 

contamination, both models may potentially produce useful understanding of a 

challenging project when project budgets may limit the number of samples. At low 

sample sizes, Kriging has the inherent problem of being unable to fully characterize the 

variability of the soil field, whereas random field simulation methods are better equipped 

to overcome this challenge and are recommended for characterization of the variability 

and confidence of its developed estimates.  
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Chapter 3.0:   Methods  

3.1 Preamble  

This chapter outlines the implementation of the Kriging program, krige, and LAS 

program, sim2d, for the assessment of sediment thickness and overall volume of the 

contaminated sediments underlying BH. The required inputs and outputs of each model 

considered will be discussed, along with how the models use the input data.  

3.2 Data Collection  

The data utilized in this thesis was obtained from both traditional gravity coring (51 

samples) and laser induced fluorescence probes (504 samples). The use of LIF as a 

novel technique for obtaining sediment thickness at the BH site has been discussed in 

detail by Davidson (2020) and will not be discussed any further here. In total, 555 

sediment thickness values were recorded across the whole of cove A and B of BH. For 

this project, only data for cove B was investigated. From here on in, when referring to 

BH the author is only speaking about cove B. Figure 2 is a map of BH, produced using 

MATLAB, showing the geographic location of samples across the body of cove B. 
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Figure 2: MATLAB representation of outline of Boat Harbour with asterisks (*) used to 

represent the locations of sampled sediment thicknesses. 

3.3 Field Initialization  and Data Filtering  

To establish the extents of BH for the two model techniques employed, the shoreline 

of the BH sedimentation basin was determined using Google Earth Pro. Along these 

shoreline extents, 587 discrete pins were individually placed to produce a list of GPS 

points. The exact spacing between discrete pinpoints that encapsulated the cove was 

variable and chosen to ensure that the irregular outline of the cove was accurately 

represented. The 587 outline points of BH were assigned a sediment thickness of zero. 

A list of these 587 pin locations can be found in Appendix B: . 

The discrete pinpoint outline of BH was converted from 587 discrete pin locations 

into a continuous polyline shape through use of the predeveloped ñinpolygonò script 
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within Matlab_R2019b (Mathworks, Inc., 2020). The continuous polyline outline of BH 

was developed to filter the sampled thickness datapoints.  

As the sample thickness data included both cove A and B this dataset needed to be 

filtered to remove cove A from the dataset. Furthermore, to assess the plan view area of 

cove B, the ñpolyareaò script within MATLAB was used, which uses the continuous 

polyline shape previously mentioned, and calculates the area contained within the 

polyline shape.  

To initialize and process data for the krige and sim2d programs, a grid of 10m x 10m 

discrete (x,y) location points was generated for BH through use of a custom-made 

MATLAB script. Simulated/estimated soil thickness values were produced at each grid 

point. In total, a grid of 11,512 location points was generated.  

To prevent potential modeling problems caused by linear dependencies in the 

covariance matrix for either model, the input sample data was filtered further. Filtering 

through removal and averaging was conducted on the LIF and cored sample data, as 

some locations had duplicate samples as well as clustering of sample locations. Filtering 

entailed considering clustered locations where a LIF and cored sample was taken, and 

if the measured thickness values were within 20% of each other, the average of the two 

values was used, otherwise the LIF reading was removed from the sample set given 

that the traditional thickness measurement method is coring. For this research, clusters 

were defined to be two or more samples within 10m of each other. Furthermore, in 

some locations, duplicate LIF readings were produced; in these locations an average 

value was used. Finally, to further avoid singularities in the covariance matrix, in 

locations where sample clustering occurred (i.e. 2 or more samples within a 10m radius 
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of each other), these samples were averaged into a singular central data point. A 

summary table of final 460 samples of thickness data following the data filtration can be 

seen in Appendix C: .  

3.4 Evaluating the Correlation Structure  of Contaminant Thickness es in BH  

Both the krige and sim2d programs require an understanding of the spatial 

correlation structure of BH to determine their covariance matrices and isotropic 

correlation lengths. The sampled locations within BH were irregularly spaced, as seen in 

Figure 2. This irregular sample regime poses a challenge for evaluating the correlation 

structure as classical estimators for correlation structure require equispaced data (Liza, 

2014). Using the pre-initialized field of 10m x 10m spaced location grid points, the 

thickness values were transformed into a 10m spaced data set using the 

ñscatteredInterpolantò linear interpolation method within MATLAB (Liza, 2014). This 

interpolation method uses a Delaunay triangulation of the scattered sample points to 

perform interpolation which provides a simplistic linearly weighted interpolated estimate 

of the soil thickness at predetermined location grid points (Mathworks, Inc., 2020). The 

interpolated equispaced field of data then allows classical correlation structure 

estimators to be used to estimate the correlation lengths, as the data is converted such 

that it is equispaced.  

As BH is a non-square shape, the 2D correlation length cannot be determined for all 

of BH using all the samples at once. To calculate the correlation length from the grid of 

thickness values produced through use of scatteredInterpolant, 6 square regions were 

selected within BH to investigate the estimated maximum, minimum and average 

correlation lengths for all BH, as shown in Figure 3. These 6 regions within BH were 
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squares of dimension 210m, 330m, 390m, 350m, 290m, and 130m respectively (with 

10m x 10m grid spacing) and were chosen to visually contain as many sampled 

thickness data points as possible while trying to be spaced across the entire plan area 

of BH. A graphical representation of the square regions used for the correlation 

structure estimation can be seen overlaid Figure 2 below, in Figure 3. 

 

Figure 3: Graphical Representation of Square Regions used to Determine the Isotropic 

Correlation Length within Boat Harbour, with 460 sampled thickness locations (*). 

Using a computer program called cor2d, developed by Fenton, the correlation 

lengths were estimated (Fenton & Griffiths, 2008). The cor2d program estimates the 

correlation lengths by fitting a theoretical exponentially decaying correlation model to 
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the thickness sample correlation function using linear regression. The fitted correlation 

function is Markovian in nature, having the following form 

 
”† Ὡὼὴ

ς†

—
 

( 9 ) 
 

 

where †  is the distance between the iôth and jôth grid points, — is the correlation length, 

and ” is the correlation coefficient. The covariance between any pair of grid points is 

then calculated to be: 

 ὅ  „”†  ( 10 ) 
 

Where „  is the sample point variance. 

The average, maximum and minimum estimated isotropic correlation lengths from 

cor2d were then used for further BH modeling. Through modeling a range (maximum, 

average, minimum) of correlation lengths, an improved understanding of the variability 

in soil thickness within BH can be obtained.  

To investigate the effect of sample size on the estimated correlation structure and 

model simulated volume and thickness, the 460 samples were randomized and split into 

groups. These groups were used as the ñknownò sampled thickness inputs to the krige 

and sim2d programs, as well as the inputs to scatteredinterpolant and cor2d. The 

groups started with 50 samples, then 100 samples and then increments of 100 until the 

maximum sample size (i.e. 460) was reached. In other words, six sample groups were 

created in total: 50, 100, 200, 300, 400, and 460 samples. The correlation lengths were 

estimated for each sample size group. To develop the sample size groups, a standard 

normal distribution random number generator was used, generating a vector of 
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independent N(0,1) standard normal variables, as a column within Microsoft Excel of 

460 random values specified to range from 0 to 1. The column of random values was 

then inserted alongside a column of sampled thickness values and their locations, such 

that each thickness value had an assigned random value from 0 to 1. The generated 

random numbers were then sorted from smallest to largest to develop the groupings. 

