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ABSTRACT

London dispersion is a weak, attractive, intermolec-
ular force that occurs due to interactions between in-
stantaneous dipole moments. While individual disper-
sion contributions are small, they are the dominating at-
tractive force between non-polar species and determine
many properties of interest. Standard semi-local and hy-
brid methods in density-functional theory do not account
for dispersion contributions, so a correction such as the
exchange-hole dipole moment (XDM) or many-body dis-
persion (MBD) models must be added. Recent litera-
ture has discussed the importance of many-body effects
on dispersion, and attention has turned to which meth-
ods accurately capture them. By studying systems of
interacting quantum harmonic oscillators from first prin-
ciples, we directly compare computed dispersion coeffi-
cients and energies from XDM and MBD, and also study
the influence of changing oscillator frequency. Addition-
ally, the 3-body energy contributions for both XDM, via
the Axilrod-Teller-Muto (ATM) term, and MBD, via a
random-phase approximation (RPA) formalism, are cal-
culated and compared. Connections are made to in-
teractions between noble gas atoms, as well as to the
methane and benzene dimers, and to two layered materi-
als, graphite and MoSs. While XDM and MBD give sim-
ilar results for large separations, some variants of MBD
are found to be susceptible to a polarization catastrophe
at short range, and the MBD energy calculation is seen
to fail in some chemical systems. Additionally, the self-
consistent screening formalism used in MBD is shown to
be surprisingly sensitive to the choice of input polariz-
abilities.

1. INTRODUCTION

London dispersion,’? the weakest van der Waals
interaction,® is an attractive intermolecular force that
arises between temporary dipoles of neighbouring atoms.
The strength of dispersion interactions depends on fac-
tors such as the intermolecular contact area and po-
larizability. While weaker than ionic, covalent, or hy-
drogen bonds, London dispersion determines impor-
tant system properties such as adhesion,* friction,”
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surface adsorption,® phase-change conditions,” stabil-

ity of supramolecular complexes,® packing in molecular
crystals,” and the shapes of biomolecules'®.

The dispersion interaction between a pair of atoms can
be described in terms of a multipole expansion through
second-order perturbation theory. The total dispersion
energy can then be written as an asymptotic series ex-
pansion of the form
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where R;; is the distance between the two atoms i and
j, and the C),’s are the so-called dispersion coefficients.
Cg accounts for dipole-dipole interactions, C's accounts
for dipole-quadrupole interactions, and C7g accounts for
quadrupole-quadrupole and dipole-octupole interactions.

A number of recent articles have discussed the im-
pact of many-body effects on dispersion interactions
and their importance in various chemical or solid-state
systems.'' 20 We have argued that many-body effects
can be separated into two distinct categories, atomic
and electronic, based on the perturbation theory of
dispersion.?! In our definition, atomic many-body effects
refer to terms that involve more than two atoms obtained
from higher levels of perturbation theory, beyond second
order. The most significant of these is the three-body,
Axilrod-Teller-Muto (ATM) term???3 that arises from
third-order perturbation theory. For a trio of atoms, the
ATM energy is given by
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where 6; is the angle between atoms i, j, k with atom 4
at the vertex. This term predicts repulsion for atoms
in equilateral or right-angle triangular configurations,
and maximal attraction for linear configurations. Using
Dobson’s classification of dispersion interactions,?* these
atomic many-body effects can be classified as a subset
of the Dobson-B interactions. We have, however, argued
that contributions from the ATM term are negligible in
molecular systems.?!2°

Electronic many-body effects refer to the responsive-
ness of the dispersion coefficients due to the surrounding
atoms. The C,, coefficients in Eq. (1) will vary from their
free-atom values depending on chemical bonding, atomic
charge, coordination, hydrogen bonding, and even the
presence of distant atoms or molecules.?!+26 Under Dob-
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son’s classification, electronic many-body effects account
for the entirety of Dobson-A effects and some Dobson-
B effects. These electronic many-body effects can cause
drastic changes in dispersion coefficients, particularly for
inorganic solids.?"?” Capturing these changes is essential
for accurate modelling of a system’s dispersion energy,
and will be a focus of this work.

Within the context of density-functional theory
(DFT), dispersion terms must be explicitly included ei-
ther through incorporation in the exchange-correlation
functional, or through an additive, post self-consistent
field (post-SCF) correction. In this work, we will limit
our discussion to post-SCF dispersion corrections, of
which the exchange-hole dipole moment (XDM)?® 3! and
many-body dispersion (MBD)'2 methods are two of
the most accurate. Both of these models involve disper-
sion coefficients that respond to changes in atomic en-
vironment without introduction of empirical parameters,
although the origins of their environment dependence are
quite different. MBD is based on a model of interact-
ing harmonic oscillators, while XDM captures changes in
dispersion coefficients through use of the self-consistent
electron density and its derivatives. There are other es-
sential differences between these two methods, includ-
ing the form of the dispersion energy, how it is damped
for small internuclear separations, whether atomic po-
larizabilities are treated as isotropic on anisotropic, and
whether higher-order terms beyond the leading-order Cg
contribution are taken into account.

While the MBD implementation in FHI-aims computes
only the total many-body dispersion energy, it is possi-
ble to reformulate the theory in terms of the random-
phase approximation (RPA)?373° to obtain a decomposi-
tion into 2-body, 3-body, and higher-order terms. How-
ever, this is very different from the partitioning into elec-
tronic (changes in the dispersion coefficients due to the
presence of all other atoms in the system) and atomic
(ATM and analogous terms from higher orders of pertur-
bation theory) many-body effects described above. For
example, in the MBD definition, 3-body terms will in-
clude other contributions in addition to the ATM term.?>
Beyond-pairwise terms in MBD have been shown to have
large contributions to the overall dispersion energies of
molecular crystals,'® supermolecular complexes,®® and
large biomolecules.? Much of the debate in the literature
concerning the relative importance of beyond-pairwise
dispersion effects is likely due to these disparate defini-
tions.

Given the contrasts between the theoretical underpin-
nings and mathematical forms of XDM and MBD, it is
notable that they give quite comparable accuracy for
many common benchmarks for intermolecular interac-
tions, molecular crystals, and layered materials. This
has prompted us to take a step back and compare the
behaviours of these two dispersion methods for a selec-
tion of simple model systems, in which the dispersion
physics can be examined in the absence of confusing fac-
tors such as choices of electronic structure code, basis set,

or exchange-correlation functional.

In this work, we compare XDM and MBD, as well the
Tkatchenko-Scheffler (TS) method,*® on a first-principles
interacting quantum harmonic oscillator model at finite
separations. Oscillator systems were chosen since they
form the basis of the MBD model, while it has been
shown that XDM recovers the exact result for the asymp-
totic interaction between harmonic oscillators from per-
turbation theory.?! We consider linear arrangements of
two, three, and four oscillators, where a variational model
is used to capture changes in the free-oscillator wavefunc-
tion due to interactions with its neighbours. Linear ar-
rangements of these small oscillator systems should serve
to maximize the magnitude of the ATM term, as well as
the polarization anisotropy.®” The dispersion energy and
Cg coefficients are computed from the variationally opti-
mized wavefunctions with XDM, and compared to the T'S
and MBD results for the same quantities. The aim is to
determine if the methods provide comparable treatment
of dispersion, including many-body effects, despite their
different theoretical bases. Additionally, calculations are
performed on linear chains of noble gas atoms to con-
nect the oscillator results with real atomic systems. Fi-
nally, we consider two homo-molecular dimers (methane
and benzene) and two layered materials (graphite and
MoS5) to highlight similarities and differences between
our model systems and those more relevant to chemistry
and materials science.

