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Tangent cohes play‘a'fundamehtal_ ole in nonsmodth

l . R + [3
. w

analysis and optimization theory. 1In recent years , & -

'
plethqra'of tangent cohes have becn defined, each having ,
its strengths and, limitations. In thas disseréakion, e N
a comparative séhdy of these many tahgent cones %s under; a
“taken. The results d; ‘this study ‘are applled to the 3

ponsideratlon of generalized directional derlvatlves.deflneg °

via tangent cones of eplgraphs of functlons - 1in particular «*
the upper subderlvatlve oﬁ Rockafellar. The*calculq?\of ‘
the subgradients assotiated with tsge*directional . | “
derivativés 1s dewveloped in detail for geal~valued and ‘; .
vector;galued functions and.applled to obtain ew necessary

v

optimality camditions for non-linear programs. .
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“PREFACE '

[ 4

o " ‘\‘

- v @d L] Py
~iconducted at Carnegie-Mellon Unive

3

A

»

.

1982 °

-~ ' °

on parts.of chkafellar's‘monogkaph [Ro5] .

s

" has proven to be'the sprlnqboard for a great deal of

. . L)

o~

This digsertation got its start from a seminar ¥

-

ity in the spring of

u

The‘participante in,the‘geminar took turns lecturing

>
That seminar,k

/‘ 4 Ll

»

T R

and.mq%elf,;lncludlng the research presented here. Thls ‘

org#nization and approach.
B .« . s,

@

derivatives and sibgradients dre defined in terms of

A ]

~

.as the bullding blocks of nonsnooth analysis.

‘dﬂpfertatlon actually owes as great deal to [ROS] i its

r

Tangent ‘cones are viewed hekte

v

Directional,

) |

*

tangent cones T épigraphs, ‘and.a knowledge of the

properdies of these cones 1s ,applie

differential calcuiﬁs formulae.

>

to esﬁablish.sub—

' The subdiffeféntial

calculus is in turn applled in ‘the development of ?ecessary

¥

bondltlons for optlmallty 1n mathematlcal programs., - .

‘. Some comﬁents on the

are in prder.

research,

v

-~

subject matter of each chapter -

As with (perhaps too) much mathématical

-

the material in chepter?nmals presented in an ‘-

order bpposite to that in which it was originally studied.

. » R %
Chapter one grew out of an atfempt to rigorously establisgh

]

'_,:‘

T ~
the geometric intuitionﬂthat no tangent cone could have ‘

*

certain combina

ions of properties.
. “

[

ﬁot sure how to .

approach this problem, I decided to write down every

.

v ‘3'

possible permutation of the quantifications in tangent

V11

L3

‘research in' ndnsmooth’analysis by J. M.'Borwein, HIM. Strqﬁ%as

-

.
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: ﬁi was going on and added futther mbtivation'to the project.

v

ar

ot . ) ' o ’ %
/“ , (] t 1
¢, . .

L IS "‘ . r . d N ”

cone definition8,ald éxamine the Qropérties of each such . .
' "tanqent COEF" The eventual result was Table 1.9.3, . N

) *
- C01n01dentally, Tré&yan s paluable new characterization of
the ‘Clarke tangent cope was announced, .while this tesearch ..

¢
' The examples con}}dered and insights galned 1n the

con?tructlonfof Table. 1.9.3 made it easy to put together

the impossibility theorems in sectiontl.2. The rest %5(the,

* first chapter is an attempt tg make R;ecise the corresébndences
~ M ¢
between the: properties of a tangent cone and the quanti-= a

ficat#¥ns in yts definition that became clear rn the process

of filling in the boxes of Table 1.9.3. The particular

propertles discussed in chapter one are. the ones which ’

i

seem to be the most important in the study of subdifferential
i N

calculus and optimization. .

® i

One main concludion of chapter -one, as might be ° .

*

expegied, is that (with on€ notable excebtlon) the tangent ‘

-
.

cones worth studying are the ones that are already used :

most often.

-

In' the second chapter, known results are refined in

“* “Qhree directiens. First, the generalized subdifferential

Y -~ ~
calculus of Rockafellar [Ro3] 1s developed in finite
» nl
dimenfdns under weaker assumptions. This'is in analogy

[ L4

- Wwith the convex -case, where interiority hypotheses can be

replaced in finite dimengions by assumptiqns about relative .

>

interiors. In fact, the strongest finite-dimensional: convex

.
&

‘subdifferentialy calculus results are corollaries of the

vin
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‘theorems of this chapter. ‘ .

) Interestingly enough, Theorem 2.3.1 and its consequences

i u .

have been derivad independently by Ioffe and by Rockafellar

witﬂ methods that are apparen%ly completely différent from . '
.- * - ) ‘ . ’ !
ach other and completely ‘different from the approach taken

here. Each of the three approaéhes seems to haVe‘}ts own . ,

1
.

advantages and, limitations. - ' r
3 u R ' - . —

Second, a chain rule formulation ndt previously

M )

studied outside the convex or Lipgchitzian settings 1is

-

) N . !Bf ?
examined. Corollaries include’ nek product and quotient

-

rules. Third, tangent cone information from the first
» ‘ *. U L 4

chapter is exploited t%sreflne the usual subdifferential

regularity conditions for equality in subdifferential )

. : . )
calculps incluysions,. 1 - -

It should be noted that most of the "hard work" in

chapter two is hidden 1n‘Theorém 2.2.2, the stdrting point

n

of the proofs. The slick method o%:proéf used in Theorem

IS

2.3.1 is due to Jon Borwein; I was able to successfully

o ’ L4
apply it several times in chapters two and three (in

. N
13 ~

,Theorems 2.3.15, 2.4.11, 2.4.12, and Proposition 3.4.6).

The flex1b1i1ty of this approach is demonstrated 1in section
) « .

2.4, where other tangent cones are sgﬁstitut@d for the

.

i ‘ (Y V- 4
Clarke tangent® cone in the proofs of Theogrems 2.3.13and - ,

2.3.15 to deduce new directional derivative inequalities

‘

{(Theorems2.4.11 and 2.4.12). . . o ’

> s - o > !



-

’

i regﬁlarity assumption in Theorem 3.2.6 pinpoints the méjor T '

The éeneral.chain iale féfmulﬁtion preéeptéd in

‘chapter three'has some attfactivé features. It encompaéées ,
N . ‘ , )

the twolbste551bly distinct chafé rﬁie’fdryulatiOns qudiéd ) -

in chapter two; 1n éddition,'lt‘yiel§s n?w_r?sultsﬂfor gl : [. :

real-valued functions without toé much'effort."Thera_ére,

however, some.pitfalls in trying to 'find vector-valued >

s

[, M*-; MR

énal%gues‘qf subdifferential calculus formulae fof real-

. N

- valued functions. It 1s very easy to faLlac19Us1y assume

that relationships that are true ip the real-valued case

3 X -

-

A 4

carry over without a hitch to an ordered vector space

setting.  The hypothesis of epigraph regqgularity was pressed

into service to repair one such mistake. It is also easy

- to pile up assumptions on the ordering until results are . ‘

rendered trivial. I have éqdeavored to avoid this pitfall.

v
®

The results for vector-valued functions obtained in
-

chabter three are less satisfactory than I had originally

.

« hoped. In particular, ;a stronger subgrddient suy -formula can

{

be derived by other, more direct means. The epigraph :

difficulty and suggests a Qirecfion'fgr'further research.

. -iThe fourth chaptgr 1s a survéy gf the important new
"lim 1nf" inclusions that establish the relationship between
the Clarke tangent cone and contingent cone and have far-
reaching applications. Recent results_df‘this kind duye to
JiiiBorwein are ehpioyed ts extend a‘finitg—dimensional

L ’resﬁlt of Ioffe to a reflexive Banach space setting. "A

product .rule for Ioffe's approximate subdifferentials is

+

1 . proved in section 4.3. ) (i\ C

- . Ll .

-
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The' puipose of chapter five 'is to demonstraté the .

-

broad appllcabllity in optlmlzatlonatheoqy of the tangent L
P "\ ) .

cone and subdifferentlal,calculu§ thebréigéggsed in chapters
. pﬂ" . #* .

one through four. Neeessary éonditions £8r optimality ini} N
mathematical programs, 1nvelv1ng subgradlents, apprbx1mate

- "

subdlfferentlals, ‘and upper ccnﬂhx approx1matesaare s%gtema- ‘e

P

tlcally deweloped.. Section 5.4 elaborates on an 1dea e

suggested in several paggrs by Vlach (reference% [Vli -

through [V4])but never fully carr%ed out in those papers. ¥

A brief dlscusqlon of Pareto optimization appears in £

L4 L ks

¥section 5.5, ) ' . . ,

I,h&ie atteméted to make»the presentatian s;If— ~ ' .
céntalned Many of the proof;,a;e elementaf§'ep91lon-delta ™~ ..
t-ype arguments (although often nelghbourhoods are us
father than actuaI”epéilong and deﬁt;;TZ -One of my.goéls' % m

was to demonstrate ﬁhe1slementaryfnature of this materiai; ‘*" 1

" even the upper subderivative with 1ts intimdating "1ii - ./

v v AL 4 b«
Ad - o " &
sup inf" definition can be handled by this tangent cone * ‘
1 + :

based approach. . . i © - (:si\
’ R .
& ° ' % N ‘.