The first sample size grouping of 0-50 encapsulated the thickness data with the smallest 

50 random number values, the next grouping of 0-100 had the smallest 100 random 

number values and so on until all 6 groupings were generated. The use of the random 

number generator and associated sorting of thickness values was done to avoid any 

bias. The sample thickness groupings and their related (x,y) location data can be found 

in Appendix C: .  

3.5 Kriging  

3.5.1 Thickness Data Setup  

An ordinary Kriging program written by Fenton (krige), was used to determine the 

Kriging weights, best estimate, and estimator error at each of series of unknown 

locations. The program requires the following input parameters:  

1) Number of samples, number of unknown points to be estimated, space 

dimension (i.e. 2 dimensional); 

2) Sample thickness point variance, correlation length; 

3) Coordinates of each known thickness sample point (x,y); 

4) Coordinates of each unknown (to be estimated) point (x,y); and, 

5) Known thickness values. 

Using the pre-initialized 10m x 10m field of location points as described in section 

3.3, the program krige was used to provide best estimates of the contaminant thickness 
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at 11,512 unknown points in BH (11,512 points generated by the 10m x 10m grid). The 

thickness estimates were determined at all unknown points for differing numbers of 

sample thickness known locations (sample size groups), as well as differing point 

variances and correlation lengths, as described in section 3.4. For each of the 6 sample 

groups, three Kriging models were developed using the max, min and average 

correlation lengths, leading to 18 models in total. The input parameters for each Kriging 

model are summarized in Table 1:   

Table 1: Summary of kriging model input parameters. 

Group - 
Type 

Correlation 
Length (m)  

Number of 
Unknown 

Points  

Number of 
Known 
Points  

Sample 
Point 

Variance  
(cm) 

50 - Kavg 106.6 11,512 637 1245.1 
50 - Kmax 154.9 11,512  637  1245.1 
50 - Kmin 78.7 11,512  637  1245.1 
100 - Kavg 107.1 11,512  687  827.0 
100 - Kmax 143.0 11,512  687  827.0 
100 - Kmin 64.6 11,512  687  827.0 
200 - Kavg 110.5 11,512  787  600.7 
200 - Kmax 147.2 11,512  787  600.7 
200 - Kmin 46.8 11,512  787  600.7 
300 - Kavg 101.3 11,512  887  554.7 
300 - Kmax 134.4 11,512  887  554.7 
300 - Kmin 66.5 11,512  887  554.7 
400 - Kavg 99.1 11,512  987  524.6 
400 - Kmax 146.8 11,512  987  524.6 
400 - Kmin 59.5 11,512  987  524.6 
460 - Kavg 92.5 11,512  1,087  485.7 
460 - Kmax 135.8 11,512  1,087  485.7 

460 - Kmin 61.0 11,512  1,087  485.7 

 

It should be noted that the number of known points for the krige program included 

the discrete boundary data, and as such, each grouping of known points in Table 1 is 

the number of sampled sediment thickness values plus the number of 0 thickness 

boundary points. 
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Once the krige program input file was prepared and processed with the following 

outputs: 

1) Vector of Kriging weights + Lagrange parameter (used to develop the best 

estimate thickness value in the matrix functions by minimizing the estimator 

error); 

2) Best estimate of thickness at the unknown point; and 

3) Estimator error standard deviation at the estimated location. 

3.5.2 Processing  of Krige Output Data  

Using the output from the krige program, all subsequent data analyses were 

performed using Microsoft Excel (Excel) in conjunction with MATLAB. As all 11,512 

estimated points had in the order of 1,000 related known points within the field, the 

output text files were very large and required further data analysis. Furthermore, due to 

the size of the output krige program files, data handling programs such as Excel have 

difficulty due to data management constraints. For example, Excel worksheets are 

limited to 1,048,576 rows (Microsoft, n.d.), whereas the Kriging output files were an 

order of magnitude larger. Excelôs óPower Queryô, which allows for data manipulation of 

files prior to importation into Excel and therefore is able to handle more than 1,048,576 

rows of data,  was used to transform the krige output file into a file consisting of 11,512 

estimated point lines, each containing 3 values: the best estimate, the Lagrange 

parameter, and the error standard deviation.  

3.6 Sim2d  

3.6.1 Sim2d Model Setup  

To investigate the effectiveness of random field simulation for the estimation of BH 

contaminant thickness, a 2-dimensional conditioned random field that uses the LAS 
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technique was used. This program was written by Fenton and is entitled ñsim2dô. The 

program generates a series of two dimensional local average random fields using the 

LAS algorithm, and is setup to allow for conditioning of the covariance matrices using a 

set of known points (known thicknesses and locations) within the field. The program 

requires the following input parameters: 

1) The desired field resolution (N1 x N2); 

2) X and Y field sizes; 

3) Sample Point variance of the process; 

4) X direction correlation length; 

5) Y direction correlation length;  

6) Number of realizations;  

7) Field mean; 

8) Number of known thicknesses; and,  

9) Coordinates and values of known thicknesses (X, Y, and Z {thickness in cm} 

value). 

The field resolution given by N1 x N2 determines the number of points in the x and y 

directions, and the X and Y field sizes determine the length, in meters, for which the 

sim2d program must compute values. In this thesis, a 10m x 10m spaced grid was 

required, of 1760m x 1760m in total. Combining the N1 x N2 and X and Y field sizes 

together, there are 176 locations for the sim2d program to estimate thicknesses in the x 

direction (which is 1760m long) and 176 locations in the y direction (which is 1760m 

long), or 176 locations in each direction with 10m spacing. 

Using the same sample data as used in the krige program setup (see Appendix C: ), 

the random field was conditioned so that it assumes the known (sampled) thickness 

values at the known locations. The conditioning of the field entails setting sampled 
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locations to a fixed (known) thickness value (fixed as a known value within the field). 

Using the same sample groups as described in section 3.4, the sim2d input parameters 

were adjusted to investigate the effect of the sample size on the uncertainty in the 

contaminant volume estimate. The point variance, x and y correlation lengths, field 

mean, number of known sampled thicknesses, and coordinates and values for the 

known thicknesses were adjusted to represent the different sample groups and 

correlation lengths. It should be noted that the estimated correlation lengths used in 

both krige and sim2d are considered ñisotropicò, such that they are the same in both the 

x and y direction. The number of realizations was determined through trials of 

computation time, determining 1,000 realizations was the optimal count, as more 

realizations led to computation and processing times that would delay the project 

unnecessarily. The determination of 1,000 realizations was done by comparing volume 

estimate changes for 1, 100, 1,000, and 10,000 realizations, finding that 1,000 

realizations produced nearly identical results to 10,000 realizations for the investigated 

case at a fraction of the computation time. Furthermore, for each sample number group 

(e.g. 50, 100, 200, etc.), the minimum, average and maximum correlation lengths were 

input into the sim2d program, producing 18 individual LAS models with 1,000 

realizations each (18,000 simulations of BH in total).  

For sim2d to construct a random field realization, it requires a rectangular region to 

simulate. A 176 by 176 points field, with 10m by 10m spacing, was constructed to 

ensure that the resulting field fully covered the bounds of BH. As such, 176^2 = 30,976 

data points were simulated for each realization of BH. A summary table of all sim2d 

input parameters can be seen below in Table 2. 
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Table 2: Summary table of sim2d program input parameters. 