2. THEORETICAL BACKGROUND
2.1. Overview of DFT

In Kohn-Sham?®3° DFT, the total energy is written as
a functional of the electron density,

N
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for N electrons occupying orbitals ¢;(r). The DFT en-
ergy is
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where the component terms are the Kohn-Sham kinetic
energy, Tks, the external potential, veys, the Hartree en-
ergy, Ey, and the exchange-correlation energy, Fxc. A
plethora of forms have been proposed for Fxc, resulting
in the classification of DF'T methods. The most common
types used in chemistry and physics applications are
the local density approximation (LDA), generalized
gradient approximations (GGAs), meta-GGAs, and
hybrid functionals.*0-4!

Standard semi-local and hybrid functionals** 47 do not
account for London dispersion forces, so a correction



must be added. Here, we will focus on additive, post-
SCF dispersion corrections to the DFT energy,

Eiotal = EprT + Edisp - (5)

These corrections are typically based on the second-
order perturbation theory of dispersion and examples in-
clude the Grimme-D series,®52 TS 136 MBD (and its
variants),'1:12:32:53°57 and the XDM?® 3! dispersion cor-
rections.

2.2. The Exchange-Hole Dipole Moment Model

The exchange-hole dipole moment (XDM) model?® 3!
is a post-SCF, or a posteriori, dispersion correction based
on second-order perturbation theory. The XDM disper-
sion energy is calculated via

) CXDM
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which sums over all atom pairs, ¢ and j. This model
considers the n = 6,8,10 terms from the multipole ex-
pansion, as it has been shown that the contribution of
higher-order terms is negligible.?® Unlike other dispersion
corrections, the foundation of the XDM model is based
on the principle that instantaneous dipoles form between
reference electrons and their corresponding exchange-
correlation holes, approximated simply by their exchange
holes. These instantaneous dipoles create dispersion
interactions that manifest as attractive forces between
atoms.

Eq. (6) uses the Becke-Johnson damping function?®
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is a “critical” separation for interactions between atoms i
and j at which the contributions from the various terms
in the multipole expansion become equal. a; and ay are
damping parameters that are fit for use with a particu-
lar density functional, and perhaps basis set. Their val-
ues are typically determined by minimizing the binding-
energy errors for a given benchmark set®®°? and are kept
fixed thereafter.

The exchange-hole dipole moment for a reference elec-
tron at point r; is obtained by integrating the exchange

hole over ry via
dxq(r1) = /7'2 hxo(r1,re)dra — 1, 9)

where ¢ is a spin index. Two choices of exchange hole
have been used in XDM. In the original version of the

model,?® we used the exact exchange hole
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and this was shown to give exact Cg dispersion coeffi-
cients for hydrogen and highly accurate results for noble
gas atoms.?? However, for molecules and solids, it was
later found to be both more accurate and more efficient
to use the Becke-Roussel (BR) exchange hole,®*:61 as it
intrinsically captures some correlation effects that serve
to localize the full exchange-correlation hole to regions
of roughly atomic size. While the BR hole is used in all
electronic structure programs that include XDM, we will
use the exact exchange hole in the computations on the
quantum harmonic oscillators as it is well-suited for this
type of system.

To compute accurate dispersion energies for realistic
systems, we require the inclusion of higher-order ¢-pole
contributions such as quadrupole (¢ = 2) or octupole
(¢ = 3) moments. If a reference electron is centred at a
distance r from its nucleus, the centre of its correspond-
ing exchange hole will be a distance (r — dx,) from the
nucleus, and so the magnitude of the /-pole moments is
then r* —(r—dx,)¢. Thus, the general multipole-moment
integral is of the form

(M2) :Z/pg(r) [~ (r—dxo)]2dr, (1)

and the pairwise C, ;; coefficients for Eq. (6) may be
expressed as
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Here, the atomic polarizability, «;, is approximated as

v
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where af'®® is the free atomic polarizability obtained

from readily available reference data,’? and the effective
atomic volume,

v; = <r3>l, = Z/r?’pw(r) dr, (16)

for atom ¢ may be expressed in terms of the spin-indexed
density, p,,i, for that atom. We note that XDM treats
both the moment integrals and atomic polarizabilities
as isotropic, which is not the case in many chemical
systems.?® However, the intermolecular dispersion inter-
actions would be anisotropic as they depend on the spe-
cific molecular geometries.

To capture atomic many-body effects, the XDM model
may also, optionally, include the 3-body Axilrod-Teller-
Muto (ATM) dispersion term,?*?? defined for XDM as
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The Cg ;1 coefficient arises from the nonadditive instan-
taneous dipole interactions between atoms ¢, j, and k,
and has the form?®
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The recommended Becke-Johnson damping function for
the ATM term is determined by the product of three fi*
damping functions as

wina(Rijy Riws Rji) = f37 (Rij) £37 (Rar) f57 (R -

(19)
This corrective term to the dispersion energy is omitted
from the default implementation of the XDM method
as it has been shown to have no effect on the errors in
computed binding energies or can even cause the error
to slightly increase.?® It is believed that this behaviour
is due to errors from the base density functional being
an order of magnitude larger than the ATM dispersion
energy for molecular clusters.?!:63

2.3. The Tkatchenko-Scheffler Model

The Tkatchenko-Scheffler (TS) model®*® only consid-
ers the lowest-order dispersion term, corresponding to
instantaneous dipole-dipole contributions of the form
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where the sum is over all electron pairs. f1%" is a Fermi-

type Wu-Yang damping function®® of the general form
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where d and 8 are empirical parameters. The TS vari-
ant of this damping function has d = 20. The effective
homoatomic dispersion coefficients (Csi;), static polar-
izabilities (oY), and vdW radii (R?) may be determined
for each atom, i, via

SV (Ry) = (21)
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where the values of C&¢¢, affee and Rf'¢ are obtained

from existing literature tabulations.®> %8 The sum of

vdW radii for use in the damping function is Rf; =
RY + R%. The heteroatomic dispersion coefficients are
obtained from their homoatomic counterparts using the

Slater-Kirkwood formula:%9 72
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As with XDM, the atomic polarizabilities and dispersion
coefficients are treated as isotropic.

2.4. Self-Consistent Screening Formalism

Through the use of the self-consistent screening (SCS)
formalism, 7 the polarizabilities may be refined via the
SCS equation of classical electrodynamics,

o S (iw) = af (iw) + o (iw) Y Ty; ofS(iw),  (26)
J#i

where oS is a tensor that contains the z, y, and z polar-

izability components for atom i. Eq. (26) may be solved

via matrix methods.®® The initial frequency-dependent

polarizability of atom i is approximated using the static



TS polarizability of Eq. (23) by considering the leading
term of the Padé series™®"® as
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is the characteristic excitation frequency for quantum
Drude oscillators, derived from the London dispersion
formula.!

The second-rank dipole-dipole interaction tensor
used in Eq. (26) is given by
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where the interaction potential involves the Gauss error
function”™ 8" and is
erf[Rij/ol-j]
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Here 0;; = /(07 + 07}) is the effective width of the Gaus-

sian charge distribution for o; = (1/2/ma?/3)Y/3. The
tensor elements then take the form
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where a and b are Cartesian components {x,y,z}, and
R{; denotes the a-component of R;;.