@he reader should quickly locate and become familiar * -

ﬁ%}th the tables at the end of chapter 1. Thege tables give
f‘ N " ' ‘
definitions of the mafy tangent cones considered in chapger 1 .

and compare the properties of these cones. It is hoved Lhat -

these tables will help the reader navigate the sea of’

Ll * ¢

technical results presented in this dissertation. . .

! o .

- . -
1

X1 .
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CHAPTER I

P .
Tangent Cones

1.1. Tangency operators

Let E be a real, locally convex,-Hausdorff topologi-

. cal vector space (hereafter abbreviated l.c.s. or'l.c.t.v.s.).

"

]
Definition 1.1.1l: A tangency operator (on E) is a mépping v

E 5 E - 2E .

“R: 2
The clas; of tangency operators, of course, includes
'~many mapp¥ngs which bear no resembiance to tangential
approximants. Actually, all of the-épecific tangency
operatérs'that we will consider in detail here sétisfy in

addition at least the following three conditions:
v £

[

(L.1.1) R(C,xo) =g |if x, £ cl C (where "cl C" denotes

H

A

the closure of C c E)..

(#.1.2)° R(C,xo) 18 a cone for every C and Xq € cl C .

(L.1.3) R(aC,ax.) = aR(C,x

0)

0) for all o > 0 and
(Crxy) ¢ 2° x B . ’

«(Here oS 5§ {as|seS} ', and by convention of = g .)
However, because (1.1.1) 1is never used in the proofé in
section 1.2, we do not include it in Definition 1.1.1.

Properties (1.1.2) and (1.1.3) will sometimes be invoked in

. section 1.2, and we Will keep %rack of when they are needed.

. -1 -
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,.Ws;gall a tangenc§ operator which satisfies (1.1.3) a
i tf , - s

\ . o ' EIAN
. 1 hom g!Peous tangency operator and a cone-valued tangency.

+

operator a tangent cone. - M . . .
) A% ’

1

- There are other similar definitions in the literature.
h Ve '

E E

) Vlach ([V3]f [V4])‘def1nes a mapping R: 27 - 2 to be an

LN N kY 7

approximation operator if R(E) = E , R(f) = @ , and R 1is o

1sotone with respect to sét inclusion - i.e., R(Cl) « R(Cy) v,

.' whenever C1 c.C2 . These papers also compare approximation

operators with related, previously-defined notions.

.
L] .,

, . Notice that Definition 1.1.l1 excludes concepts of .

¥ ‘ ' - '
tangential approximation which can assign more than one set

a to a given segt at a given point'- for example, the "tengs" | T
R t
. . " of Boltyanskii and §ndlca£ing cones of Martin, Gardner,and ,f ; '3’
‘f . Watkins. ‘A thorough discussion and comparison of thesg and
‘ ) " other such tangential approximahts cén,be found in [Mall] ) "

-

and [MaZz2]. /

e

Havihg made Definition 1.1.1, it is our purpose here ., '

P [

B

2« to single out desirable properties for tangency operatéfé
1 «

S
and to determine which combinations of these *:e;ties a

tangency operétor may simultaneously possess. We*‘will focus

in on the following six properties:, oo

¢

(1) c}R4C,x,) = cl cone(C-x.) :=cl u  A(C-x_) whenever - T
0 , 0 ey 0 .
. Ld .

' " € 1is closed and convex and X5 € C .

v
I
.

" ‘Notice that if R has property (1), cl R’ 1s convex

whenever C -is.

(2) If h: R® + R® is continuously differentiable near

s P e e

4 -
,



i Y B

7 -

B - T . ~ »
2] - \
- » b €
. -\3 -
N N
. -
.

' io € h-l(O) and (Vh(xo) has rank n , then

" L RETH0) %) = (Talxg)) o) . . -

Proper#ies (1) and (2) are expectad of 'a "sensible"

tangential approximént. We»wit;‘call a tangency operator

W . which satisfies (1) and (2) a skandard tangency operator.
A '\ gy . v

> )
s
&

o " e
<N (3) If Cl c 02 c E, R(S}'XO) < R(Cz,x ) .

‘ " ¢ -
’ ;/This is the isotonicity with respect to set inclusion

. mentioned earlier. As. Vlach ([V3], [V4L) poxnts out, the

~

follow1n§ are each equivaleht to property (3)* p

¥ * 8 . ' -

(3a) R(ClnC2>x0) c<R(C1,xo) n R(Cz,xo) for all Cl’CZ cE .

.(3b) R(Cl,xo) U R(Cz,xo) c R(Clucz,xo) for all Cl' ckE .,

0

* (3¢) R(Cl,xo) n E\R(E\C%Lfg) = § whenever Cl‘n C2 =g .
b Property (3¢c) has some application in optimizdtion

* -
theory. For example, let f: E+R and C c E and

suppose . oy

f(x,) = min{f(x) |xeC} ./

0

If we define c, =C and ég a= {xeE|f(x) < £(x, Y,

then Cl n Cy = g and (3%) "gives a\necessary condltlon

for optimalaity. Vlach develops some examﬁ?es of this
approach to optimality gonditions in [V1]. ’
(4 R(C,xo) is convex for all. (C,xo) € ZE x B .

(Remember here that § is vacuously convex.)

ut



‘ *
(.- 4 - . .
. M 3 ] v
o (’4 -
. ‘Tangent cones which satisfy (4) are useful in.that the
N -t ¢ ' v
o machinery of convex analysis can be applied in connection . )

- »

with them, as we will See in Chapter 2.

o - ]

-

> ' (5) R(Cl’xo) n R(Cz,xo) c‘R(Clncz,xo) forjall' Cl,C2 c E

: . ’ ' ’
///*/ and ¥, ¢ E . . ' \

3 ‘ ¥

’

Guaranteeing that the inclusion in (5) holds for some .
- A ] N v

large class of subsets of E ‘is important’in optimization ]

- . - «

" H
. theory, as is demonstrated in Chapters 2 and 5 and in .

.
s i e i O R NS T B R DT i i

= .
o [y #

o « [Ro3ke [W1l. ' . v D e
. 1) “ v . - é

) g\ e o

(6) R(Clucz,xgo c R(Ql,xo U Rgcz,xo) for @®1 Cl'ci < E

. and X, € E . . .

f ,
. ;
. harS

~
<

-

S

This property seems to be of less importance than
‘ r
. properties (1) through (5) but 1s satisfied by a few
1 @
important }angent cones.

* R 3 “ B
* ,Notice that for each of properties (1.1.1), (1.1.2),
(171.3) and (1) through (6), cl R spossesses the'pr0pérty - ¢
y . - .
wﬁinever R does. Later in this chapter we will discuss ',

other properties of tangency 'operators which come into play

»
.

I in subsequent chapters. ¢
Now let us consider several specific tangency ' .
operators and compare which of properties (1) through (6)
,é:J ' ‘they satisfy. All of these examples are iﬁ fact homo— \
‘ geneous tangent cones. The assertions we make now about %
»what pfgpertie§ they possess will bet‘verified later in this ‘ _é
t N\ chapter.,' More information on these and othef'tangeht cones %

¢ 't
R \
r N »



¢ .

" can be found in [Bo5], [Ull, [Do1l, V2], [Pell, *[Bo6l, )

[Bo8} and their references.

L . In the definition below, we denote by N(y) the
b 3
family,of neighbourhoods of v ¢ E .
o ? ‘r\ '
A

Definition 1.1.2: is

he contingent cone of C at x

0.
0' v

the se ‘ ' ’
' . A . -

(L.1.4) KCCxo) i= {yeE|¥ Y ¢ N(y), ¥ A > 0,

T te(0,)),d y'eY with x0-+ty’ e C} o

- ¢ L} *

-

The contingent cone is standard, isotone, and preserves

unions (properties,(3b) and (6)). It is always a-closed

!

cone but 1s not always convex. For example, if C is a
p

- )Flosed ¢one Wth vertex Xy o gc(xo) = C-—x0 and is thus

convex exactly when C* is. The contingent cone 1s the most

widely used tangent cone and is in fact often referred to
- \

simply as "the tangent cone”. ‘ <

. Definition 1.1.3: The pseudétangent cone of C at X is

the set

v

(1.1.5) PC(XO) = ¢l conv Kc(xo) '

whexre "conv", as usual, is short for "convex hull",
;

' f
. By definition, PC(XO) is/always clogsed and convex,

and it inherits properties (1) through (3) from Kc(ko) .
, However, it does not satisfy (6). For example, in »?

.

o
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1 %= {(%,0)]|x eRr}" and C. = {w,y) |y éR} .

l(’(0,0))l= Ci anq\ PCZ((O,Q)) = Cy but

: , ' .
((0a0)) = R". Like KC§§O),PC(x0)xlacks property 5.

o ® t LY LS .
«w “

In section 1. 6, we- will dlscuss which propertles of a

& 3 EY ]
tangency operator are 1nher1ted by the closure of 1ts

t

convex hull.f .