Group - 
Type 

Correlation 
Length (m)  

Sample 
Field Mean 

(cm) 

Sample 
Point 

Variance 
(cm) 

N1 x N2 X and Y 
Field 

Sizes (m) 

Number of 
Known 
Points  

50 - Savg 106.6 37.3 1245.1  176 
176  

 1760 
1760  

                   
637  

50 - Smax 154.9 37.3 1245.1  176 
176  

 1760 
1760  

                   
637  

50 - Smin 78.7 37.3 1245.1  176 
176  

 1760 
1760  

                   
637  

100 - Savg 107.1 31.4 827.0  176 
176  

 1760 
1760  

                   
687  

100 - Smax 143.0 31.4 827.0  176 
176  

 1760 
1760  

                   
687  

100 - Smin 64.6 31.4 827.0  176 
176  

 1760 
1760  

                   
687  

200 - Savg 110.5 29.3 600.7  176 
176  

 1760 
1760  

                   
787  

200 - Smax 147.2 29.3 600.7  176 
176  

 1760 
1760  

                   
787  

200 - Smin 46.8 29.3 600.7  176 
176  

 1760 
1760  

                   
787  

300 - Savg 101.3 28.7 554.7  176 
176  

 1760 
1760  

                   
887  

300 - Smax 134.4 28.7 554.7  176 
176  

 1760 
1760  

                   
887  

300 - Smin 66.5 28.7 554.7  176 
176  

 1760 
1760  

                   
887  

400 - Savg 99.1 28.4 524.6  176 
176  

 1760 
1760  

                   
987  

400 - Smax 146.8 28.4 524.6  176 
176  

 1760 
1760  

                   
987  

400 - Smin 59.5 28.4 524.6  176 
176  

 1760 
1760  

                   
987  

460 - Savg 92.5 27.7 485.7  176 
176  

 1760 
1760  

                
1,087  

460 - Smax 135.8 27.7 485.7  176 
176  

 1760 
1760  

                
1,087  

460 - Smin 61.0 27.7 485.7  176 
176  

 1760 
1760  

                
1,087  

 

Once the input file was prepared, it could be processed by the sim2d program with 

the following outputs in the form of a text file for each realization:  
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1) The input parameters echoed; and, 

2) 30,978 contaminant thickness realizations for each point in the field. 

3.6.2 Sim2d Output Data Processing  

Using the output text file from the sim2d program, all further analysis was done using 

Microsoft Excel in conjunction with MATLAB. As each sample group had over (30,978 

thickness realizations x 1,000 simulations/correlation length x 3 correlation 

lengths/sample group) 15,489,000 output thickness values to process. As sim2d 

generates a rectangular grid of simulated thickness, not all simulated data points are 

within BH, as in the case of estimated thickness locations in krige, only 11,512 

simulated thicknesses were needed of the 30,978. In essence, sim2d simulated 

thicknesses outside of the bounds of BH, and all simulated values outside of the bounds 

of BH were removed. A MATLAB script was employed to determine the locations within 

and outside of BH using MATLABôs inpolygon function (as described in section 3.3).   

3.7 Volume Estimation  and Visual 3-D Model Development  

3.7.1 Volume and 3 -D Model Setup  

MATLAB was used for all volume estimation and 3-D modeling. Two scripts were 

produced to calculate the volume for each set of output data points for  kriging and 

sim2d, and then produce and save individual 3-D renderings of thickness variation 

within the BH outline. 

Volume calculation was done by inputting each realization (for both krige and sim2d) 

of BH individually into MATLAB and setting the bounds of BH to zero thickness. The use 

of the MATLAB function ñgriddataò was used to convert the discrete scattered thickness 

data produced through the krige best estimate and sim2d individual simulations into 3-D 
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continuous surface plots. The volume was then calculated through numerically 

evaluating the griddata function as a double integral by the MATLAB function ñquad2dò. 

To produce the individual 3-D thickness variation renderings, for the purpose of 

visual inspection, the MATLAB ñDelaunayò function was used to develop a 3-D 

Delaunay triangulation plot of the discrete gridded data. The actual 3-D renderings were 

then produced through the MATLAB function ñtrisurfò which uses the Delaunay 

triangulation to plot the varying surface of the sediment thickness. The 3-D renderings 

were produced to inspect the model output thickness variation to ensure model stability 

and allow for improved understanding of thickness variation.  

3.7.2 Processing of  Sim2d Realizations  

As sim2d produced 1,000 realizations for each correlation length, an extra layer of 

processing was required. A MATLAB script was used to automate the processing of 

each 1,000 realizations, such that each realization had an individual volume calculation 

and 3-D rendering.  

3.8 Statistics and Probability  

Through use of preloaded statistical packages within MATLAB, all necessary 

post processing statistical and probabilistic analyses were conducted.  

As sim2d produces 1,000 realizations for each simulation it was possible to 

conduct statistical analyses of the data. The following statistics were conducted on the 

LAS results: 

1) 99% confidence intervals about the mean; 

2) Probability plots of volume compared to a normal distribution; 
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3) Boxplots of the volumes; 

4) Bar graphs of the volumes with the 99% confidence interval as error bars; 

and, 

5) Histograms of the volumes with a fitted normal distribution overlaid. 

As kriging only produces a singular best estimate for each simulation the 

following analysis was conducted:  

1) 3-D renderings of the variance (or standard deviation) of the Kriging estimate 

at each grid point; 

2) Computation of the total volume estimator error; and, 

3) Bar graphs of the volumes with the 99% confidence interval, based on the 

estimator error, shown as error bars. 

Finally, comparison between the Kriging and LAS results was conducted through 

use of bar-graphs with both LAS and Kriging results depicted along with their error 

bars. In terms of error bars, the 99% confidence interval is depicted for the LAS 

volume distribution, as well as the 99% confidence interval for Kriging based on best 

estimate estimator error standard deviation.   



 

 35 

Chapter 4.0:  Results and Discussion  

4.1 Preamble  

This section presents the results obtained from the Kriging and LAS models and 

provides analysis of these results. The effect of sample size is investigated on a per 

model basis, as well as a comparison of volume estimates between models. Finally, the 

accuracy and efficiency of both models is discussed in the context of increasing sample 

sizes, as well as how the discussed details may affect practitioners that may use either 

model.  

4.2 Correlation Lengths  

The correlation lengths were assessed as anisotropic and isotropic, with the 

assumption that the results for the anisotropic correlation structure would differ 

minimally from the isotropic structure. It was found that the average anisotropic 

correlation length differed minimally in the x and y directions from the average isotropic 

correlation lengths for the 6 squares defined in Figure 3, and as such the isotropic 

assumption was shown to be valid. A summary table of the correlation length results 

can be found in Appendix D:  

The isotropic correlation lengths obtained from the different squares shown on 

Figure 3 via cor2d is shown in Table 3. A summary of the average, maximum, and 

minimum isotropic correlation lengths in meters from the 6 squares, using increasing 

amounts of sample sizes are provided as well in the table. These correlation lengths 

were used in both the LAS and Krige models discussed later in this section.  
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Table 3: Cor2d estimated isotropic correlation lengths given in meters. 

 Sample Size (#)  

Square (#)  50 100 200 300 400 460 

1 115 114 134 102 77 80 

2 93 119 135 116 132 97 

3 106 142 115 134 146 135 

4 154 121 147 115 105 104 

5 90 80 84 66 59 61 

6 78 64 46 73 72 75 

Max 154 142 147 134 146 135 

Avg 106 107 110 101 99 92 

Min 78 64 46 66 59 61 

 

When considering the correlation lengths in Table 3, it can be seen that at the 

minimum number of samples considered in the study (i.e. 50), the average, maximum, 

and minimum correlation lengths are generally in good comparison to that calculated 

from the 460 sample size. Although there is an 820% increase in sample size from the 

smallest count to the largest count, the difference in correlation length is only about 20m 

when the number of samples is varied from 50 to 460 for all three (max, avg, min) 

scenarios (or 29% difference in the case of the minimum correlation length). 