Once the SCS polarizability tensors for each atom are
obtained via Eq. (26), the mean value of the z, y, and z
components, denoted oS (iw), may be substituted into

i
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to obtain the isotropic SCS dispersion coefficients. These
Cs coefficients may then be used in Eq. (20), giving rise
to the TSQSCS method. The SCS vdW radii required for
the damping function are RY“S = (cuiSCS/ozlfree)l/3 Rfree,
SCs

where o7%> is the SCS polarizability at zero frequency.

2.5. The Many-Body Dispersion Model

The many-body dispersion model’s energy is com-
puted via the coupled fluctuating dipole model (CFDM)
Hamiltonian,?? 80 where each atom in the system is rep-
resented by a corresponding Drude oscillator®”#8 (i.e. an
isotropic quantum harmonic oscillator). The solution of

this system requires diagonalizing the 3Nx3N CMBD 1.
trix, which is composed of 3x3 matrix sub-blocks, C%IBD,
describing the dipolar coupling between oscillators as

C%BD =0;; (w,s‘cs)g—k(l — 0i5) wiS,CSw]SCS‘/aZscsajscsTij

(33)
where WS = 2C598/(af5)2.5 We note that while
Eq. (33) implies the use of SCS, it is not strictly nec-
essary. As only the lowest-order interactions are consid-
ered via the dipole-dipole interaction tensor, T;;, MBD
is considered a Cg-only method. Although recent work
has extended MBD to include quadrupolar terms which
would capture Cg and part of Cjp,°%?! this so-called
MBDQ variant is not presently implemented in any open-
source codes to our knowledge. The diagonalization of
the CMBP matrix yields 3N eigenvalues, \;, which corre-
spond to the square of the interacting quantum harmonic
oscillator frequencies. The MBD interaction energy is
then given by the difference of the interacting and non-
interacting frequencies as

(34)
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The MBD model is based on the adiabatic connec-
tion fluctuation-dissipation?*?° (ACFD) theorem within
the random-phase approximation®®?” (RPA) framework.
This ACFD-RPA approach can be used to obtain the
correlation energy for a system of N interacting quan-
tum harmonic oscillators for a dipole-dipole interaction
potential via3%53
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Here, xg is the non-interacting response function, and v is
the interaction potential. The xgv term may be written
in matrix form as the product AT, where A is a diago-
nal 3N x 3N matrix with the negative of the frequency-
dependent input polarizability for particle ¢ on each of
the 3 x 3 diagonal subblocks, and T is a dipole-dipole
interaction tensor. Eq. (35) enables one to decompose
the MBD energy into each of its n-body contributions.

MBD!' has shown improved performance over the
TS model for the $22,%8 S66,%7190 S66x8,797 101 and
S66x 732 benchmarks of gas-phase molecular dimers both
near and away from their equilibrium geometries.

(35)

2.6. Range-Separated Self-Consistent Screening

Tkatchenko et al. proposed using a range-separated
self-consistent screening variant of MBD, named
MBD@rsSCS,'?32 to damp the dispersion energy at
short intermolecular separations. This range separa-
tion is accomplished by modifying a Fermi-type damping

function,®? fW.X., to damp the dipole-dipole interaction



tensor from Eq. (31) into a short-range version, Tsr,ij,
with elements

Téh iy = |1 = PG (Rip) | T (36)
We note that fYtq has the same form as Eq. (21) but
uses d = 6, as well as a different § damping param-
eters from TS, so we have labelled them separately to
avoid confusion. The 1sSCS polarizabilities, af*5¢S, and
characteristic excitation frequencies, w!*>“S  are deter-
mined by substitution of Tggr ;; into the SCS equation
as given in Eq. (26). Similarly, the long-range dipole-
dipole interaction tensor, TrR s;, is approximated to have
a frequency-independent form with elements described by
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Finally, oSS, 's5CS and TrRr,;; may be substituted
into Eq. (33) to determine the MBD@rsSCS energy, and
a™5¢S may be substituted into Eq. (32) to obtain the
MBD@rsSCS dispersion coefficients. Extensive bench-
marking of MBD@rsSCS has shown slight improvements
over MBD across a diverse range of data sets.!3:32:102

2.7. MBD-Free and MBD-XDM

The MBD model traditionally uses the polarizabilities
and Cj coefficients from the TS model as a starting point
for the SCS and rsSCS schemes. However, this choice
is rather arbitrary and it is not clear to what extent it
impacts the evaluation of the final dispersion coefficients
and energies. Here we considered two new variants, which
we call MBD-Free and MBD-XDM. These variants are
not intended for production use, but rather, to assess the
sensitivity of SCS/rsSCS to the starting conditions.

The MBD-Free variant uses a free-atom starting point,
allowing us to visualize the effect of SCS separately from
the TS model’s volume scaling as used in Egs. (22)
and (23). This variant would be expected to be well be-
haved for systems where a free-atom starting point would
be reasonable, such as for noble gas atoms. Conversely,
MBD-XDM uses the XDM dispersion model as a starting
point. Here, the starting Cg coefficients and polarizabil-
ities are given by

XDM
Co,ii = Coi > (38)
7
0 __  free 52
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where the square-root is determined through the com-
parison of Egs. (22) and (23). These quantities are then
used to evaluate the characteristic excitation frequencies
and frequency-dependent polarizabilities that are used
as input to the SCS or rsSCS process through Egs. (27)
and (28). The final MBD-Free and MBD-XDM disper-

sion coefficients are then obtained from the resulting SCS
or rsSCS polarizabilties via Eq. (32).

3. INTERACTING OSCILLATOR SYSTEMS

Quantum harmonic oscillators are the classic model
system for dispersion. They are at the heart of the MBD
method, and XDM has also been shown to be exact for
the asymptotic (weakly-interacting) limit for harmonic
oscillators.?! In this work, we aim to model interacting
oscillators with XDM over a range of distances and de-
termine if the environment dependence is similar to what
is observed for real chemical systems. The ultimate goal
will be to compare predicted XDM and MBD energies
and dispersion coefficients for harmonic oscillators, and
determine if they give equivalent response to surrounding
environment/many-body effects.

3.1. The Isotropic Quantum Harmonic
Oscillator

To study systems of interacting oscillators we start
from the single-oscillator case: the isotropic quantum
harmonic oscillator. The corresponding potential has the
form

V(r)= 1;10.)27“2 , (40)

where the angular frequency w = \/ks/u may be written
in terms of the effective spring constant, kg, and reduced
mass, pu. The wavefunctions that satisfy the resulting
Schrédinger equation are given by!03
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. .. (e+3)

where Ny is the normalization constant, L, (x) are

the generalized Laguerre polynomials, Y;" (6, ¢) are the

spherical harmonic functions, and v = #w/2n. The corre-

sponding energy eigenvalues for these wavefunctions are
given by

E:hw(2k+e+‘;’). (42)

The energy is normally described by the single quantum
number n = 2k + ¢. Here k € Ny, £ < n € Ny, and
—¢ < m < ¢ € Z. The wavefunctions in Eq. (41) are
square-integrable and normalized over their configuration
space [, [eem (1)|? dr = 1, while also satisfying the or-
thonormality condition for their three quantum numbers:
<wk1£1m1 (r)|¢k252m2 (Ir')> = 5/€1k2 651f25m1m2'
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FIG. 1. The selected geometries for our dimer (a), trimer (b),
and tetramer (c) systems of interacting quantum harmonic
oscillators, such that all oscillators are aligned along the z-
axis. The nucleus of each oscillator is represented by a red
sphere, while their corresponding electrons are represented by
blue spheres.