Definition 1.l.4: The DM (Dubovitskii-Milyutin) tangent
T Inaand i e o e,

cone 1s the set

(1.1.6)  ka(xy) := {y<E[¥ YeN(y), @ & >0, ¥ t'e(0,}) ,

N g y' e Y with XgTty' e Cl .

&

. Here we borrow the name "DM tangent‘bon" from [Ma2]
and the notation "k" for tﬁls cone from IUI]. Like the
contingent cone, the DM cone possesses properiles (1)
through (3), but not (4) or (5). Unlike tHe contingent

cone, it also does not satisfy (6). For example, in R

define C1 = U [22n,22n+l] v {0} and
. neZ ' ,
cp = v 12°°71,2%7 4 {0} 4 Then K, (0) ="K, (0) =R
neZ , 1 2 y
andQ kcl c2(0) = ER(O) =R , while kClQO) = kcz(O) = {0} .

In applications, the fact that the DM cone lacks

property (6) is more than offset by the fact that it, j

¢

unlike ther contingent cone, is' "product-preserving” (see

section 1.4). The DM cone may win the award for "most
-
underrated tangent cone”,

i

s



(1.1.7) T, (x
/’.

-

(Y)r.“’

. )
' ZHXENWOL 43 >0, ¥xeXaC , ¥ te(0,)) ,

Ty' eY with x+ty' e\Clw | -

P

/

it is not. isotone - e.g., let Cl =
/

c, := {(x,y)]x=0 or y=0}, and x

. |
¥ _ /
Ly < Cy ;. but To (xO),— Cy while TC2(XO) {{(0,0)} .

1

L4

. N
for a large class of sets, -as we shall see in hapﬁsr 2.
J

' The‘tangentlbones defined in (1.1.4) through (1.1.7)

'

are the-ones we will @se most often in subsequent. chapters.

For a summary of their properties,;along with the proﬁérﬁles
{

of other tangent cones we will discuss in Chapﬁer 1, see

Table 1.9.3. !

Tt is clear from (l.1.4) through (1.1.7) that
l
: ! E
?C(xo) c kc(xo) € Kc(xo) c PC(xO) .for all (C'XO) €2 XE*. ;

A good example for comparing KC(XO) ' kc(xo) apd Tc(xo) |

wk

|
can be found in [Ma2]. Here 1s another instructive {
|
example: |

|
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“a

)

‘in section 1.2. S “

o L]

» ’ J . Y <
Example 1.1.6: For o 2 0, define a class C of 'subsets
) . :

. -« * @ 1s [
by '
Y

]

of R

PREN

C, = {(x,v) ]y zﬂ}juq{(X.Y3fy;2&x}v.- o

“ f
'
& b} »

5 ' r

w

Then C, is simply the upper halfplane and P, ((0,0)) =n}
. ol 0

h REE ” 0 .
KCOE(O,O)) = kbo((ohg)};= T06((0,0)) =Cq » an:lllustrat%on

of the fact that all four conés, are %ﬁéndard. ‘Howeéer, if

.. we let o 1pncrease, - | ) '

" ( 6 N
o ' L e -

+
[ 1

.while P, ((0,0)) and T, (1030)) go their separate ways.
o o, : ’

‘ [

Indeed, PC ((0,0)) = R? for any o > 0 ,Ibu%
b’rb a 4 A -

! @

) &
© 4 a
)

T, ((0,0)) = {ix,y) [y 20} 0 {(x,y) |y zox}
(x -
y Lt ' .’

becoming smaller a5 o (and- Ca) become larger. This

Ly '

example constitutes the starting poiné for the discussion

[

L4 ~
. ' . Y
. _ R . .

1.2.» Impossibility theoxems . \ .

As .the graphi¢ Example l.l.ﬁ*iilustrates,"Kc(xo) and

kc(xo) are isotone ‘but not al&ays convex, while TC(XO)

v

is always convex but not isotone. The pseudotangent cone

*

is both convex and isotone, but it has two disadvan;ageg in

.

[ v
applications: ’

3
‘i

PRI

o . e

RooornBatthe i3 R 5 S v

.
o

. .



a?

©

1%
>

3 a

(i) *Ié is less tractablé.analyt;cally than the other

cones;" in partictilar,.it does not seem possible to base a .
‘complete subdifferential calculus upon it. , .
k]

1 O . t
L}

While useful in the formulation of optimality con-

8
T ¥ [t I

| o(id)

+

« . ditions ig gifferentihble programming [Gul], it is too

:

~
f

large, to plag a' similar role in nonsmooth programming, .

. where a sdbcgﬁé of the contingent cone 1s often needed (e.g.

¥ ¢ Y

{BSB,\Rropositlon 6.11). . | , ,

& & ?

v s XN .

L K .
Specifically,  suppose f: R' » R is convex and continuodus,

a

c'c R® , and f(xo) = min{f(x) |[x eC} . Define the

]

by @

subgradient of f at ’xo

o{12.1) ‘ af(xo) i= {x* aRnL(x*,x—xO) sf(x)-f(xo)f .

R -
¥ . . LN

it

For § ¢ R" ; define the dual Ttone of S by

1)
-

(r.2.2) ST 2 {x*.eR"|(x*,x) 20 ¥ x&s) ,

o}

) ' P
and for h ¢ R  'define “the upper directional derivative

with respect to L by

¥

of f ~at xo

+th)—f(x0)
T .

’ f(x
(l.2.3) f'(xo;h) = lim
t+0

0

Then f'(x,,h) 2 0 for all h e K.(xy) . If £ is in

fact differentiable, then f'(xovv) is linear and

I

f'(xo;h) > 0 will hold for all h e Pc(xo) , implying

that (e.g. [Gul, Theorem 1])
V4

{
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(1.2.4) DE(x4) 0 PCT(X(;) A0 .

However, if £ 1is not differentiable, (l1.2.4) does not
necessarily hold. Consider fx‘R? + R defined by

fix,y) = max(|x~1|,|y-1]) and C 3= {(x,y)|x=0 or y2=0}.
2

Then 1 = £(0,0) = min{f(x,y)]| (%,y) eC}‘ and PC((O,O)) = R‘,

* but (0,0) ¢ 9f(0,0) , so (1.2.4) does not hold.

Given these facts, it is natural to ask if there
. . o -
exists a tangent’ cone which is is¢tone and always convex

but is also contained 1in Kc(xo) for all (C,xo) € 2E x E°,

Looking at Example 1.1.6, we see that if such a tangent cone

RC(XO) does exist, Rcu((o,o)) =Cy
.that C0 +1s a maximal convex subcone of KC ((0,0)) for
0.

XN

for all & =0 . Notice

each o =2 0 . A possible candidate for the tangent cone we °
are seeking would be some specified maximtal convex subcone
qf the contingent’ cone, or perhaps the intersection of all
maximal convex subcones’of the contingent cone.

‘Example 1.1.6 shows that thié latter 1dea will not work.
Defining Mc(xo) to be the intersection of all ggximal

convex subcones of Kc(x + we see that although C(y c C

0!
for o < B .

.

. o o g B

o
L]

"for o < B . Thus Mc(xo) 1s not isotone. In fact,
Martin and Watkins have shown that for a large-class of

sets C{, MC(XO) = TC(XO) [Ma21, as we see below.

* ]

i

[ WORERERSE



‘Now notice that kKC(xO) + Tc(xo) c Kc(xo) (IMa2, Theorem

"'1]"!

vt

Definition 1.2.1: The set C c E is said to Pe

n &

tangentially regular at x

0 € c if KC(XO)”= TC(xo) .

v a

Theorem 1,2.2 ([Ma2, Theorem 4]): Suppose 'C € E can be

written as a finite union C = uC, where each C; is,
tangentially regular at Xy € nCi ~and each ' Ko (xo) 1s
, i .

¢t

a maximal convex subcone of Kc(xo) . Then _~

’
]

w

T

C(XO) = nKC.(xo) = MC(XO) .

i <
» A

Proof: It is always true that

ﬂTc. (XO) c TUC. (XO) r
i i
“ .
so Mc(xo) c anl(xo)
= nT, (x,) ' .
Ci 0 v .
* » 4
by tangential regularity of each Ci at X
e To (%) < ’ .
uC; "0 , .

_ 9 | ‘"
= Talxy) . ‘ ‘Q‘rl

11). It follows that' for any maximal conveix subcone R of

Kn(%4) + K + To(x5) is a convex subcone of X,(x,) con-
taining R ; SO Tc(xo) c f . Hence TC(xo) < MC(xo) ’

completing the proof, ‘ D

.
~ '
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Remark 1.2.3: {a) The setting in [Ma2] is finite-drimen-,

» -

sional, but ‘the argument abdve, which is the same as thag‘

given in [Ma2], 1s valid ih-any.l.c.s\ ,

. s -

(b). 'Theorem 1.2.2 can.help one calculate TC(XOY in

certain special cases, For example, 1f C is the unid% of
no* ¥ -

two convex cones with vegtex ‘0 which intersect only at

A

- a
[} o ’

0, then T,(0) = {0} . - : . :
« We now demonstrate :-that there is no‘“sensiﬁle" tangent
I

cone which is isotone and dlways a cdnvex subc®ne of the

A - . + N

continggnt‘cone. Specifically, a b§ now familiar examplg
..