4.3 Kriging Volume Estimates  

Krige best estimate values are determined by producing the best linear unbiased 

estimate, and as such, only one best estimates model is produced per set of input 

parameters. As per the steps outlined previously in section 3.5, the Krige models 

produced 18 sets of output data, and these results can be summarized in the table 

below. 
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Table 4: Summary table of Kriging model results. 

Sample 
Number 
Group ï 

Type 

Correlation 
Length  

(m) 

Sample 
Point 

Variance 
(cm) 

Best 
Estimate 
Volume 

(m3) 

Avg. 
Sample 

Thickness 
(cm) 

Avg. 
Estimated 
Thickness 

(cm) 

Standard 
Deviation  of 
the Volume  

(m3) 

50 - Kavg 106.6 1245.1 147,219 37.3 13.02 38,095  
50 - Kmax 154.9 1245.1 172,680 37.3 15.26 48,245  
50 - Kmin 78.7 1245.1 124,824 37.3 11.09 30,460  

100 - Kavg 107.1 827.0 172,147 31.4 15.34 29,499  
100 - Kmax 143.0 827.0 186,738 31.4 16.61 34,882  
100 - Kmin 64.6 827.0 141,330 31.4 12.65 20,593  
200 - Kavg 110.5 600.7 209,147 29.3 18.80 23,337  
200 - Kmax 147.2 600.7 217,366 29.3 19.49 26,949  
200 - Kmin 46.8 600.7 169,850 29.3 15.32 12,997  
300 - Kavg 101.3 554.7 218,498 28.7 19.67 19,906  
300 - Kmax 134.4 554.7 223,568 28.7 20.12 22,849  
300 - Kmin 66.5 554.7 206,380 28.7 18.61 12,050  
400 - Kavg 99.1 524.6 220,411 28.4 19.94 17,980  
400 - Kmax 146.8 524.6 224,443 28.4 20.32 21,502  
400 - Kmin 59.5 524.6 210,272 28.4 19.05 13,453  
460 - Kavg 92.5 485.7 221,182 27.7 20.02 16,128  
460 - Kmax 135.8 485.7 224,609 27.7 20.34 19,225  
460 - Kmin 61.0 485.7 214,351 27.7 19.43 12,823  

 

As seen in Table 4, the Krige best estimate volume increases as the sample size 

increases. This is also true of the average estimated thickness. When considering the 

variability about the mean, the standard deviation values decrease as sample size 

increases, and this is to be expected as, the sample point variance to overall model 

variance can be depicted below for the ordinary kriging (i.e. ok) model in Equation ( 11 

). 

 „  „  ύὈ ( 11 ) 
 

Where ʎ  is the overall estimator variance, ʎ is the sample point variance, ×  

represents a transposed vector of kriging weights, and $ is a vector of kriging 

covariances between the sample locations and location being estimated. Hence, 

overall, as the correlation between observations and prediction points increases due to 



 

 38 

increased sample size, the sample point variance decreases, and the overall estimator 

standard deviation ʎ   decreases. This decrease in estimator standard deviation as 

sample size increases is well documented, and what is to be expected (Altman & Bland, 

1996).  

When considering the gradual decrease in standard deviation of the volume 

estimate, the coefficient of uncertainty (C.V.) can be a useful comparative variable, as 

calculated in Equation ( 12 ). 

 
ὅȢὠȢϷ  

ὠέὰόάὩ ὛὸὥὲὨὥὶὨ ὈὩὺὭὥὸὭέὲ

ὓὩὥὲ ὠέὰόάὩ
 

( 12 ) 
 

The C.V. value makes it possible to compare the variability about the estimated volume 

between multiple sample sizes and both model types. In essence, higher C.V. 

percentages represent increased uncertainty and less precision. Furthermore, when 

considering the variability about the mean, the standard normal 99% confidence interval 

(C.I.) can be calculated. A summary of C.V. and C.I. values for Kriging estimated 

volumes can be found in Table 5. 
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Table 5: Summary table of Kriging estimated volume model 99% confidence intervals 

and coefficients of variation. 

Sample 
Number Group 
ï Type 

Best 
Estimate 

Volume (m 3) 
99% C.I. (+/-) 

(m3) C.V. (%) 

50 - Kavg 147,219 88,610  25.9 
50 - Kmax 172,680 112,219  27.9 
50 - Kmin 124,824 70,851  24.4 

100 - Kavg 172,147 68,615  17.1 
100 - Kmax 186,738 81,136  18.7 
100 - Kmin 141,330 47,900  14.6 
200 - Kavg 209,147 54,282  11.2 
200 - Kmax 217,366 62,684  12.4 
200 - Kmin 169,850 30,230  7.7 
300 - Kavg 218,498 46,301  9.1 
300 - Kmax 223,568 53,147  10.2 
300 - Kmin 206,380 28,027  5.8 
400 - Kavg 220,411 41,822  8.2 
400 - Kmax 224,443 50,015  9.6 
400 - Kmin 210,272 31,291  6.4 
460 - Kavg 221,182 37,515  7.3 
460 - Kmax 224,609 44,717  8.6 
460 - Kmin 214,351 29,826  6.0 

 

The gradual decline of C.V. is to be expected traditionally as sample number 

increases, as there is an expected gradual decline of sample point variance and 

therefore estimator standard deviation.  

When considering the Kriging estimate volume for BH, for a given sample size, the 

maximum correlation length produced the largest volume estimate while the minimum 

correlation the smallest volume estimate. The trend of larger correlation lengths causing 

larger best estimate volumes is likely caused by the increased effect of the sampled 

thicknesses on the estimated values that surround them. The relationship between 

larger correlation lengths and larger volume is potentially because of increased 
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correlation with nearby (sampled) points, in comparison to the farther boundary (0 

thickness) points.   

Due to the gradual trends in the estimated volume results, the sample size 

groupings of 50, 300 and 460 at the average correlation lengths will be selected for 

further illustration of the effect of sample size.  

4.3.1 50 Samples  

At a sample size of 50, the Krige model produces the lowest confidence in its 

volume estimate, with large variability among the estimated points and large C.V. The 

average correlation length of 154.9 m has a volume 99% C.I. of 88,610 m3 and C.V. of 

25.9% with an estimated volume of 147,219m3. Furthermore, when considering the 

average sampled thickness to average estimated thickness, there is a disparity of 

approximately 2.85 sampled thickness:1 estimated thickness, which, is likely caused by 

the prevalence of 587 BH boundary 0 cm thickness values in comparison to only 50 

interior sampled thicknesses. The 2-D predicted contaminant thickness map for the best 

estimate thickness can be seen below for the average correlation length. It should be 

noted that 2-D predicted contaminant thickness maps were produced for both the Krige 

model, and an averaged thickness simulation case of the LAS model, at the average 

correlation length and remaining sample sizes, and can be found in Appendix E: .  
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Figure 4: Krige best estimate of BH at the average correlation length and sample size of 

50. 

As seen in Figure 4, the regions of increased sediment thickness (red on the RGB 

colour scale) are at locations where a number of actual sample locations occur within 

BH, as shown in Figure 5. Furthermore, it should be noted that in all consequent 

thickness variation figures, the upper bound of the sediment thickness colour bar has 

been set to >100cm to improve comparison of thickness variation between parameter 

sets. This decision of setting the maximum colour bar colour is to standardize the colour 

scale between model variations, as well as account for the fact that some thicknesses 

exceed 150cm, and as such make it difficult to visualize the variation in thickness due to 

scaling issues. It should be noted that the main features of Figure 4 are that it shows 

signs of increased thickness around the center of Figure 4, as well as small pockets of 

increased thickness throughout.  
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Figure 5: Outline of BH sampled locations for a sample size of 50. 