3.2. Interaction Hamiltonian

Dimer, trimer, and tetramer systems of interacting
oscillators were aligned along the z-axis, as shown in
Fig. 1, such that each system is symmetric across the z-y
plane. Aligning the oscillators as a linear chain comes
with numerous benefits: it reduces the computational
resources needed as this first-principles model will scale
with O(N*%), linear chains will maximize the polarizabil-
ity anisotropy captured by the SCS model,>” and a lin-
ear configuration of oscillators will maximize the ATM
term.?? The distance between any two adjacent oscil-
lators is defined as Rsp. R, is the vector that points
from the system origin to the nucleus of each oscillator,
p={A4,B,...}, and 7, is the vector that points from the
nucleus of oscillator p to its respective electron.

To study the properties of these systems, we first
must construct the Hamiltonian which describes them.
Within the Born-Oppenheimer approximation,'?* the
non-interacting terms (i.e. kinetic and potential energy
terms for a single oscillator) in our Hamiltonian have the

form

P ’ n? o 1 2,2

Tp —+ V[) = —%Vp + iupwprp 5 (43)
for a particular oscillator p. The interactions between
the different oscillators will be Coulombic, and will con-
sist of electron-nuclear, electron-electron, and nuclear-
nuclear terms. The electron-nuclear term for the electron
of oscillator p interacting with the nucleus of oscillator g,

with p # ¢, is
e? —Z4

Uer = , 44
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where e is the charge of the electron, Z, is the atomic
number of oscillator ¢, and ¢g is the permittivity of free
space. Similarly, the interaction between the electrons of
two oscillators p and ¢ is described by

2 1
e — - .
PE dme [((Ry +1p) — (Rg + 1)

(45)

Lastly, nuclear-nuclear contributions have the form

Unn: 62 ZPZq )
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Combining these contributions together, the general in-
teraction Hamiltonian is

a=% (Tp - Vp) +y° (U;,‘; + %0;; + ;Ug‘;) . (47)
p a7#p

For the electron-nuclear component, the p = ¢ term is
omitted because that interaction has been described by
the harmonic coupling in Eq. (40). For both the electron-
electron and nuclear-nuclear terms, the factor of 1/2 ac-
counts for the double-counting of contributions.

The systems will be modelled after interacting hydro-
gen atoms, so we will choose Z4 = Zg = 1. The reduced
mass of our system then becomes p = 1836/1837 a.u. We
note that the polarizability of a quantum harmonic oscil-
lator may be expressed in terms of the electron charge,
e, and the spring constant, ks, as a = €2/k,.1% Thus,
the polarizability and angular frequency are intrinsically
linked for this system via

e2

a= ek (48)
and choosing of™® = 4.5 a.u. to match hydrogen gives
a corresponding frequency of w = 0.4715 a.u. These val-
ues were chosen for all calculations unless stated oth-
erwise. Another possible choice is to recall that the
first excitation energy for hydrogen is 3/8 a.u. and the
QHO energy level spacing is fiw. Thus, w = 3/8 a.u. and
aff*® = 7.115 a.u. is reasonable. Alternatively, the SCS
routine selects the characteristic excitation frequency via



Eq. (28). Using Cg4; = 6.5 a.u. and of = 4.5 a.u. to
match hydrogen yields w = 0.428 with a corresponding
afree = 54624 a.u. The effects on Cg with these alternate
values of w are discussed in Section 4.3.

3.3. Wavefunctions

In constructing the wavefunctions for the interacting
oscillators, we use the variational method with a basis of
hydrogen-like isolated-oscillator wavefunctions. To help
connect with chemical intuition, we will refer to these os-
cillator wavefunctions by their analogous atomic orbital
names, determined by their spherical harmonics. Here,
we considered wavefunctions from the ground, first, and
second excited states that exhibited bilateral symmetry
along the z-axis. The only wavefunctions that satisfied
this symmetry were the 1s orbital from the ground state,
the 2p, orbital from the first excited state, and the 2s
and 3d,2 orbitals from the second excited state. Their
explicit forms are given by

dia(r) = 2;—// (49)
oy (1) = 27:37745/4 ey cos(0) (50)
Yas(r) = 2\1/;:17:;//: eV’ (3 —4vr?) (51)
Y3a_, () = 2T e 2 (3cos(20) + 1) (52)

/3 3/4

and plots of these four orbitals are shown in Fig. 2.

For each oscillator p, the total wavefunction is given as
a linear combination of these four orbitals as

Uy =) cithpi- (53)

2

To ensure symmetry of the wavefunctions across the -y
plane, substitutions of §, — @ — 6, were made for cer-
tain oscillators: #p was substituted for the dimer system,
O¢c for the trimer system, and both g and 6p for the
tetramer system. These choices permitted constructive
orbital overlap between adjacent oscillators allowing us
to capture the bonding behaviour of the system. Due
to symmetry, the central oscillators (trimer oscillator B,
and tetramer oscillators B and C) require different ex-
pansion coefficients than the terminal oscillators in each
system. The expansion coefficients for the terminal oscil-
lators in each system will simply be written as ¢;, while
the expansion coefficients for the central oscillators will
be written as d;.

Testing was performed using all 10 wavefunctions from
the ground, first, and second excited states on our sys-
tems; this confirmed that only the four wavefunctions
previously discussed had non-zero contributions. Further
testing was performed regarding the inclusion of wave-

(c) 2s (d) 3d,2
L I
-0.15-0.10-0.05 0 0.05 0.10 0.15

FIG. 2. The 1s (a), 2p- (b), 2s (c), and 3d,2 (d) free-atomic
orbitals for the isotropic quantum harmonic oscillator. From
the ground, first, and second excited states, these are the
only four orbitals that satisfy the bilateral z-axis symmetry
requirement for the interacting oscillator chains.

functions from the higher energy states, specifically the
3p, and 4f,s orbitals. We determined the inclusion of
these orbitals added no additional physics to the system,
so they were omitted for computational efficiency.

3.4. Variationally Optimized Energies

From the total wavefunctions, the one-electron energies
(i.e. the kinetic, potential, and electron-nuclear terms)
are evaluated via

Bl = <qu T,+V,+> U \pr>. (54)
qF#p

The two-electron energies (electron-electron) are simi-
larly computed via

1.
Zyee

2e
qu - <\IIP\I}‘I 9 7 Pq

xppqu> : (55)
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FIG. 3. The computed potential energy surfaces for the inter-
acting quantum harmonic oscillator systems, calculated from
first principles using a variational model.

Thus, the total system energy is given by

E:ZE;E+ZE§;+Z%U;; (56)
P

qa#p qa#p

where we note that the nuclear-nuclear terms, U;;;, are
constant and may be evaluated separately. The optimal
values of the expansion coefficients ¢; and d; have yet
to be determined. To solve for them, we variationally
optimize the wavefunctions using the method of Lagrange
multipliers.

The method of Lagrange multipliers will generate the
critical points of a multivariate function that is subject
to one or more constraint equations.'%® For our oscillator
systems, the constraint comes from the normalization re-
quirement of the expansion coefficients, ic? =1 and
>;d? = 1. The Lagrangian for our singly-constrained
dimer system is given by

L{ei},\)=E—\ (1—Zc§> , (57)

and for the doubly-constrained trimer and tetramer
cases,

L({ci}, {di}, A1, A2)
~poa(1-34) - (1-34) oy

where the A\ are Lagrange multipliers. The critical points
on our potential energy surface may be found by solving
for the expansion coefficients in the equations generated
by VL = 0. The total wavefunctions for our oscillators
are determined by substituting these coefficients into the
relevant set of wavefunctions in Eq. (53). Thus the coeffi-
cients, total wavefunctions, and system energy may been
determined for a particular value of Ry.,. Computing
the system energies for a series of separations forms the
potential energy surface (PES).