4

will establish the follow1n§ resultss

/ b, r..‘

- ¢ 4

a

Theorem l.2.4: Suppose E has dimension greater than or

equal to 2 . Then there is no tangency operator R on '
J -

&

E having all of the following properties: ; ‘
(1) Property (3) (isotonic¥Myf; =~ . .
(i1) Property (4) (convexity); y

(1i1)' R(C,x)) ' Kolx,) for all (C,x,) « 2F g,

(iw) R(C,xo) > C for every one-dimensional subspace

CcE and- x ' ’

o ¢ C.

1]
v

. .t .
Proof: Define Cq t= {{x,y) e:R2|x==0} and Q g

c, t= L(x,y) eR’|y =0} ; and let x, = (0,0) , By (i¥h,

c c\RjCz,xo) ; SO by property (3b),

1° R(Cl,xo) and C

which is equivalent t




S
%

X Cl u 02 c R(Cl,xo‘)‘\u :R(CZ'XO)

-
. ’ ‘C f9
- 3 c R(Clu Z’XO) .
¢ §
Now by (1ii), P
R(Cy uCarxg) < Ky o (%5)
- \ 1772 -
= Cl u C2 .
Hence R(C1 uCz,xo) = Cl uC2 , contradicting (ii). q
¢ o .

Corollary 1.2.5: If E has dimension greater than or equal

to 2 , there is no standard tapgency operator on E
‘ #

e

satisfying (i), (ii) and (iii) of Theorem 1.2.4.
, »

- -
v

Proof: Stand&rd tangency dperators have property (1) and

thus.satisfy condition (iv) of Theorem 1.2.4. . O
" ‘lv\> 13
A

If one of the conditions (i) = (iv) is removed, there

exist tangert cones satisfying the other three. Here are
. - ?

»

some examples: .
» .

9 »
Pc(xo) satisfies (i), (11} and (iv}).
‘6 - '
Tc(xo) satisfies (1i), (iii) and (iv).
chxo) satisfies (i), (iii) and (iv).’

{0} if Xy € cl C

g otherwise

R(C,x

i

o

satisfies (i}, (ii) and (iii). .
L ’ {

"N



-

T8,

- — = o

-

- 14 -

Are ahy other combinations of properties (1) through

(6) incompatible for a large‘class of tangen operators?

3 .

, " The answer is yes. Here are some more "imppssibility.-

“theomems", beginning with the one which seems to be the
most significant.
Theorem 1,2.6: if E has dimensaon 22 , there is no

) tangency oéérator R on E satisfying both o?Athd

following conditions: * ,’ 4
(i)  Property (2) (invers;qn),*i / S

cefi1) CR(Cy,x5) A R(C,,x4) < R(Clgeﬁ; ) whghévér

' ' Xg €Cy NG,y CI and C, are éiosed, and
? ri R(Cp, %) 0 Tl R(C5,%) # 8 .| (Fof S c &, ris

. denatés the rela§1vé interior o 5, 1.e., the
) interior of S relative to aff S , the affine
spadn of S [Rol] .)
i ‘
_Proof: Defime h: R® +R by h{x,y) k= y-x° and
g ; R? +23 by gi(x,y) := y4+12 , and let C1 s= h_l(O) .
c, = g‘l(O) , and  x, = (0,0) . Thei%hnqtions h and.g
satisfy the hypothese% of property (2), so if R has'
prope;ty (2), ‘
R(Cysxg) = Vh(xo)"lb(O) = {(x,y) |y =0}
and
. : 1

{(x,y) |y =0} .

I

R(Cyrxy) = Vg(xy) ~(0)
!
If ‘R, alsp satisfies (ii),

. L]

¢

1




"
A
!

i
i
|

-\15 - '

R&.(0,0)1},(0,0)) = R(Clncz.xo’)

u

{(XIY) IY =0} .

Now define £: Rz +ﬁR2 by f£(x,y) = (x,y) . Then

Vf(xo)_l(O) = {(0,0)} , and by pfﬁperty (2%,

R({(0,0)},(0,0)) = {(0,0)} , a contradiction. 0

Corollary 1,2.7: If E has dimension =22 , no standard
tangency operatér on E Eossésses property (5). In

:pérticularf Kc(xo) : kc(xo) , and TC(X do‘nét have

. 0) N
proberty (5) . Conversely, no tangency operator with

3
broperty (5) has property (2). In particular, the hyper-
tangent cone {[Ro41, [Ro5])

A, ) ,
¥ HC(XO) = {yeE I H X e N(xo) y I A>0 , ¥ x" e XncC,

1
¥ te (0,A), x"+ty ¢ C}

and the internal tangent cone ([Pe2], [Ma2])

y
v .

i

N I .
‘Lolxg) = {yeE | & Y ¢ N(y}, 3 x>0, ¥te (0,2),

§

i
¥y'eY, X + ty' ¢ C}

n"‘”

ey

do not have property (2). i3
Theorem 1.2.6 shows that it is necessary £o‘1ook for -

some "constralnt,qualificétionﬁlunder which the important

inclusion of property gS) holds ~ and in fact, éhat a

|

condition' stronger than A



~ e

B,

*  Chapter 2. .

-

- P — -
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ri R(Cy,xp) 0 xl R(Cyixg) # 4

1s required., We will:return to these considerations in

I3

-

3

‘ ‘. ’// T .
¢ B /

Theorem 1.2.8> If E has dimensiOQJ >2 , 'there is no

tangency operator R’ on E- which satisfies all of the

- ‘

following conditions: . - . ' .
- \ : .

¢

- {i) R(Ciucz,xo) = R(Cl,xox u B(CZ,XO) for all

one—dimen51onal‘subspéceS’ Cl'éz cE .

(ii) Property (4) (convexity).

i
0) ,whenever C ¢ E 1s a one-dimensional

subspace and x, ¢ C .

. 0 of a

(1ii) € = R(C,x

(3

Proof: t Define Cl¢L C2 and "X, as in the proof of

Theorem 1.2.4. By (1) and (11i), R(Clucz,xo),='Ci v C
cont£adicting {1i). ‘ " .0
[ , . ‘,"

Again, 1f any of the conditions in Theorem 1,2.8 1s
removed, there are tangent conés which satisfy the remaining

J
-

ones: ‘ \"

. - 4

Kc(xo) satisfies (1) and (aii).

Tc(xo) satisfies (1i) and (1ix).

4

H !

R(C,xo) =0 for all (C,xo) € 2E x E satisfies (i) and (ii).

Corollary 1.2.9: If E has dimension 22 , there is no

standard tangency operator R, on E satisfying (1) and

(ii) .of Theorem 1.2.8. ’ .

.

-+

£ Branatir o o Bt

bt et o R BTt bty D " 1

s
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Proof: Any standard tangency operator satisfies (1ii) of

»
™

Theorem 1.2.8. O.

Theorem 1.2.10: If E has digension 21 , gN¥re is'no |

homogeneous tangency operator R on E: satisfying all of
the following conditions:

(i) Property (5) (intersection);

{11) Property (6) (union); ‘ v,

(iii) R(C,xof =C if CcE is a subspace of dimension

»

<1 and X, € C ; .

(iv) Property (1.1.2) (conévaluedness).

A

- C. -

Proof: Let C := {0} u v (22n,22n+l] , and define
' nel? . ‘ L
C, :=Cu (-C) and C, := 2C let x, := 0 . Then

1 2 ¢ 1t 0
R(CZV,O) = R(2C,,0) = 2R_(cl,0)‘= R(Cy,0); since R is

homogeneous aﬁd cone-valued., If R(cl,O)f= R(QQ,O) =R ,

then by (1), R(Clpcz,O) =R , However C nC2 = {0} ,

1

so R(C nC2,0) = {0} , a contradiction. We Yfeach a

1
similar contzgdiction‘if .R(Cy,0) = R(Cy,0) =R . If

R(él,O)'z R( 0)«= {0} , R(ClUCZ’O) = {0} by (ii), again

Y

ot

‘contradicting (iii) since C. v C, =R . ] a. .
¥

1 2 " . '

N
v
' 4
iy

Corollary 1.2.11: If E  has dimension 21 , there is no

»standard homogeneous tangent cone with both properties (5)

\ L

and (6). .

Here are examples of homogeneous tangency operators

satisfying three of the conditions f Theorem 1.2.10;:

1 !

/

N

[P——



- s e it g pm

—~— , .
/ "(5) and (6) for sets Ci » Cy which are tangentially regular

Y-8 -
! ) s )

“

R(C;xgd = {0} for all, (G,xy) « 2° x B satisfies (i),

~
-

(11) and (aV). : ,

K.(x)) satisfies (i1), (iii) and (iv).
Y

HC(XO) satisfies (i), (iii) and (1v).