As clear when comparing Figure 4 and Figure 5, areas which contain greater 

numbers of samples are generally regions of increased thickness. The effect of sample 

thickness locations is further demonstrated on the variability plot, in which the standard 

deviation value for each estimated thickness location is plotted, as seen in Figure 6. 

Where the thickness has been sampled, the thickness is assumed to be known, and so 

the estimator standard deviation (standard deviation) at the sample points is zero. The 

standard deviation increases with distance from sample points. The largest standard 

deviation found was 35 cm. 
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Figure 6: Standard deviation plot using the average correlation length and sample size 

of 50. 

4.3.2 300 Samples  

At a sample size of 300, the Kriging model produces improved confidence in its best 

estimates, with improved standard deviation between sample points compared to a 

sample size of 50. The average correlation length of 101.3 m has a volume 99% C.I. of 

46,301 m3 and has a C.V. of 9.1% with total volume estimate of 218,498m3. This C.V of 

9.1% is a noticeable improvement in comparison to the 50-sample coefficient of 

variation of 25.9% and supports the improvement (reduction) in variance as sample size 

increases. Furthermore, when considering the average sampled thickness compared to 

the average estimated thickness, the disparity is approximately 1.46:1, which shows a 

noticeable improvement when compared to a sample size of 50. This improvement in 

the ratio of average sampled thickness to average estimated thickness goes to support 
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the effect of increased sample size improving the volume estimate due to a lesser effect 

of the BH bounds. When considering the change in best estimate volume from the 50-

sample size grouping to 300-sample size grouping, there is a notable increase in 

estimated volume of 48.4%. The 2-D colour map model for the best estimate thickness 

can be seen in Figure 7 for the average correlation length. 

 

Figure 7: Krige best estimate of thickness within BH at the average correlation length 

and sample size of 300. 

As previously mentioned in Section 4.4.1, and as seen in Figure 7, the regions of 

increased thickness are regions at which actual samples have been taken within BH, 

when compared to Figure 8. It should be noted that there is a clear structure forming 

within Figure 7, with the majority of thicker values within a main body, also to the left-

hand side of Figure 7, and along a seemingly continuous increased thickness channel 
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from inlet to outlet of BH. Furthermore, there are signs of thicker contaminant layers at 

the outlet of BH, which is in the upper right-hand of Figure 7. 

 

Figure 8: Outline of BH sampled locations for sample size of 300. 

As is clear once again, when comparing Figure 7 and Figure 8, areas with greater 

numbers of samples are generally regions of increased thickness. The observed 

increase in estimated thickness is caused by the correlation of estimated thickness to 

sampled thickness, through the best linear unbiased estimate which Kriging uses. This 

best linear unbiased estimate is in essence linearly interpolating between known 

thickness values, and therefore regions with fewer sampled thicknesses will be further 

affected by the 0-thickness boundary condition and estimate values trending to 0.The 

effect of sample thickness locations is also demonstrated in the variability plot, in which 

the standard deviation of each estimated thickness location is plotted in Figure 9. 
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Figure 9: Standard deviation plot using the average correlation length and sample size 

of 300. 

As seen in Figure 9, regions in which sample thickness values have been measured 

have (assumed) zero variance. Regions further away from the sampled data show 

higher variability, peaking at a standard deviation value of 22.5 cm. When considering 

the maximum standard deviation found for the 50-sample group (35 cm), the 300-

sample group provides over a 35% decrease in maximum estimator standard deviation. 

4.3.3 460 Samples  

At an input sample size of 460, the Krige model produces its highest confidence in 

its best estimates, with minimized variability among the estimated points. The average 

correlation length of 92.5 m has a 99% C.I. of 37,515 m3 and C.V. of 7.3% at an 

estimated volume of 221,182 m3. This C.V. of 7.3% is a smaller improvement in 

comparison to the 300-sample grouping error of 9.1%, however, further supports the 
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improvement in variability as sample size increases. Furthermore, when compared to 

the best estimate produced from the 300-sample grouping, the best estimate volume 

only resulted a 1.2% increase.  

When considering the average sampled thickness compared to the average 

estimated thickness, the disparity is approximately 1.43:1, which shows a minimal 

change when compared to the 300-sample grouping. The minimal change in sampled to 

estimated average thickness appears to support that at 300 samples the effects of the 

BH 0 thickness bounds have been minimized. The 2-D colour map model for the best 

estimate volume can be seen below for the average correlation length. 

 

Figure 10: Krige best estimate of thicknesses within BH at the average correlation 

length and sample size of 460. 

As seen previously mentioned, as seen above in Figure 10, the regions of increased 

thickness are regions at which actual samples have been taken within BH, when 
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compared to Figure 11 below. Furthermore, the thickness structures mentioned in 

Section 4.4.2 have become more prevalent and clear at the increased sample number. 

It should be noted that the channel from inlet to outlet has further increased in 

granularity. 

 

Figure 11: Outline of BH sampled locations for sample size of 460. 

At the sample size of 460 the effect of sample location and count is less clear on the 

regions of increased thickness in comparison to a sample size of 300. However, the 

effect of sample thickness locations is clearly demonstrated on the variability plot, in 

which the standard deviation value for each estimated thickness location is plotted, as 

seen below in Figure 12. 
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Figure 12: Standard deviation plot using the average correlation length and sample size 

of 460. 

As seen in Figure 12, regions in which actual samples have been included have the 

highest confidence, as the standard deviation values in these regions are reduced. The 

estimated point standard deviation peaks at approximately 22.5 cm. When considering 

the variability peaks of the 300-sample size, the 460-sample size shows minimal 

improvement in maximum point standard deviation. However, it should be noted that via 

visual comparison of Figure 9 and Figure 12, the clustering of increased estimated point 

standard deviation has been mitigated, and a greater prevalence of lower estimated 

point standard deviation is clear. 
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4.3.4 Comparison of Results Across Sample Sizes  

When considering the effect of sample size from 50 to 460 samples, the effect of 

sample size on Kriging estimates are clear. A summary table of kriging estimated 

volumes, along with their upper and lower 99% C.I. bounds and C.V. can be seen in 

Table 6. 

Table 6: Kriging volume estimates with 99% confidence bounds and C.V. 

Group ï 
Type 

Best 
Estimate 
Volume 

(m3) 99% C.I. (m3) 

99% C.I. 
Upper Bound 

(m3) 
99% C.I. Lower 

Bound (m 3) C.V. (%) 

50 - Kavg 147,219 88,610  235,829  58,609  25.9 
50 - Kmax 172,680 112,219  284,898  60,461  27.9 
50 - Kmin 124,824 70,851  195,675  53,973  24.4 

100 - Kavg 172,147 68,615  240,762  103,532  17.1 
100 - Kmax 186,738 81,136  267,874  105,602  18.7 
100 - Kmin 141,330 47,900  189,230  93,430  14.6 
200 - Kavg 209,147 54,282  263,429  154,864  11.2 
200 - Kmax 217,366 62,684  280,049  154,682  12.4 
200 - Kmin 169,850 30,230  200,080  139,620  7.7 
300 - Kavg 218,498 46,301  264,800  172,197  9.1 
300 - Kmax 223,568 53,147  276,715  170,421  10.2 
300 - Kmin 206,380 28,027  234,407  178,352  5.8 
400 - Kavg 220,411 41,822  262,233  178,588  8.2 
400 - Kmax 224,443 50,015  274,458  174,429  9.6 
400 - Kmin 210,272 31,291  241,563  178,981  6.4 
460 - Kavg 221,182 37,515  258,697  183,667  7.3 
460 - Kmax 224,609 44,717  269,326  179,892  8.6 
460 - Kmin 214,351 29,826  244,177  184,526  6.0 

 

At a sample size of 50, the C.V. varied from 24.4-27.9%; as sample size increases 

the C.V. improves considerably to 5.8-10.2% at sample size of 300 and to 6.0-8.6% at 

sample size of 460. The general trend in sample volume estimates and 99% C.I. is 

depicted below in the bar chart below. 
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Figure 13: Bar graph of all Krige best estimate volumes with 99% confidence bounds as 

error bars. 