PES for the interacting dimer, trimer, and tetramer
systems are shown in Fig. 3. The curves correctly ap-
proach the sum of free-oscillator energies in the disso-
ciation limit and give the expected bonding, with the
tetramer having the deepest potential energy well, fol-
lowed by the trimer and dimer. We note that the binding
energies are comparable to those of covalent bonds.

3.5. Dispersion Coefficients and Energies for
Oscillator Model Systems

From the variationally optimized total wavefunctions,
Eq. (3) may be utilized to determine the system’s elec-
tron density, and a dispersion correction of choice may
be used. For all methods described in Section 2, the elec-
tron density and the effective volume of Eq. (16) are the
starting point. For XDM, the wavefunctions and electron
density are used to calculate the exchange-hole multipole
moments via Egs. (10) and (11), which in turn generate
the CXPM dispersion coefficients and, thus, the XDM dis-
persion energy. For TS, the effective volumes determine
Co,ii, @), and RY via Egs. (22) to (24). The Cf¥; disper-
sion coefficient is then obtained via the Slater-Kirkwood
formula, and the TS dispersion energy follows. From
TS and XDM starting points, the SCS or rsSCS polar-
izabilities can be determined for MBD, MBD-Free, and
MBD-XDM, enabling the use of those corrections as well.

4. RESULTS AND DISCUSSION
4.1. Dispersion Energies

We begin by comparing the computed dispersion ener-
gies for the harmonic oscillator model systems obtained
with the various dispersion methods. Undamped dis-
persion energies for the interacting dimer, trimer, and
tetramer are shown in Fig. 4 for both the XDM and
MBD@SCS dispersion models. We additionally show the
contribution to the XDM dispersion energy from only
the leading-order Cg dispersion term. The results indi-
cate that the undamped TS, MBD, and Cg-only XDM
dispersion energies are in excellent agreement and all
three curves are superimposed in the figure. This shows
that MBD does not implicitly capture higher-order ef-
fects through its self-consistent screening procedure or
its model Hamiltonian. It is notable that TS is in agree-
ment with both XDM-Cg and MBD. This indicates that
neither the effects of the exchange-hole dipole for XDM,
nor the additional n-body contributions from MBD, are
significantly contributing to the dispersion energy for this
model system of oscillators.

In previous work using XDM, we established that the
Cg term is responsible for only ca. 60% of the dispersion
binding.?® One may therefore wonder how MBD man-
ages accuracy that rivals that of XDM when neglecting
higher-order dispersion terms. To understand this, we
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FIG. 4. Computed undamped (top) and damped (bottom)
dispersion energies for the harmonic oscillator model systems.
The 3-body ATM term was evaluated for XDM but this en-
ergy contribution is plotted separately. RPA-3 represents
RPA’s 3-body-only energy contribution. For the damped
XDM-Cs energies, the typical BJ damping with a; = 0.65
and az = 1.68 A is shown as a solid line, and with a; = 0 and
az = 2.30 A as a dashed line.

consider the damped dispersion energies, which requires
an informed choice of damping parameters.

The damping parameters used in any dispersion model
are sensitive to the choice of base DFT method, since
they correct in part for errors in the description of non-
bonded repulsion provided by the exchange-correlation
functional, as well as basis-set incompleteness. To ob-
tain “ideal” damping parameters, we consider the set of
six noble-gas dimers consisting of all combinations of He,
Ne, and Ar, studied by Kannemann.'°” In that work, the
PWS86PBE exchange-correlation functional'®®1%9 with
the aug-cc-pV5Z basis set and counterpoise correction!!?
was chosen to give as accurate as possible a treatment
of non-bonded repulsion to pair with a dispersion correc-
tion. The optimal parameters were determined by mini-
mizing the root-mean-square percent error in the binding
energies for all six dimers.

The ideal BJ damping parameters for use with XDM
were found to be a; = 0.65 and as = 1.68 A.1°7 For the
current study, we optimized the [ parameter from the
Wu-Yang damping function in Eq. (21) for both TS and
MBD@rsSCS. Here, the TS and MBD@rsSCS dispersion
energies were evaluated with FHI-aims using the PBE
functional and “tight” basis sets. The dispersion energies
were then combined with the literature PW86PBE /aug-
cc-pV5HZ counterpoise-corrected electronic energies. This
ensured that the damping functions were parameterized
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in as similar a way as possible to allow direct com-
parison. The optimal damping parameters for TS and
MBD@rsSCS were determined to be frs = 0.86 and
Brsscs = 0.62 respectively. Lastly, we wanted to see
how TS and MBD@rsSCS compare to XDM-Cg, the Cg-
only contribution to the damped XDM energy. Using
the same methodology, reparameterizing XDM-Cy re-
sulted in optimal BJ damping parameters of a; = 0 and
as = 2.30 A, since a; must have a non-negative value.

Using these ideal damping parameters, a comparison
of the damped dispersion energies from XDM, TS, and
MBD is shown in Fig. 4. Interestingly, the MBD, TS, and
XDM damped dispersion energies track each other closely
at large internuclear separations (>6 Bohr). This is also
the case for XDM-Cgs when the BJ damping parameters
are optimized for the Cg-only energy, but not when using
the full-XDM parameterization. At short range, the TS
dispersion energy is strongly damped, while MBD actu-
ally provides greater dispersion stabilization than the full
XDM dispersion energy, and is in notably high agreement
with the reparameterized XDM-Cy for >4 Bohr. Thus,
the choice of damping can cause the MBD dispersion en-
ergy to resemble the full XDM dispersion energy rather
than only the Cg term, in the same way that a weaker
damping function on XDM-C}y can achieve similar re-
sults.

For the trimer and tetramer, the contributions of both
the ATM term and the 3-body energy from RPA are in-
cluded. The ATM contribution to the energy was cal-
culated with XDM as described in Section 2.2. For the
RPA contribution, each of the n-body contributions to
the correlation energy were extracted from Eq. (35). We
compare these 3-body contributions for undamped and
damped trimer and tetramer systems at all computed
separations beyond 4 Bohr. To ensure fair comparison
between the RPA energy and MBD, the SCS starting
point was used for the undamped energies, and rsSCS
was used for the damped energies. The individual n-body
RPA and MBD energies were compared, and found to be
within 1% of each other. Further, the 2-body RPA en-
ergy captured no less than 97.9% of the total many-body
energy. There is remarkably high agreement between the
undamped ATM and 3-body RPA energies, as seen from
the nearly superimposed curves in Fig. 4, differing by no
more than 3.2%. These results agree with our previous
finding?! that the ATM term represents a negligible con-
tribution to the overall dispersion energy.

4.2. Analysis of Cs Behaviour

Next, we analyze the changes in Cg coefficients them-
selves. The computed Cg coeflicients are plotted in Fig. 5
as a function of internuclear separation for the dimer,
trimer, and tetramer models, with separate plots for the
symmetry distinct (central and terminal) oscillators. Re-
sults are shown for the TS and XDM dispersion mod-
els, as well as for the SCS and rsSCS schemes used in
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FIG. 5. The analysis of Cs for the oscillator chains. For the
MBD methods, solid lines are Cs coefficients derived from
SCS polarizabilities and dashed lines are derived from rsSCS
polarizabilities. The vertical lines indicate the equilibrium
bond distances for each system.