R(C,x,) = C gAtisfies (1), (ii) and (1ii). . U

[ \
In applications, one is rarely interested in sets like w

those 1n the proo& of Theorem 1.2.10, and it is more i&ppr—
tant to identify classes of sets for which the inclusions

in propgerties {(5) and (6} hold. For example, if Cl and
. ) e

¢

are hypertangentialli reqular at FO‘; i.e.,

C2 ’ . A ]
Kci(xoa = HC.}XO) for 1.= 1,2 - then e
i 1 ! ’ . ¢ 4
© P (xo) = KC (xo) = kqi(xoz = Tci(xo) = Hci(xo) . :

1 ' .

,and the inclusions in (5) and (6) hold for all five of these

2

tangent .cones. The cones: P , K , k ‘and T also satigfy:

fl
)

,at X, and for whic To (xob Q’lnt Tcz(xo) # 8 . (If E
is finite-dimensional, thi intersection condition may be

weakened to T. (x.) -T. (x,) = E, las we will see in
. Cl 0 C2 0 oo
" Chtapter 2.) °

¢
.
\ ) o
Y

Theorem 1.2,12:* If E has dimension >1 , there is no

\1>§_ 1
tangency operator R oh E satisfying all of the following

conditions:

¢1) Property (5) (intersection) .

N
g
i
é
;
%

-
[ 4




(11) R({0},0) = {0}

(i1i) R(C,xp) > Talxy) for all (C,x,) e oF w5 .

Proof: Let Cp :=0Q , the set of ratibnal numbers, and let

0
are dense in IR , it ®s-not hard to* see that T(Cl,0)=*'
. . .

C, := (R\Q) v {0} and x, := 0 . Since both C; and 'cé

T(C,,0) = R, and so (iii) and (i) imply that ‘R(C;nC,,0) =TR. .

But £, n C, = {0} , so'this contradicts (ii). , 0

= ' b ' '
] : »
Theorem 1.2.12 shows that a tangency operator has to be

~

fairly "small" in order to have property (5). Here are
examples of tanqent cones which ‘satisfy fwo of thi conditiona
of Theorem;l.z.lz:l

Hao(x,) satisfies (i) (éorollary 1.3.25)'§nd (ii).

‘ Tc(go) satisfies (ii) and (ifi).

R(C,xo) = E for all (C,xo) € 2? x E satisfies (1) anq

(iid).

%

Corollary 1.2.13: If E has dimension 21 , there is no

standard tangency operator’ R on E satisfying'(i) and (iii)

of Theorem 1.2,12.

°
. a /
"

. . oS
Theorem 1,2.14: If E has dimension 21 , there is no homo-

3

geneous tangency operator R on E satisfying all of the’
following conditions: ¢ '

(i) Propezty (6) (union)
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(ii) R(C,xo) = C for all one~dimensional subspaces v

L]

CcFE and'all x, ¢ C .. ) ,

0

(ii1) R(C,xy) © ko(x )+ for all (C,xy) « '« E .

O)

proof: Take C; , C, and x, ds in the proof of Theorem: '

1.2.10. Since kc~(0) = kC9(0) = {0} , (iii) and (i) imply
; ' 1 2 v :
that R(CjuC,,0) = {0}s. ~However, C; u C, =R , so this

\ @

contradicts (ii]. S O
‘ RS .

% - 5
i

- / i
g Theorem 1.2.14 shows that a homogeneous tangency operator,

o (@gs to be fairly "large" to possess property (6). o
‘ ¢ Below are examples of homogeneous tangent cones‘satisfy— r
iné two of the conditions of Theorem 1.2.14, )
\KC(X&) satisfigs (1) and (ii).
ko(xo) satisfies (ii) and (iii). - ° '
t {0} if ‘XO e‘cl”C - i .
R(C,x,) - .

g otherwise

satisfies (i) and,(ill)L\
.4 .

J ' ‘
- . L
o Corcllary 1.2.15: If E has dimension 21 , there is no

. standard homogendous tangency operator on E satisfying

[ ~ e ©

conditions (i) and (iii) of Theorem®l.2.14. 3

Remark 1.2.16;' Iﬁ‘tﬂé statements of the impossib;l;ty
theérems of this section, we have implicitly assumed that
R(C,x,) is unaffected by any intrease in the dimension of
the space E in which' C is copsidered to lie. Almost

all important tangent cones have this property.

G
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1.3. The quantificational tangent cones /

a

Most of the specific tangent cones we have so far

codsidered have definitions contaihing a nupber of . "¥'s"

and "d's" . With the goal of fitting thesf various tangent

cones into one general ¥ramework, we makg 7he following

definition: , { .

1
ta

Definition 1.3.1: A quantificational tangent cone (or

: - 1 .
) is a tangenty operator R (on & l.c,s. E) of

kw:'q-cone"
the form S .
(1.3.1) © R(C,xp) = {yeE[* ¥ e N(y), # X e Nixg), $ >0,
W e K(X)jHZeMc(Y)t, #'}S'EC'F‘]W, '
: $' t e (0,A) , *1 y' e 2 ,x)+ ty! eC}“ ‘
yhere . . / |
(i) K(xX) and MCCY) dre given clas%es of nonempty
subsets of X and Y , respect%bely. .
(13) ° % ;¥ L, F B, 5, §' e (¥, (@),

(1ia) * A K A, 5 E S /

i

If MC(-) is independent of C or ifl there is no risk of
confusion, we will'suppress the subscqipt and simply write

M) . i

a ] . . )
We will be especially concerned'$ith these specific

]

*  cases: ;



v
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((1.3.2) (a) K(X} (or resp. M(¥)) consists only of the, S
, h 3 B . . . > .
*neighbourhood X(Y), itself. We will denote -

this case by K(X) = X (M(Y) =Y) .

(b} " K(X) (M{Y)) consists only of the set {xo} o

] ~({y}) . We will dehote this case by -K(X) = X, - T N

* °

. MY) =v) . |
(c) M(Ya is the class of all nonempty cémpact"
. subsets of Y . ‘ : Ly
(ay M,(Y) consists onl&jof the.get ¥ w_(aff'c~k0). ¢
" We will denote this case by He(¥) = ’
‘Y ﬁ (aff C - Xo) e K N L ’ nf \ O '™
° ' . ~a ‘ '
' Most of ,the tangent tones we have defined so far are
"special cases of (1.3:1)l Fok'examplé} to obtain kc(xo) '
¥ ’ . e '
let K(X) =x, (M) =Y, *=%, $=¥%, and let ¥ Dbe ',
either ¥ or # , To Obtalﬁbzkc(fq) , let f(X) =X s
M(¢) =Y , * =w , §'==3., and let # be either ¥ or ¥ -
To obtain 'Tc(xo) , let K(X)\'= X, My)y =Y , *# =¥ ; ’

v i

$ =4 ,'and # =9, ‘1‘ ©

Some further qomheﬁts on the motivation behind the

T

various parts of Definition 1.3.1 are in order. The reason
the quantifications are "pairéd" (assumption (111) is that .

our intention is 'to study local approximations (see ,

’ -

Theorem 1.4.6)., If' * and *' or # *and #' or § and

. \ 1
$* were allowed’ to coincide, the resulting g~cones would be

:
\

determined by all of C , not just the part of C, near Xy .

The family of sets K(+)} 1is nét assumed to depend on C




A

=t

‘w93 _ \ y

since dependence on C is already built into the definition
with "%' xe CnwW" - ‘
It would be pOSSibie to extend the definition by allowing
» the quantificgtions on ‘ﬁ' and Z to be "¥" ag well as
S E" L We will not‘buréue'hefé the ﬁossibflities created by

this extension; the definition as it stgnds is sufficient to

-

" encompass all previously-defined major special cases. Notice
that in cases (a), (b) and (d) of (1:3.2), the quantification
6n W and Z does not matter anyway.'

It is important to observe that there exist a largest

and a smallest g-cone. Indeed, the interiorly tangent cone

- ([Thl]l, [Th2]) \ . . , ;

[

-

(1.3.3)  Tolxg) == {yeE| ¥ e N(y), & X ¢ N(xy)
FA>0,¥xecXnC,¥te (0,0 P Vy' €Y,

x +-ty' ¢ C}

y ¥ -

is contained in every' g-cone, and the cone

(1.3,4) Du(xy) 3= {yeE| ¥ ¥ ¢ N(y) ¥ X e N(xy)_,
¥A>0 ,TxeXnC,Tte 0,\),ay.e¥,’
v ° t Y v
x + ty' ¢ C}
, R )

’ contains every g-cone. TS see these facts, notice that the
most restrictive quantification on the variapleljz {respec~

tively, y) in (1.3.1) is to set # ¢= @ (* := &) and

K(X) = X (M(¥) :=7Y) , whiie‘ﬁhe least restrictive quanti-

fication on -the variable x(y) is to set % =¥ (* :=¥) .
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and K(X) :== X (M{¥) :=Y¥) . We will use this sort of

el o

reasoning several times in this chapter to assert that some
g-cone is the largest or smallest in a given class of g-cones.
' With regard tg cases (a) through (d) of (1.3.2), notice

o . v
that M(Y) = Y and case (c) coincide in. finite dimensions. )

W ST e b e s

In case (d), ME(.) does not depend on x, , since

aff Cc' - Xq = aff C - x whenever X4 and x are elements of

¢ . 'Also obsebve that if *<= ¥ , M(Y) =Y and caiﬁ (d)

' 4 -

LR

coincide. We have already ndted that if K(X) = Xy . (respec- -

tzveiy, M(Y) = y) , then éhe same tangent cone is obtained
for ¥=¥%¥.or & (*=¥ or ?) .
pne mé&n reason for concentrating on this particular’ ™
ckass of tangent‘cones is "that the quantificational tangent
cones are intrinsically defined, so that they are often
easier to cdlculate than other tangent cones = e.g., Pc(xo) .