As depicted in Figure 13, the Krige best estimate volumes gradually increase until 

they center around a best estimate volume of about 221,000 m3 at the average 

correlation length for a sample size of 460. Furthermore, the bar graphs illustrate the 

effect of sample size on the confidence in the volume estimate, as at 50 samples the 

maximum, average and minimum correlation length 99% confidence bounds all vary 

considerably. When considering the total range of the C.I. for the 50-sample size 

grouping (range from slower to upper 99% confidence bound), the average total range 

of 181,120m3 represents a low confidence in the Krige estimate of volume in 

comparison to the average estimated volume of 148,241m3. As sample size increases, 

the C.I. bounds considerably decrease. At the 300-sample size grouping, the average 
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total C.I. range is 84,984m3 representing a 53% reduction in C.I. range, with an average 

volume of 216,149m3 or 45.8% increase in average volume. In comparison sample 

grouping 460, the average final total C.I. range of 74,705 or 12% reduction in total C.I. 

range in comparison to sample size grouping 300 with an average estimated volume of 

220,047m3 or 1.8% increase in total volume compared to sample size grouping 300. 

If it is assumed that the final sample size of 460, at the average correlation length, 

accurately estimates the volume of contaminated sediment in BH, it should be noted 

that that volume of sediment in BH is within the 99% confidence bounds of nearly every 

volume best estimate from the Krige model. The only confidence intervals that do not 

include the best estimate volumes resulting from the 460-sample size are the minimum 

correlation length for sample sizes of 50 to 200. The fact that the minimum correlation 

length produces a confidence interval that does not include the, potentially, most 

accurate Krige volume is likely because of the zero thickness bounds. As mentioned 

previously, it appears that when the correlation length is larger the effect of internal 

sampled points is greater than the effect of the boundary. Therefore, at a smaller 

sample size, there are fewer internal samples to influence the volume estimate, and as 

such the volume estimate is biased to an overall lower volume because of the boundary 

points.  

4.4 Sim2D Volume Estimates  

The LAS random field simulations entailed producing 1,000 simulations per 

parameter setup (per sample grouping per correlation length) and entailed 18,000 

simulations in total from the sim2d program. The results of these 18,000 simulations are 

summarized in Table 7. It should be noted that, as per Chapter 3.0:, the outputs from 
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the LAS model differ from the outputs of the Krige model, and as such the presentation 

of results will differ to reflect this.  

Table 7: Summary of LAS simulation results. 

Grouping - 
Type 

Correlation 
Length (m)  

Sample 
Field 
Mean 
(cm) 

Sample 
Point 

Variance 
(cm) 

Avg. Vol. 
(m3) 

Max Vol. 
(m3) 

Min Vol. 
(m3) 

50 - Savg 106.6 37.3 1245.1 288,488  365,634  217,936  

50 - Smax 154.9 37.3 1245.1 268,093  357,590  196,141  

50 - Smin 78.7 37.3 1245.1 308,681  368,179  250,437  

100 - Savg 107.1 31.4 827.0 250,256  313,244  202,664  

100 - Smax 143.0 31.4 827.0 241,642  296,052  200,323  

100 - Smin 64.6 31.4 827.0 273,001  317,324  235,127  

200 - Savg 110.5 29.3 600.7 245,016  277,266  212,509  

200 - Smax 147.2 29.3 600.7 240,116  278,722  211,084  

200 - Smin 46.8 29.3 600.7 268,796  298,276  229,493  

300 - Savg 101.3 28.7 554.7 244,681  270,795  221,800  

300 - Smax 134.4 28.7 554.7 240,825  263,447  218,546  

300 - Smin 66.5 28.7 554.7 252,478  279,551  224,195  

400 - Savg 99.1 28.4 524.6 239,685  264,927  218,649  

400 - Smax 146.8 28.4 524.6 235,873  261,445  218,874  

400 - Smin 59.5 28.4 524.6 248,885  274,708  229,142  

460 - Savg 92.5 27.7 485.7 237,039  255,304  209,080  

460 - Smax 135.8 27.7 485.7 233,543  251,141  197,524  

460 - Smin 61.0 27.7 485.7 244,008  261,047  227,242  

 

As shown in Table 7, there is a clear trend between correlation length and volume, in 

which the largest volume per sample size grouping is obtained when simulating the 

smallest (min) correlation length; conversely as correlation length increases, volume 

decreases. This relationship between correlation length and simulated volume is likely 

once again caused by the effect of the BH outline 587, 0 thickness data points. The 

effect of these outline points is greater at a low sample size and diminished as sample 

size increases. This relationship is opposite to the Krige model, as the random field 

simulation is not in essence linearly interpolating, but rather attempting to keep the 
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overall field mean constant. Therefore, as the sim2d program uses and inputted sample 

average thickness opposed to the krige programs internally calculated average sample 

thickness (which is biased trending towards 0 thickness due to the ratio of sampled 

thicknesses to boundary points), the sim2d program is simulating with an increased field 

mean in comparison to the krige program. It should be noted that for the sim2d 

program, the BH outline thickness data was not included in calculating the sample field 

mean, and as such is greater than what the krige program would internally calculate.  

Furthermore, the diminishing effect of the BH outline is supported by the minimal range 

from maximum to minimum observed on the volumes between sample groupings when 

considering their correlation length. As previously mentioned, it appears the volume 

estimate produced is greater effected by the sample field mean, which slowly decreases 

as sample size increases, producing a reciprocal gradual decrease in volume. The 

gradual reduction in sample thickness mean is likely caused by outliers and a large 

spread in sample thickness values at a lower sample sizes, which this spread gradually 

tightens as sample size increases, although with many outliers, as seen in the boxplot in 

Figure 14. 
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Figure 14: Summary boxplot of sample thickness distribution on a sample grouping 

basis. 

As seen Figure 14, the distribution of sample thickness values does ñtightenò in 

terms of smaller range between the 3rd and 1st quartiles (interquartile range) as sample 

sizes increase, however the number of outliers (shown as +) remains high. Furthermore, 

when considering the sample thickness distributions in Figure 14, the effect of the large 

>160 cm outliers at lower sample sizes would be notable on the sample thickness 

mean, considering the sample median is slightly above 20 cm. When considering the 

LAS volume results, the normal distribution tendencies can be summarized in Table 8: 
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Table 8: Summary table of standard normal distribution parameters for LAS results. 