MBD with the usual TS (MBD), free-atom (MBD-Free),
or XDM (MBD-XDM) starting points. While the SCS
and rsSCS Cj coefficients do not explicitly appear in the
MBD energy expression, their magnitude is directly re-
lated to the dispersion stabilization.

Overall, all of the methods give dispersion coefficients
that are responsive to changes in the local environment of
each oscillator. The Cg coefficients all correctly approach
the free-oscillator limit at large separations. They then
reach a maximum value as the separation decreases to be-
tween 2-3 Bohr. While there is some variation depending
on the particular model system and internuclear separa-
tion, the dispersion coefficients follow the rough trend of
MBD > MBD-XDM > TS > XDM > MBD-Free. Thus,
the SCS and rsSCS schemes are surprisingly sensitive to
the choice of starting polarizabilities and dispersion co-
efficients. This stands in sharp contrast to the usual self-
consistent evaluation of DFT energies, which are typi-
cally insensitive to the choice of starting guess (provided
convergence can be reached). A more subtle trend is that
SCS tends to give larger changes in C than rsSCS.

The increase in Cg (relative to the infinitely separated
limit) is smallest for the terminal oscillators, followed by
the central oscillator in the trimer and tetramer, with the
latter showing the highest Cg values. This change with
environment is captured by all of the models. The Cg
increase between the free oscillators, terminal oscillators,
and central oscillators is an example of what we mean by
electronic many-body effects and could also be considered
Dobson-A effects. Additionally, the higher Cg for the
central oscillators of the tetramer, relative to the trimer,
would not be captured by a simple coordination number
descriptor.

To connect with the oscillator data, we performed cal-
culations on a similar chemical system: linear argon
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Nuclear Separation (Bohr)

FIG. 6. Variation in Cs for argon chains, from FHI-aims
calculations using the PBE density functional with “tight”
basis sets. For the MBD methods, the rsSCS routine was
used. The vertical lines indicate the reference equilibrium
separation for the Ar dimer.'?

chains. The geometries were analogous to those shown
in Fig. 1, with the separation between each Ar atom held
fixed at the same Ry.,. These calculations were per-
formed with the XDM, TS, and MBD dispersion models,
all using the PBE density functional'®® and the “tight”
basis sets in the FHI-aims package.''>''? Here, the PBE
functional was chosen because it is the recommended
GGA to pair with MBD. As such, PBE was used for
all calculations in this study to ensure a fair compari-
son between dispersion methods, despite the fact that
combining XDM with a dispersionless base functional
such as B86bPBE!??:114 results in higher accuracy.*” For
these calculations, we also modified the code to imple-
ment MBD-Free, which was expected to give similar re-
sults to MBD for noble gases where a free-atom reference
is highly intuitive. The computed dispersion coefficients
for the argon dimer, trimer, and tetramer are shown in
Fig. 6, where all MBD methods used the rsSCS routine.

The argon-chain results show that the dependence on
surrounding environment is qualitatively similar to that
seen for the quantum harmonic oscillators. The XDM,
TS, and MBD dispersion coefficients again increase be-
yond their free-atom values as the internuclear distance
is shortened and reach maximum values. However, these
maximum values are obtained at much larger separations
of roughly 8-9 Bohr, which is reasonable given the larger
atomic size and far weaker binding. The maximum Cg
coeflicients are again lower for the terminal atoms than
the central atoms, although the results are quite similar
for the central atoms of the trimer and tetramer, unlike
for the oscillators.

At short separations in Fig. 6 (and in some cases in
Fig. 5 as well), MBD and MBD-Free’s dispersion coeffi-
cients show unusual behaviour as they begin to sharply
increase. We believe this is a symptom of a “polarization
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FIG. 7. Top: Effect of changing w on Cs on the dispersion corrections for the oscillator system’s dimers. For the MBD methods,
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Variation in Cg for noble-gas dimers with the internuclear separation ranging from 0.7x to 1.5Xx the reference equilibrium
distance of the dimer.''! Calculations were performed with FHI-aims for various dispersion models, using PBE with “tight”

basis sets. For the MBD methods, the rsSCS routine was used.

each system.

catastrophe”, which is a known issue with self-consistent
screening. MBD’s SCS routine relies on Applequist’s in-
teractive dipole model which predicts the divergence of
polarizabilities at low separation.'!® For chemical sys-
tems, the use of cutoffs or damping functions to address
this issue is considered essential.”

The MBD model attempts to address the issue of ex-
cessive polarization by smearing interacting point dipoles
into spherical Gaussian charge distributions via Eq. (30).
This choice of interaction potential attenuates the polar-
izability to converge to a finite value at zero separation.’?
The rsSCS routine further damps the MBD energy at
short range via a Wu-Yang damping function.?? Despite
these efforts, we see that MBD@rsSCS still suffers from
unphysical polarizabilities. Focusing on Fig. 6’s results
for the central atom in the Ar trimer, MBD-Free exhibits
a “polarization catastrophe”, but not regular MBD. This
again illustrates how sensitive the MBD method is to the
starting point and indicates that modifications of MBD
to avoid the (rs)SCS scheme®” may provide some much-
needed stability.

Further, despite the MBD and MBD-Free Cg coeffi-
cients being reported at short-range in Fig. 5, at sep-
arations below the equilibrium bond length, MBD and
MBD-Free typically generated complex-valued energies.
This behaviour will be discussed further in Section 4.4
but, as a result, the short-range MBD results presented
above should only be interpreted qualitatively.

12

The vertical lines indicate the equilibrium bond distances for

4.3. Effect of Oscillator Frequency

For the oscillator models, the results shown so far have
all used a**® = 9/2 a.u. and the corresponding w = 0.4715
a.u. The oscillator frequency controls the spring con-
stant for the interaction between the electron and nu-
cleus, which then determines the oscillator polarizability.
To investigate how the environmental/electronic many-
body effects change with element, we performed addi-
tional calculations for the dimer model in which the os-
cillation frequency, w, was systematically varied. The
considered values of w correspond to the various starting
points discussed in Section 3.2. Additionally, w = 0.525
was also used to test a higher frequency, corresponding
to a more strongly-bound electron. For each w, the po-
larizability, «, was adjusted appropriately using Eq. (48).

The Cg results for variable w are shown in the top row
of Fig. 7. For large frequencies, the electron is strongly
bound to the oscillator (high excitation energy), resulting
in low polarizability. Conversely, for low frequencies, the
electron is weakly bound to the oscillator (low excitation
energy), resulting in high polarizability. Therefore, we
expect larger variability in Cs with environment for more
polarizable oscillators, corresponding to small w. This is
exactly what is seen in Fig. 7 for all methods, though,
MBD-Free shows less dependence of Cg on w values than
the other corrections.