. R ‘ a
or Mc(xo);, They are also especially well-suited for the ~~

purpose- of defining directional derivatives and.subgradients, ) .

as we will see in section 1.5.

In this and subsequent sections we undertake a detailed

,'study of q-con€s, with several purposes in mind: "
(1) . In doing so, we may unearth a new tangent cone of some e,

- value.
(ii) We can hope to. learn which properties of a g-cone

result from which parts of its definition. \

N
of characterizing familiar &

»

\
(1i1) We may "£ind new ways

tangent cones,




Some earlier experimentation with quantification in
tangent cone definitions can be found in Viach's papers
(Iv21, [V3] and Iv4]).

In many proofs in this chapter, we will use the symbols
*Q,P# and $‘ as’in.Definltidn 1.3.1'in order to évoig(

having to do a case-by-case analysis of specific tangent

cones.. This will also be a way of ﬁinpointing which quanti-

PR

fications are important and which do not matter in determining
whether a given tangent cone has a given property.

We observe first that for any g-cone R, ﬂhc,xo) =g

5

whenever X, ¢ ¢l ¢ . In addition, all "reasonable" Q—cones,'

including those in cases (a) through (d) of (1.3.2), actually

are cone-valued. . ’ . r

s
Proposition 1.3.2: Suppose R is a g-cone on E such that

oM(Y) = M(aY) for all o > 0 . Then R satisfies (1.1.2)

(cone=valuedness)'.

'
] r
A

gégg;:‘ Let y ¢ R(C,xof and o > 0 be given. Then
g*%Y‘e N(y) , #XeN(xo) ; $ oA > 0 , there exist
ZeHEY) and We K@) L # xeCaW, $ te (000,
*'Y',€ Z , X+ ty' ¢ q‘f 'Now ay! ¢ aZ , and since

aM(Y) = M(a¥) , oZ e M(Y) . Therefore * Y ¢ N(ay) ,

# X ¢ N(;O) , $ A >0, there exist W ¢ K(X) and

aZ ¢ M(Y) ', #' x ¢ Cn W, § % e (0,2) , *' ay' ¢ o2 ,
!
L x + (%)uy' =x + ty' ¢ C . Thps oy € R?C,XO) and

is a cone. [}

R(C,x
. ¥

0

4

4

S Y -
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' It is also easy to show that many g-cones are

homogeneous.

Proposition 1.3.3: Suppose R 1is a g~cone oh E, such that - .

MC(aY) = aMC(Y) = Mac(aY) and aK{X} = K(aX) for all '
o >0 . Then *R is a homogeneous tangent cone. ° ‘

’
\ ’

Proof: The fact that R is a cone follows from Propqsition

0’ Yhda o> 0 be given. Then o
¥

*Y e Nly) , £ X e N(xo) ;, $ A >0 , there exist W ¢ K(X)

1.3.2, Let vy ¢ R(C,x

and Z e H (Y) , #"Xec CaW , $" te (0,0, * y' c2, !
" 3

X + ty' ¢ C : By hypothesis, oW E‘K(QX) and oZ ¢ MuC(aY)‘
. .

.Thus * oY ¢ N(ay) , # oX ¢ N(axo) , S A>0, -

"

#% ax e aC n oW , $' tge (0,A) , *! oy' ¢ 0Z , .

. , »

oxX + toy' = a(x+ty') € aC .,
o “ ' . ! r o,

Hence ay ¢ R(aC,qxo) and uR(C,xO) c R(ac,uxo) . It - "

&

follows that .

1

3 “~ '&"

R(ac,axo) <, R(% aC, é;axo).= R(C,XOL ’

and so R(ac,axo) ¢ aR(C,xO) also. Therefore R 1is

homogeneous. . - 0

v v »

When * =% and M(Y) 4is as in case (a) or [(c), it is

not hard to show that R(C,xO) 1s a closed set. (A specific

LT W p ot Vopuana . Gt

example is [Bo8, Proposition 2.11.) We generalize this fact

" below. .

P
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Theorem 1.3.4: Suppose that, * := ¥ in “(1.3.1) and. that

H(+) is such that 1f ¥, eN(y;), gzihwy ¢ ¥, €Y, and

Z) ¢ M(Y)) , there exists 7, » 77 with 1, eM(y,) .

R(C,xo) is a closed set for all (C,xo) ¢ 2% x E .

Proof: Let vy e cl R(é,x be given: Leée’Y =y+Ve N(y),

O)
where V ¢ N(0) , and let U ¢ N{0) be such that U + U c‘y.

Thén for some uwe U,y :=_¥\ixu e R(C,%,) . Hence
2

B Xe N(xXy) , $X¥> 0 there 8xist W e K(X) apd u .

o)
2, e MF+U) , #' xeCnW,$ te (0,A) , there exigts

y' e 2 with' x + ty' ¢ C. Now y' ¢ y + V. .and there

exists %, e M(yﬁV) with 23 » Zy ,'so ¥, ﬁust‘actually'be

2
in R(C,xof . " Therefore R(C,xo) is 1 closed set. {1
Q 1 N
Corollary 1.3.5: The tangent cones KC(XO) ' kC(XO) , and
Ta(x,) are always closed sets. ‘ (o o
\

)

Exampfe 1.3.6: Let M(Y) be as in case (c), and defing

Falxy) 2= {yeE| ¥ Y ¢ N(y), & X ﬁ(xo) , I A> 0, .
T2 e MY, ¥xeXnC,¥te (0,0, T
: ! . . .
dy' e 2 with x+ ty' ¢ C} . R ’
) "

This is a g-cone with * =% , $ =3 , § =% , "and

K(X) = X ., Since case (c) saEisfies the ﬁypothesis of

Theorem 1.3.4 with Zy = 2y 4 FC(xo) is always a closed set

(see also [Bo8, Proposition 2,11), This tangent cone is

thoroughly discussed in [Bo8].

Then -



a

[

- 28 -
3
- ¥
“ - * -
wWhen * =3 and M(Y) is as in cases (a)‘or (¢}, ", !
R(C,xo) is an open set. Our next result generalizes this x(
fact. S - N
] »

£l

I,

Theorem 1.3.7: Suppose that * := & in (1.3.1) and that -

M(+) is such that if ¥y eN(y;), ¥, cNly,) , ¥, > ¥, and -
Z, eM(Yz) , there exists Z1 eM(Yl) with ‘Zl & Zz'. ‘T%en"

$4C,x0[ ig an Opeg set for all (C,io) e.ZEix E .

- . v .
* £l
-
.

classes of g~conés satisfy various of the properties (1)-(6)

- .

Proof: Let vy’e R(C,xo) . There exists Y = vy + Ve N(y) , .
" where V ¢ N{0) ; # X ¢ M(xo) L5 A>0 , there\ exist T ‘;
We K(X) and Z e M(X) , #' x e Cn W, $' t e!(0,)) with
x . w . :
X+ tZ cC. - i

o 4

’r T : : . N

Now let U ¢ N(Q0)» be such that U + U« V , and %9f é
- - : T .t " }
y:=y+uey+ U for agiven u e U . By hypothéses, 3
- ’ v £

there exists %' ¢ Z with %' ¢ M{y + U) . Thus . 3
: . . . :
¥ X e N(XO) + $ A >0, there exists W e K(X) , .
#' Xxe Co W, $' %t ¢ (6,%) ;, for all vy' ¢ Z! : Lt .
. 5

x + ty' ¢ x + £2° o -4
' cx+thcC. ) . -7 !

y . 3
Thexefore y + U c R(C,xo) and so R(C,xo) is an open ;
t. . . g . m ;
’ t

4

) 3

.Jn ‘the remainder of this section, we analyze which . i

"3

€

)

N
.
. 2 P
-

.
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given in section 1l.1. We'begin with property (1}, corment- ‘ -
- - ing that a tangent cone must have property (1) in order to

be widely applicable. On this basis we can rule out much : ,

L further étudy of g-cones with # := ¥ and K(X) := X, as

- the following example'lllustrates:’ . o
T, L. . ’

: ERR * u/ " ', -

R / W - ' . .

e Example l 8: Deflne the g-cone- . ) ; ]

kY vy

. G(x0)~.=/ {yeEIHYeN(y},V}{eN(x) pH A 0, e e e

- - - E{»xeX‘nC,Vte(O,A) ,'Vy'ey,>;§+t3;‘ec}~,

+
€>0,6 >0 be given, let "y ¢'R , "and define’ 'X = [-§,6]' ", - .