Grouping - 
Type 

Sample 
Field 
Mean 
(cm) 

Volume 
Standard  
Deviation  

Avg. Vol. 
(m3) 

99% 
Confidence  
Interval  (+/-) 

(m3) 

Coefficient 
of Variation 

(%) 

50 - Savg 37.3            23,315            288,488  54,378  8.1 
50 - Smax 37.3            25,491            268,093  62,212  9.5 
50 - Smin 37.3            20,798            308,681  49,656  6.7 

100 - Savg 31.4            15,085            250,256  34,358  6.0 
100 - Smax 31.4            15,374            241,642  37,570  6.4 
100 - Smin 31.4            13,657            273,001  32,240  5.0 
200 - Savg 29.3              9,545            245,016  24,495  3.9 
200 - Smax 29.3              9,824            240,116  23,355  4.1 
200 - Smin 29.3              9,055            268,796  19,733  3.4 
300 - Savg 28.7              7,706            244,681  17,238  3.1 
300 - Smax 28.7              7,326            240,825  17,803  3.0 
300 - Smin 28.7              7,944            252,478  17,699  3.1 
400 - Savg 28.4              6,091            239,685  15,252  2.5 
400 - Smax 28.4              5,625            235,873  12,791  2.4 
400 - Smin 28.4              6,272            248,885  14,100  2.5 
460 - Savg 27.7              5,380            237,039  14,286  2.3 
460 - Smax 27.7              4,889            233,543  11,056  2.1 
460 - Smin 27.7              5,526            244,008  12,736  2.3 

 

As seen in Table 8, as the sample size increases, the standard deviation about the 

mean volume for each grouping and type generally decreases. At the lower end of 

sample sizes (0-200), the maximum correlation length produces the highest standard 

deviation, but as sample size increases to greater than 300 samples, the maximum 

correlation length results in the lowest standard deviation about the mean volume. This 

switch in relationship is likely caused by the tightening of the sample thickness 

distribution, resulting in higher correlation among sample points, and therefore less 

variation among the mean. This reduction in variation among the mean has a higher 

effect at larger correlation lengths, due to the field being more correlated at farther 
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distances. Like the Krige results for C.V., as the number of samples increases, the LAS 

model variability decreases.  

Due to the gradual trends within the output results, the sample groupings of 50, 300 

and 460 at the average correlation length will be further investigated for the purpose of 

illustrating the effect of sample size. As sim2d produces 1,000 simulations per set of 

model input parameters (18 models in total), it is not feasible to insert each model of the 

average correlation length for the chosen sample groupings. Hence, an averaged 

simulation case is presented. The averaged simulation model entailed averaging of 

each simulated location thickness across 1,000 simulations and 11,512 data points. 

4.4.1 50 Samples  

At a sample size of 50, the LAS model produces the most widely variable confidence 

interval about its mean. At the average correlation length of 154.9 m, the 99% 

confidence interval was 54,231 m3 and a C.V. of 8.1% when compared to the average 

volume of 288,488 m3. The average thickness variation 2-D rendering can be seen in 

Figure 15. 
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Figure 15: Sim2d averaged simulation thickness at the average correlation length and a 

sample size of 50. 

As seen in Figure 15, the regions of increased thickness (red on the RGB colour 

scale) are regions at which sample thicknesses have been taken within BH, when 

compared to Figure 5. When considering Figure 15, there seems to be large deposits of 

sediment thickness on the left-hand side, that continues from the inlet towards the outlet 

on the top right right-hand side of Figure 15. For this model, it appears the 0 cm 

thickness bounds of BH have minimal influence on the simulated thickness. 

4.4.2 300 Samples  

At a sample size of 300, the LAS model produces improved confidence in its volume 

estimates, with high precision in comparison to a sample size of 50. The average 

correlation length of 101.3m has a 99% confidence interval of 17,238 m3 and C.V. of 

3.1% with average volume of 244,681 m3. This C.V. of 3.1% is a noticeable 
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improvement in comparison to the 50-sample size C.V. of 8.1%. The 2-D model for the 

average simulated thickness volume can be seen below for the average correlation 

length. 

 

 

Figure 16: Sim2d averaged simulation thickness at the average correlation length and 

sample size of 300. 

As previously mentioned in Section 4.4.1, the regions of increased thickness in 

Figure 16, are regions where actual samples have been taken within BH, when 

compared to Figure 8. Furthermore, it should be noted that there is a clear structure 

forming within Figure 16, with the majority of major thickness values within a main body 

to the left-hand side of Figure 16, and along a highly correlated thicker sediment 

channel from inlet to outlet of BH. When considering the change from the sample size of 

50, the increase in sample size has resulted with greater thickness variation granularity, 
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with the left-hand side of Figure 16 not being one seemingly continuous body of 

constant thickness, rather a varying field of thicknesses. 

4.4.3 460 Samples  

At an input sample size of 460, the LAS model produces its highest confidence in its 

volume estimates, with high precision. The average correlation length of 92.5m has a 

99% confidence interval of 14,286 m3 and C.V. of 2.3% with average volume of 237,039 

m3. This C.V. of 2.3% is a minor improvement in comparison to the 300-sample 

grouping uncertainty of 3.1%. The 2-D colour map model for the average simulated 

thickness volume can be seen below for the average correlation length. 

 

Figure 17: Sim2d averaged simulation thickness at the average correlation length and 

sample size of 460. 

As seen in Figure 17 regions of increased thickness are regions where actual 

samples have been taken within BH, when compared to Figure 11. Furthermore, it 
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should be noted that there is a clear structure forming within Figure 16, with the majority 

of major thickness values within a main body to the left-hand side of Figure 16, and 

along a highly correlated thickness channel from inlet to outlet of BH. When considering 

the change from the sample size of 300, the increase in sample size has resulted with 

greater thickness variation granularity, with the left-hand side of Figure 16 being multiple 

pockets of increased thickness that are interconnected.  

4.4.4 Comparison of Results Across Sample Sizes  

When considering the changes from the sample size of 50 to 460, the effect of 

sample size on the LAS simulation volume and precision is clear. A summary table of 

LAS average volumes with normally distributed 99% confidence intervals can be seen in 

Table 9: 
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Table 9: LAS average volume with normally distributed 99% C.I and C.V. 

Grouping - 
Type 

Correlation 
Length (m)  

Avg. Vol. 
(m3) 

99% C.I. Upper 
Bound (m 3) 

99% C.I. Lower 
Bound (m 3) 

Coefficient 
of Variation 

(%) 

50 - Savg 106.6 288,488 342,866 234,110 8.1 
50 - Smax 154.9 268,093 330,305 205,881 9.5 
50 - Smin 78.7 308,681 358,338 259,025 6.7 

100 - Savg 107.1 250,256 284,614 215,898 6.0 
100 - Smax 143.0 241,642 279,212 204,072 6.4 
100 - Smin 64.6 273,001 305,241 240,761 5.0 
200 - Savg 110.5 245,016 269,511 220,521 3.9 
200 - Smax 147.2 240,116 263,471 216,761 4.1 
200 - Smin 46.8 268,796 288,529 249,063 3.4 
300 - Savg 101.3 244,681 261,920 227,443 3.1 
300 - Smax 134.4 240,825 258,628 223,022 3.0 
300 - Smin 66.5 252,478 270,177 234,779 3.1 
400 - Savg 99.1 239,685 254,937 224,432 2.5 
400 - Smax 146.8 235,873 248,664 223,081 2.4 
400 - Smin 59.5 248,885 262,985 234,785 2.5 
460 - Savg 92.5 237,039 251,325 222,753 2.3 
460 - Smax 135.8 233,543 244,599 222,486 2.1 
460 - Smin 61.0 244,008  256,744  231,272  2.3 

 

At a sample size of 50, the C.V. varies from 6.7-9.5%, and as the sample sizes 

increase the variability about the mean improves considerably to 3.0-3.1% at 300 

samples and as low as 2.1-2.3% at 460 samples. This general trend in volume and 

confidence intervals is depicted in Figure 18. 
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Figure 18: Bar graph of LAS average volumes for each correlation length and sample 

grouping with 99% confidence bounds as error bars. 