To connect this result with real atomic systems, we
also computed dispersion coefficients for the series of ho-
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The vertical lines indicate the reference equilibrium separation for each system.

moatomic noble-gas dimers from Hey to Xes. The cal-
culations were performed for the TS, XDM, MBD, and
MBD-Free dispersion models with FHI-aims using the
“tight” basis sets and the PBE density functional. The
results are shown in the bottom row of Fig. 7. Since
the noble gas atoms all have very strongly bound elec-
trons (high ionization potentials), the results are similar
to those obtained with the oscillators for the highest w.
There is only a modest increase in Cg near the equilib-
rium separation, relative to the free-atom limit. XDM
most clearly recovers the trend seen for the oscillators,
with the variability in Cg increasing with higher polar-
izability down the noble-gas group. Further, we note
that only XDM predicts non-constant Cg gradients near
the equilibrium bond distance for both the oscillator and
noble-gas systems, which has implications for the calcu-
lation of dispersion forces.*” At short separations, the
MBD and MBD-Free results again show a polarization
catastrophe, with more rapid divergence of the disper-
sion coefficients occurring for more polarizable elements
down the group. Notably, MBD only shows a polariza-
tion catastrophe for Ary, Kro, and Xey, while it occurs
for all 5 noble gas dimers with MBD-Free.

4.4. Connection with Molecular Dimers and
Layered Materials

To this point, we have seen that TS, XDM and MBD
all give a consistent description of electronic many-
body effects (i.e. changes in Cg for varying atomic po-
sitions) in oscillator and atomic model systems. This
stands in sharp contrast with previously observed be-
haviour for graphite.?” In this section, we extend our
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comparison of various dispersion models to two molecular
dimers (methane dimer and 7-stacked benzene dimer in
a parallel-displaced configuration) and two layered, solid-
state materials (graphite and MoSyz).

The geometries of the molecular dimers were obtained
from the $22x5 benchmark!'!% and correspond to separa-
tions both at and away from equilibrium. The geometries
of the periodic solids were obtained from Refs. 27,117
and the c lattice parameter systematically varied rela-
tive to the experimental reference value to consider ex-
panded and compressed interlayer separations. Calcula-
tions using the PBE functional, “light” basis settings,
“dense” integration grids, and each of the TS, XDM,
MBD, and MBD-NL>7 dispersion methods, were per-
formed with FHI-aims. For brevity, the QrsSCS label on
MBD will be implied throughout in this section. For the
layered materials, 12x12x4 k-point meshes were used.
The resulting potential energy surfaces are shown in the
top row of Fig. 8.

Note that the MBD-NL method represents yet another
possible starting point for MBD.®” In MBD@rsSCS, there
is a related problem to the “polarization catastrophe”
where some dipole interaction tensor elements become
similar in magnitude to the inverse values of the polariz-
abilities when the starting polarizability is too high, typi-
cally occurring at small separations, or in ionic or metal-
lic systems. This behaviour results in negative eigen-
values, suggesting that these induced dipoles are (un-
physically) aligned anti-parallel to the applied field,%®
and leads to complex-valued energies via Eq. (34). A
number of notable MBD variants that have been pro-
posed to help with this problem include the fractionally-
ionic variant®® (MBD/FT), the use of iterative Hirshfeld
partitioning!'®11® (MBD/HI), or the use of a polariz-



TABLE 1. Computed binding energies, in kcal/mol for the
molecular dimers and in meV/A? for the layered materi-
als. Literature reference data'!®!17 is shown for comparison.
Also included are mean absolute errors (MAE) for the S66x8
benchmark!'®! of molecular complexes and two benchmarks of
layered materials.!17-122

System TS MBD MBD-NL XDM | Ref.
(CHy)2 0.91 0.66 0.70 0.57 | 0.53
(CeHg)2 3.91  2.65 2.44 246 | 2.81
Graphite 34.47 21.78  18.82  19.56 | 18.32
MoS2 38.62  — 14.98  22.01 | 20.53
S66x8 (kcal/mol) [ 0.60  0.44 0.43 045 [ —
LM11 (meV/A2) | 125  — 5.0 3.7 —
LM26 (meV/A2) | 13.1  — 4.6 4.9 —

ability functional®” (MBD-NL). In MBD-NL, the initial
polarizabilities and dispersion coefficients are taken from
the non-local VV10 dispersion model.'?%12! Unlike other
MBD variants, MBD-NL does not refine the polarizabil-
ities with SCS, thus avoiding the polarization catastro-
phe. Instead, the VV10 polarizabilities are refined with
cutoffs and used to obtain the characteristic excitation
frequency via Eq. (28). The polarizabilities, character-
istic excitation frequencies, and the damped long-range
dipole potential of Eq. (37) are then used compute the
MBD-NL energy via the matrix methods described in
Section 2.5. This variant of MBD is recommended specif-
ically for layered materials, such as the transition-metal
dichalocogenides, where the rsSCS scheme cannot pro-
vide converged energies from the usual TS starting point.

With each method, homoatomic dispersion coefficients
were evaluated at each point along the PES and their
relative values are shown in Fig. 8 as a function of inter-
molecular or interlayer separation. The methane dimer,
the parallel-displaced benzene dimer, and graphite re-
sults are all qualitatively similar. XDM and MBD show
similar behaviour to each other, with an initial increase in
Cs as the molecules/layers approach each other, followed
by a sharp decrease. Again, this is similar to the results
of these methods for the oscillator models and noble-gas
systems. The outlier is the TS method, which shows
starkly different behaviour for the molecular dimers and
graphite than seen above for the oscillators and noble
gases. Specifically, TS shows a sharp increase in Cy
at small separations. It is not immediately clear why
TS gives such different behaviour for molecules than for
atomic dimers or chains; the increased Hirshfeld volumes
upon compression may perhaps be due to the presence
of covalently bonded atoms or the greater contact area
between the interacting molecules/layers.

For MoSs, only XDM and MBD-NL predict similar
changes in Cg with interlayer separation for both bulk
materials. Here, the MBD method strongly over polar-
izes and the Mo dispersion coefficients sharply increase
for separations near the equilibrium displacement. This
is because the TS starting point gives very high initial
Cg coefficients and polarizabilities for the Mo atoms, as
we will see. Conversely, MBD-NL is well behaved due to
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TABLE 2. Computed homoatomic Cg dispersion coefficients,
in a.u. for single isolated molecules and selected layered ma-
terials at large interlayer separation. The homoatomic free
Cs values for C, S,°° and Mo,®® were taken from available
reference data. Also included are mean absolute percent er-
rors (MAPE) and mean percent errors (MPE) for a set of 20
homomolecular Cs dispersion coefficients (MolC).

System Atom Free TS MBD MBD-NL XDM
CHy4 C 46.6 26.0 31.7 27.6 18.7
CeHe C 46.6 326 30.7 28.6 21.4
Graphite C 46.6 354 33.3 27.7 20.2
MoSs Mo 1029 1060 627 260 388
MoS2 S 134.0 132 80.3 101 78.5
MolCs MAPE (%) - 12.7  13.1 7.3 20.1
MolCs MPE (%) - 2.5 -3.2 -2.2 -18.2

having a much lower input polarizability and avoiding the
SCS routine, therefore avoiding these polarization issues
for MoSs and showing a decrease in Cg at short separa-
tions similar to XDM. We note, however, that MBD-NL
exhibits small oscillations in its Cg dispersion coefficients’
curves in Fig. 8, suggesting that there may be some nu-
merical instability.