R

- B and ‘consider the case E :=R , C :=TR,', Xg =0 . Let

. . and Y := [y-e,yte] . Then'if yz2ze,§+ (0,r)Y c°C for
any »r >0 , and if y <e , § + (0, §§é)y c C.. Letting

x := § in the definition of GC(XO)’, we conclude that

d)'t]R , and hencglthat Gc(xo) _does not have property g
- . "(’ (;)I; ({n fact, it «can be shown that in gener;l' Gékxoﬁ can’

. .- take on. only two possible-values -.@ and the whole space

-

- < -

. L sy x ¢ - - A - M L *
s

T E .) From this exémgle, we deduce the following result:

-
% > . N . '
" - . .

. ePrbposition 1.3.9: Suppose R 1is a g~cone with # := ¥

« , and K(X) := X . Then R’ does not have property (1). 2 '

I3 . - N

0 be as in Example 1.3.8. ' The . -

- smallest g-cone with # =¥ and K (X) = X is Gc(xo) K

Proof: Let E , C and x

g0 for any such g-cone R, R(C,xo) > Gc(xo) for all - B '

{C,xo) € 2E x E . Por this example, then, we have

R(C,x Thus R(C,xo) . does not have property (1). g

) =R ’
- 0 * L] > 0 (Y L ,,..4--""\
’
" Y \ . .
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Example 1:3.10:

- 30 - - ,*

Let E =R’ , x, := (0,0),, and

C = {(x,y)]|x - 0} .

special - case of the following fact. X

- -

Then GC(XO) =g . T?lS is ar

. . -
i ’ . .

'Proposition 1.3:11l: Suppose., C < Em°ylth int C=1% , and

‘suppos€ R is a g-cone on E .with *:=3d and M(y) =Y .
n R(C,xo)'= g for all xJ'a E.. T ‘ !
. ! , . .. . .
1 ﬂa ‘

* x v 8

P

“

7 i ~ - » < -
R H - -

Proof: If vy e,R(C,xo)', there existiix e C , £t >0, and
e\ ’ * ‘e .

Y e N(y) with x+ t¥ < C . ;The\sét X + tY¥Y has nonempty *

interior, 's¢ 1f int C= g , R(C,x5k.= § o, ”

. . N ‘
_LCQgp) and the. interiorly tangent cone I,(xg) .

i

0

> o
’

- 1
"
+

* -
L} © ¥

-

. By Propositiop 143.11, the ipternal tangent "cone
~ D 1

do not have

i !

property (1), and similarly, neither does the cone \

‘ t

<

lt(xo) = {yeE| 3 Y c N(y) , ¥ x>0, 3

v Y.' € Y r«‘xo '\+ ty‘ € C} ln * y P

4 1
# ; ) ’
x ¥

'

‘e (01;\) l1

-

ES

e 3 .~ |
/4

" What will happen, tﬁough,‘if;we use MC(Y3 = Yf\(affﬂc - xo)
~ . L 3

*

instead ofv M(Y) = ¥ in these tangent cones?‘ . ”

! 14

.

\

bR} ’

.Definition 1.3.12; Suppose R ‘ﬁsva g~cone with *i= ¥ and
\ * !

MYy =Y .

(1.3.5)

”RFEl(c,xo) = {yeB| & Y e N(yLi # X e N(xp),

Define the relative g-cone by .

r \ ‘
¢
- t

$>\>0'H‘WEE<(X),#'X€CHW]$‘tF(O,A)l‘

¥y'eYn (aff C - x5) , x+ ty' ¢ C} .

I

s

-

»

*
W g e MR, om



-
’

B P}
Proposition 1.3.13: If E = R*

rel

, 'the q-con?s Hc(xo) .

s

rel

I (XQ) ' (4] and 2rel(xo) have property (1).

Proof: It is well known (see for example [Ro5, Chapter 2])
that the contingent cone and Clarke tangent cone have
E < ‘ gropeity (1) an any l.c.s. E _,. In addition, it is shown

.l in [Ro2] that int T.(x.) = I'_ (x for a closed set

. o c(¥g) = Iplxg)
‘ C ¢ RY, if 1nt TC(XOL # @ . Keeping these facts in mind,
Suppose C cRY 1s closed, and convex and Xy € C . The

convex set Tc(xo) has nonempty rélatlﬁe interior [Rol,

-
Section 6}, and it follows from the result mentioned above"

:; {Iu . tha% \ y‘
%
° rel
‘ ri To(xg) = I5 " (x4) .
- . rel
) Since (x ) ¢ HC(XO) @ Tc(x ) , we conclude that
¢ FeT T ) rel
v T (x ). .= cl(ri T (XO}? c cl I (x O)
- - e ¢l H (x,) <« T, (x,)
, c'o c'7o »
-~
i b .
and so Iéel(xo) and Hc(xo) have property (l). Similarly,
T . _ rel
! . ri Tc(xo) = C (x
¢ b
) - . c gel(x)
= 4t (xy) < Kolxg) '
so rel(xo)' and Qgelea) also have property (}?. O
. - :
b‘

o,
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(1.3.8) Ac(xo‘) = En(x))
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.

In anfinite dimensions, examples in JBo7] and [Bo8]

show that Fc(xo) and Hc(xol , and thus Igel(xo) , do not

: 1

have property (1). ' . ‘

* »

3

Since Tc(xo) and Kc(xo) have property (1), so do
all téngent cones"lying between them —’e.g. kc(xo) . 'The
pseudotangent céne inherits propefty (l)'frpm Kc(xo) . The

cone of feasible directions .

b " . X {

(1.3.6) ,EC(XO)
i \ ! ¢ + -
” T -~ - -

and the g-cone .

1= {yeEl T x> 0,% te (0,)), x0+tys Cf

(L.3.7) , AC(XQ) :=’{YEE| ¥A>»0,3te(0,A), x0+tye:b}

a
Y

also have property (l). (For more information and references

on these cones, see [V1], [V2] and [v3].) This follows from

\

thé-obserVatlon that when C is‘coﬂvex, L

"

.

L4

fl .

{yeE| T & > 0, Xy + ty e Cl

fl

cone(C—xO) .

We turn now to property (2). First, we make a
definition: , «“ !
Definition 1.3.14 [Ro3]: Let E , F 7 be l.c.s. The function

h: E » F is strictly differentiable at %y € B if there is

L3

‘< a continuous linear mapping Vh(xo): E + F _such that

Wt

-

]

i

e e g e s
.

3

R R B S L L RS S
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h(xfgy')—h(x)‘
t

(1.3.9) ° lim

X+
0

y'ry
£40

= Vhix,)y

T

for all y ¢ E .~

. . »
3 . o

Notice in particular that a function which is Cl near

& ° )
X is straictly differentiable at Xy - .

One» inclusion of property (2) is easy to establish for
any g-cone. A ’ , '

\

&

Propo§it%a$ 1.3.15: Suppose R is & ¢-cone on E and -
h: E » F is strictly differentiable at X, € n~t

i

P ]

Proof: Let y € D _; (x,) be given (seé 1.3.4) for the

ht(0) . .
definition of DC(XO)). Thén for all Y ¢ N(y) , X ¢ N(xo)

A

and A > 0 , there exist x e X.n h-l(O) , £ e (0,)) , and
y' € ¥ with h(x+ty') = 0 and thus also '

hixttyl)-h(x) _ 0 . 'Since h is strictly differentiable

t
.
at x4 Vh(xo)y =0, and so ¥y ¢ Vh(xo)—l(O). Hence
D (x,) <*Vh(x,)"1(0) , and it follows that
-1 0 0

h ~(0)

R(h-1(0),xof'c D 4 (xo) c &h(xo)_lGO) for any g-cone R .
\ h (0) : i

o O

& !
’

+ The reverse inclusion holds much less often. We know,

by Theorem 1.2.6 that i; will not hold for any d-~cone with

AN ¢
. .

»

(0) .* Then'

. . ' F
C(1.3.10) R(h—l(O),xo) c Vh(xo)-l(O) . T
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.property (5). More generally, it will not hold 1f #*:= 3

in any of cases {a) ~ {d).

»
v

» R defined by

Then

o

/
* . &

: .

o
*

¢ Example 1.3.163 Cons}éer h: ®?
S h{x,y) := f-—xz and Xy = "(0,0) .
Vh(xo)'l(O) = {(x,y) [y=0} 5 while
a ‘ - | Ah—lEO) (%4) = Hh—l(o’; (XQ) = Eh"l(O) ixo) = {Q(O,O)}_ and
SRR AN AP
n™t (o) it O

»

Y ~
- aa

It 1s.well known, however (see for'exampie [Bo5, Theorem

v

4.11), that the reverse indlusion holds for the Clarke

deduce the following result:

&

tangeﬁ% cone i1f Vh(x,) 1is of full rank. We can thus

A
'

N

{

, ¢

% ¢ ?
Proposition 1.3.17: “Suppose 'R is-a g-cone with * := ¥

’aﬁa M(¥Y) = Y , and suppose h: B > is strictly diifeI«n

entiable at X

LY _—

F P

and since Vh(x,) 1is of full rank, Vh(xy) 1(0) ¢ T | (x).