As clearly depicted above in Figure 18, the LAS average volumes gradually 

decrease and ñtightenò until they center around the average of the average correlation 

length volume of 237,039 m3 for a sample size of 460. Furthermore, the bar graph 

illustrates the effect of sample size on the confidence in the volume estimate, as the 

confidence bounds incrementally decrease in range as the sample size increases. At a 

sample size of 50, the average total confidence interval range is 107,934m3 with an 

average volume of 288,421m3. As sample size increases to 300 samples, the total 

confidence interval range reduces to 35,629m3 with an average volume of 245,995m3. 

The improvement in confidence interval range represents a large increase in confidence 

of the volume with a 67% reduction in total C.I. range, however only a 14.7% decrease 

in volume. Furthermore, when considering the change from a sample size of 300 to 460, 
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the total average interval range reduces to 24,493 m3 representing a further 31.3% 

reduction in total C.I. range, and an average volume of 238,197m3 or 3.2% reduction in 

volume. 

If assuming the final sample grouping of 460 accurately estimates the volume of 

sediment in BH, it should be noted that the volume of sediment in BH is within the 

confidence bounds for every simulation set, except for a sample size of 50 at the 

minimum correlation length, likely for the same reasons as discussed for the Kriging 

model at the minimum correlation length and smaller sample sizes.   

As LAS produces sets of simulations for each set of input parameters, it is possible 

to conduct further statistical testing on the sample set. A boxplot of the results can be 

seen below in Figure 19. 

 

Figure 19: Boxplots of LAS volume results. 



 

 65 

When considering the results, as seen in Figure 19, it is clear how the distribution of 

simulated volumes quickly improves as sample size increases. At a sample size of 50, 

the maximum and minimum (excluding outliers) of the boxplot are of a range of 

approximately 1.5 x 105 m3, whereas this range quickly tightens as at 200 sample size 

the range is approximately half of the range at sample grouping 50. Once the sample 

size increases to about 300 samples, it becomes evident that the median and range 

does not considerably change in comparison to the final sample size of 460. 

4.5 Comparison of Models  

The results of both the LAS and Krige models both converge around an expectation 

of BH volume to be in the range of 220,000 ï 240,000 m3, with differing levels of 

variance about the average estimate. The results of the Krige best estimate and LAS 

models can be seen directly compared in Table 10. 
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Table 10: Comparison table of Krige and LAS model results with respective 99% 

confidence interval bounds. 

Grouping - 
Type 

LAS Average 
Vol. (m3) 

Krige 
Volume 

(m3) 

LAS Upper 
Bound (m3) 

LAS Lower 
Bound (m3) 

Krige Upper 
Bound (m3) 

Krige Lower 
Bound (m3) 

50 - Avg 288,488  147,219  342,866  234,110  235,829  58,609  
50 - Max 268,093  172,680  330,305  205,881  284,898  60,461  
50 - Min 308,681  124,824  358,338  259,025  195,675  53,973  

100 - Avg 250,256  172,147  284,614  215,898  240,762  103,532  
100 - Max 241,642  186,738  279,212  204,072  267,874  105,602  
100 - Min 273,001  141,330  305,241  240,761  189,230  93,430  
200 - Avg 245,016  209,147  269,511  220,521  263,429  154,864  
200 - Max 240,116  217,366  263,471  216,761  280,049  154,682  
200 - Min 268,796  169,850  288,529  249,063  200,080  139,620  
300 - Avg 244,681  218,498  261,920  227,443  264,800  172,197  
300 - Max 240,825  223,568  258,628  223,022  276,715  170,421  
300 - Min 252,478  206,380  270,177  234,779  234,407  178,352  
400 - Avg 239,685  220,411  254,937  224,432  262,233  178,588  
400 - Max 235,873  224,443  248,664  223,081  274,458  174,429  
400 - Min 248,885  210,272  262,985  234,785  241,563  178,981  
460 - Avg 237,039  221,182  251,325  222,753  258,697  183,667  
460 - Max 233,543  224,609  244,599  222,486  269,326  179,892  
460 - Min 244,008  214,351  256,744  231,272  244,177  184,526  

 

For Table 10, the upper and lower bounds for Krige and LAS are referring to the 

standard normal 99% confidence bounds. 

The comparative results of the Krige and LAS models can be visually depicted in a 

comparative bar graph, as seen in Figure 20 where the blue bars are LAS results and 

green are Krige results. 
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Figure 20: Comparison bar graph of LAS and Krige volume results with 99% confidence intervals as error bars. 
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As seen in Figure 20, the LAS results are quicker to approach the final volume (of 

the 460 sample size) in comparison to the Krige results. When considering the 

confidence intervals as depicted above, the LAS results produce a higher confidence 

estimate of the BH volume, and more rapidly approach that value than the Krige model. 

Taking for example the sample groupings 50 and 100, the LAS volumes are within 

±30,000 - 65,000 m3 of the final estimate of BH volume, and their 99% confidence 

intervals are within range of the final BH volume estimate. Furthermore, the range of the 

99% confidence interval for the LAS results is approximately ±50,000 ï 62,000 m3 and 

contains the final expected mean at the 460-sample size. This variability about the 

mean LAS volume represents a C.V. of only 5.0 - 9.5%. 

When comparing the results of Krige for sample groupings 50 and 100 to LAS, the 

99% confidence interval produced does contain the final volume estimate, and the 

variability represents a C.V. of 14.6-25.9%. Furthermore, the Krige best estimate 

volumes are ±50,000 ï 90,000 m3 away from the final estimate for a sample size of 50 

and ±49,000 ï 73,000 m3 off the final estimate for a samples size of 100. 

When considering the differences between the two models considered, the LAS 

model is more capable of accurately and precisely estimating the volume of BH at lower 

and higher sample sizes. LAS was able to quickly characterize the expected BH 

sediment volume, producing an estimate at a sample size of only 50 which included the 

final estimate within its 99% confidence bounds. Furthermore, at a sample size of 50, 

LAS produced a comparable C.V. (6.7 ï 9.5%) of that of the Krige model at a sample 

size of 460 (6.0 ï 8.6%).  
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Another consideration at the lower samples sizes is the comparison between 2-D 

thickness variation maps, as the 2-D renderings depict understanding of the granularity 

of BH sediment thickness and are important in the context of remediation. At 50 

samples, both models produced imprecise details of the BH sediment thickness 

variation, however, LAS clearly displayed a better understanding of how the sediment 

thickness was thicker on the left-hand side of the model. Furthermore, at 50 samples, 

LAS produced a better understanding of how the thickness is thicker along a channel 

running from the inlet to outlet, although minimal understanding of the granularity of the 

main significant thickness channel.  

When considering the models at 100 samples, LAS produced a far higher 

understanding of the granularity and variation in the increased thickness region in the 

left-hand side of BH, as well as showed signs of a continuous increased thickness 

channel running from inlet to outlet. When considering the Krige model, it produced 

minimal to no understanding of the large, increased thickness region in the left-hand 

side of BH, although it did show signs of discrete increased thickness regions from inlet 

to outlet. 

At 200 samples, both models began to converge in appearance, with the Krige 

model beginning to show a larger region of increased thickness on the left-hand side of 

BH. Furthermore, both models began to show clear signs of a significant increased 

thickness channel running from inlet to outlet.  

At 300 samples, and upwards of 460 samples, both models become visually almost 

indistinguishable. Both models clearly show a region of increased thickness on the left-

hand of BH, as well as a clearly continuous channel of increased thickness running from 






























































