To quantitatively assess the quality of the PES, the
computed binding energies are compared with high-
level reference data in Table 1. The XDM, MBD, and
MBD-NL results are generally in fairly close agreement,
while TS strongly overbinds. The greatest spread be-
tween the methods occurs for MoS,. To provide a better
statistical comparison, we also report mean absolute er-
rors (MAEs) obtained with the same collection of meth-
ods for the binding energies of the S66 x8 set of molecular
complexes'®! and the exfoliation energies of Bojrkman’s
LM26 set!'” (and its smaller LM11 subset considered by
Tawfik et al.'??) of layered materials in Table 1. These
benchmarks were computed in FHI-aims using the PBE
base functional, “light” basis settings, and “dense” in-
tegration grids. Again, for layered materials, 12x12x4
k-point meshes were used throughout. MBD, MBD-NL,
and XDM all give comparable performance for the S66x8
benchmark when paired with the PBE base functional.
The interested reader is directed to Ref. 113 for the re-
sults with differing functionals and with the “tight” ba-
sis settings. No MBD result is given for the layered
benchmark since the MBD energy evaluation consistently
predicted complex-valued energies for transition metal
dichalcogenides. Here, TS massively overbinds, similar
to what was seen for the specific case of MoSs, while
MBD-NL and XDM again give comparable, good perfor-
mance.

To evaluate the accuracy of the various methods for ho-
momolecular Cg dispersion coefficients, we constructed
a Cg benchmark using a set of 20 molecules: Hsy, No,
0O,, Cly, CO9, methane, CCly, SiHy, SiF4, SFg, ethyne,
ethene, ethane, propene, propane, butene, butane, pen-
tane, hexane, and benzene. Reference data was collected
from Ref. 123, and computations were performed using
FHI-aims with the PBE functional and “tight” basis set-



tings. During the initial development of XDM, it was
found to give a mean (absolute) percent error of only
0.3% (3.4%) for the Cg dispersion coefficients of all com-
binations of H, He, Ne, Ar, Kr, and Xe.?? Conversely, for
this set of 20 molecules, the results in Table 2 show that
XDM systematically underestimates the homomolecular
Cg dispersion coefficients, while TS, MBD, and MBD-
NL give mean percent errors much closer to zero. The
systematic underestimation of molecular Cy dispersion
coefficients with XDM, despite its excellent performance
for isolated atoms, is likely because of its use of simplistic
volume scaling to obtain isotropic atomic polarizabilities.
Similar to how MBD likely relies on its damping function
to compensate for missing C's and higher-order dispersion
terms, XDM likely relies on its damping function to com-
pensate for underestimation of Cj.

Finally, selected homoatomic dispersion coefficients for
the non-hydrogen atoms in methane, benzene, graphite,
and MoSy are collected in Table 2 and show much
larger differences between methods than were seen for
the benchmark of 20 homomolecular Cg coefficients. Par-
ticularly for MoSy, the chemical bonding causes large
changes in Cj relative to the free-atomic values, as noted
previously.2” The coefficients follow the general trend of
Free > TS ~ MBD > MBD-NL > XDM for C, and Free
~ TS > MBD > MBD-NL =~ XDM for S and Mo, which
explains the trends in MoS, exfoliation energies in Ta-
ble 1. While there is no reference data for accurate Cg
coefficients of Mo and S in MoS,, the XDM and MBD-
NL values would be expected to be the most reliable esti-
mates given the good performance of these two methods
for the exfoliation energy benchmarks (Table 1).

CONCLUSION

In this work, we constructed and variationally opti-
mized wavefunctions for a series of model systems com-
posed of interacting quantum harmonic oscillators. From
these wavefunctions, we evaluated dispersion coefficients
and energies with the XDM, TS, and several variants of
the MBD dispersion methods. The results showed a sig-
nificant difference in dispersion energies between XDM,
which includes higher-order Cg and Ciy contributions,
and the TS and MBD methods that do not. Conversely,
when considering the damped dispersion energies, all give
nearly identical results at long range and, at intermediate
range, MBD is in excellent agreement with a reparame-
terized version of XDM that uses only the Cg term.

Turning to the dispersion coefficients, the rsSCS mod-
ification of MBD seems to provide a stabilizing effect,
reducing the variation of the dispersion coefficients with
surrounding environment. All the dispersion models con-
sidered showed similar behaviour for the variation in
Cs with nuclear separation, although the MBD-based
methods showed evidence of a “polarization catastro-
phe” at short distances. Qualitatively similar results to
those for the quantum harmonic oscillators were obtained
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for dimers, trimers, and tetramers of Ar atoms, with
the MBD-based methods again exhibiting a polarization
catastrophe at short internuclear separations. We ad-
ditionally investigated how the dispersion coefficients of
two interacting oscillators change with their vibrational
frequency. In general, we found greater variations in Cg
with surrounding environment (i.e. the distance between
the coupled oscillators) for lower vibrational frequen-
cies, which corresponds to higher polarizability. Similar
behaviour was observed for DFT calculations on noble
gas dimers, where the polarizability increases down the
group.

Finally, we performed calculations on the homomolec-
ular dimers of methane and benzene, as well as graphite
and MoSs to determine if the results obtained for the os-
cillators and noble gases were transferable to larger chem-
ical systems. Overall, we found similar dependence of
the dispersion coeflicients on centre-of-mass or interlayer
separation. The exception to this was the T'S method,
where the dispersion coeflicients would increase sharply
at small distances, resembling the polarization catas-
trophe, but occurring due to increases in the Hirshfeld
atomic volumes. This behaviour would appear to make
the TS dispersion coefficients and polarizabilities a less-
than-optimal starting point for the MBD method.

A key finding of this work is that the SCS/rsSCS
schemes used in MBD show a concerning sensitivity to
the choice of input polarizabilities and dispersion coef-
ficients. While a TS starting point is the usual choice,
this is by no means the only option and it can result
in unphysical polarizabilities, and generating complex-
valued energies in cases like MoS;. This occurs because
TS gives dispersion coefficients and polarizabilities that
are similar to, or higher than, the free-atom values for
Mo atoms for the bulk solid. The NL variant of MBD,
which is recommended for layered materials and metals,
avoids these polarization issues, and is suitable for all
chemical systems considered in this work. We therefore
recommend MBD-NL over MBD@rsSCS generally. Per-
haps the VV10 polarizability functional used in MBD-NL
could also be integrated into the XDM to improve the
model’s treatment of dynamic dipole polarizability. In-
deed, this could be an interesting avenue to explore in a
future study.

The original purpose of this work was to compare
and contrast the different dispersion corrections to un-
derstand how each accounted for electronic and atomic
many-body effects. Our results show that TS, XDM, and
MBD all exhibit roughly the same magnitude of variation
in Cg with changing environment for weak interactions
between oscillators or noble gases, demonstrating that
they all capture electronic many-body effects for these
systems. The agreement of TS with XDM-Cs and MBD
for undamped and damped dispersion energies of the os-
cillator model systems, when it shows very different be-
haviour for molecules and materials, limits our ability to
draw further conclusions.

For the oscillator model systems, we see that XDM-



Cs and MBD@rsSCS (when parameterized similarly)
give effectively identical damped dispersion energies for
both intermediate- and long-range interactions. Further,
MBD’s 3-body energy contribution, computed via the
ACFD-RPA correlation energy, is in near perfect agree-
ment with the ATM energy calculated via XDM. In
both cases, these 3-body energy contributions proved to
be negligible for the model oscillator systems, although
MBD’s 3-body contributions are reported to become sig-
nificant for some supermolecular complexes and biochem-
ical systems.?? These results suggest that it would be of
pedagogical interest to study these 3-body contributions
for larger systems. For now, this further confirms our
previous conclusion?! that electronic many-body effects
and the inclusion of higher-order, pairwise dispersion en-
ergies represent far more important contributions to the
physics of London dispersion than the triple-dipole ATM
term. Overall, our findings suggest that quantum har-
monic oscillators may be too simple a model system to
assess the performance of dispersion models, since they
are missing many of the intricacies of dispersion interac-
tions in molecular and solid-state systems.
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