(1.3.11) R(TL(0),%g) & Thixg) H(O) . -

€ h—l(O) w1th‘_Vh(xo) of rank m . Then

-

7

- @

Proof: By Proposition 1.3.15, R(h7'(0),xy) < Va(x))™t(0) ;

h ~(0)

Now .for any g-cone with *:= ¥ and ‘M(Y) = Y , it Is not hard

to see that

>
L}

T
)

N

Therefore (1.3.11) holds.

\

-] R
(XO) c R(h (0),x0) . .

it W e
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Corollary 1.3.18: The g-cones Ty (x)) ., Kalxy) + ko(xp) o :

roperty (2). Coc ot

FCQXO) and DC(ko) a%l possess '
|
. v
Proof: In finite dimensions FC(¥O) =‘Tc(x0) r S0 Falxg)

automatically haé‘property (2). The cones Kc(xo) ,.kc(xo) . n

and D,(xq) all have '* := ¥ an$ M)y =y ., < » . i
! k ' ’ ’ \ ~
We next consider property (3) - isotonicity with respect-
toy,set inclusion. " ‘ '
w
Theorem 1.3.19: - Suppose R is g-icone with # := ¥ . Then

. t
s, R(Cl,xo) c R(Cz,xo) whenever €, ic Cy < E and X, ¢ E .

\ :
* approximants. For example, define

1

-

P

Proof: Shppose X E,C ecC

0€ l 0). Lt
Then * ¥ ¢ N(y) , for all X e N(xy) , $ 2 >0, there

o FE and y e R(Cl,x

1

exist W e K(X) , 2 « M(Y) and xie Cl nwWe C2 nw,

-~

$' te (0,A) , ¥ y' € 2, X + ty' le €y = C, . Hence: -
¥ € R(CZ’XO)' andw‘R(Cl,xo)-G R(CZ'%O) . O .

'

Corollary 1.3.20: The g-cones KC(LO) r k(x4 (x5

4 rel " rel
LC(XO) (4 2’CJ (Xo) 1 LC '(xo) r AC(XA) ’ Ec(xo) r IGC(XO) 7
GEEl(XOP *and Dc(xo) have property (3). ,

|

Unless K(X) =Xy s+ R will not in %gneral be isotone
’ !
if # := 3 . Such an R would be igsotone if in «1.3.1),
"$#' xe Cn W were‘}eplaced by "#' x € W'-, Howewer, .

such a definition would not give useful tangential

1
v

[ —————ee T I DR
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is not standard, For example, 1f E :=R

. s ;—36 _ ;
3

Q

N R(C,xo) :f~{yeE| ¥YeNtyl, 3X e N(x), BX >0, ¥x ¢ X,

¥ toe (O,A), Tyt ¢ ¥ . with x + ty' ¢ C} . It is easy to

*

““prove'that R(C,xo) i;‘isotone\and convex, so it might seem

at first glance to be a pdtentially useful tangent cone,

But Réc,xo) c T(C}xo) c K(C,XO) , 80 b& Theorem 1,2.4, R

2 -2 .
, C &= ﬂi+ , and

X 1= (0,0) then‘jR{C;xG) = f§ . This example demonstrates

that we can exclude such definitions of tangent cone from

~

-

further consideration, 'é
u

5 i . .
Of the g-conesgwe have defined so-far, three are always

convex = Tc(xo) ’ Hc(xo) and Fc(xo) (for bioofs, see

" [Ro5, Chapter 2], [Dol]} and [Bo8]). We now give q-genefal—

1zation of these facts.

Theorem 1.3.21: Suppose R 18 a g~cone on E with

)

* o= ¥, 4 = F and $ := 3 and assume.the following

conditions hold:

¢
.

) (1.3.12) aM(¥Y) = M(a¥) for all o > 0 .

(1.3.13) If 1?1 € N(yl); Y, e N(yz), Y ¢ N(Y1+y2) with

there, exists Z ¢ M(Y) with Zl + 22

-

€Y, 3y e M(Y)) and B, e H(Y,) ,

c 4 .

(1.3.14) K(Xl n X2) = K(Xl) n K(Xz) .

" (1.3.15) | If X' e N(xg), W' ¢ K(X'), y' ¢ B, and

Y e N(y') , there exist X ¢ N(xo) ; W e K(X) ,

and A >0 ,éuch that




1.3.2, R 1s cone-valued, so it suffices 'to show that

RIEE N(yl) r ¥y o6 N(yz) be such that R

. are always convex. . , ~L

]

37 -

W +.(0,0)Y ¢ W' .

/

Then R(C,xo) is a convex cone for all

&C,xo) € 2E x B . * . .

4

-
———

Proof: Let Yy1¥y € R(C,xo) . "By .(1.3.12) gnd,PxéposiEién '

Y =yt Y,y € R(C,xd) . Let Y e N(y) be gi&en,.an&vlgt

+ Y2 c Y . $Since et

£ ﬁic,xd) , there exist Xi € N(xo) ’ }i >0, WE e,K(Xi)

1

:

¥

and Z; = M(Yi) such that for all X ¢ W, nC and

£c (0A) , (x + t2,) n C## for i=1,2. By (1.3.14)

.n X

and (1.3.15), choose A < min(hj,3,) , X c X -

1

X e N(x and W e K¢X) , We W, nW such that

0) 1l 2
W+ (O,MYl & Wy . Now let -x' ¢ Cn W, te (0,A) . Then

IS

X' e CnW; , so (x'+ tZ) nC# g . Pick
9 - Then (=" + th) nC# g .
By (1.3.13), choose 2 c M(Y) 'with %, + Z, c Z .4'&hen

X" e (x' + tZl) nCcCnwW
s ,

x" + tZ2 < x' 4+ tZl + EZZ c x' 4+ tZ . Hence x' + tZ n C #8,

and so y € R(C,xo) and R(C,xo) is convex. : a »
* - )

»

Corollary l.?.22: ,The g-cones T.(x,) , Ho(x,) and Fnlxg). o

Proof: K(X) =X , M(¥Y) =Y , M(¥Y) =y and s

M(Y) = "nonempty compact subsets of Y" all satisfy ' ' ) |
hypotheses (1.3.12) Ehrough (1.3.15) qf'Theorem 1.3.21. 0 |
, : : |

‘ |

|
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We next give a companiofl result to Theorem 1.3.21 on

P i
.

the convexity of certaln g-cones.

L

Theorem 1.3,23; ‘Suppose,“R is a y~cone on E - with £ g d oy
4 =% and $ 3= & and assume ;hét conditiong (1.3.12), Co -

(1.3.14).and- (1.3.15) hold, along with the following

]

condition:

~ - *

(1.3;13)'~ If ¥, ¢ Niyy) i ¥y e Nly,) and v ¢ Ny tyy) o

with Y o ¥, +Y,

Z, e Q(Yz) , there exists 2z « %, f Z

2 with ‘

"2 e M(Y) .

Théﬁ"R(C,xo) ’ié a convex cone for all LC,XO) € 2E B,
Proaf: Suppose ‘yl,yé e,R(C,xO)'. It again suffices to show
that ,y':= Yy t Yy R(é,xo) . §En?e yiue R(C,%O) ,sthere’
exrst xXl‘ € N(XO) ' }”1 >0 'Wi € K(Xl) 'y’ convex neighbour-
hoods’ Y, eN(yi), Zi eM(Yi) such that ' (W,aC) +}O,Ai)zi c C

for i = 1,2 . By (l.3.14) and (1.3.15), choose- ,
A€ min(Ay,h,) . X e N(xp) with X e X; n X, and W e K(X)
with W c W

nw such that

‘

1 2,

W+ (0¥ < W

Y

.
2 -
~

Now let x' ¢ CnW and £e (0,0) . Then x' e W n€C,

so x' + tzl c ¢, 'But x' + tZl = W2 ; SO

« C . Now choose Y ¢ N(y) with ¥ ¢ Y, + ¥,

X' + tZl + tZz .
and by (1.3.13)', choose 2 ¢ M(Y) with 2 < Z; + 2, . Then
’ ‘ ’ ' ! 4 l !
» - - ' '

.
St T
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- !

x' + €2 € x' + £(B)+8,) < C and sq y ¢ R(C,x,) and

. | .
K R(C,x } is convex. e ; L. - a

-

o The foct that o (xo) Cis always convex follows from :

1

. ~Theorem L. 3 23 as well as from Theorem~l 3. 21, since

M) =y for Y e N(y) satlsfles both (1.3.13) and’

(1.3.13)'. It also~follows fron Theorem.l 3. 23 that I (XO)

1s always convex. . s ’ o

We conclude this section by giving condltiohs éufﬁicient

.fof g-cones to possess property (5). or property (6).

»

Theorem 1.3.24: Suppose R 1s a q;cone on E with

Fop= ﬁ ; #:=3 and § :=HF and suppose the follow1ng

cendltlons hold-

(1.3.16) If xl,xz € N(x , then

c L K(XynXy) 2 {Wy nW 2 |Wy e K(x ), o € K(x,)1 .

<

o (1.3.17) If '¥,,¥, e N(y) , then
Mo qo (¥1n¥y) 2 {zinzzlzl e Mo {¥7),2, e My (Y} . ,
172 ' 1 2
k ' " Then R has property (5). ' '
‘J Proof: Suppose vy « R(Cl,xo) n R(CZ’XO) . There exist ‘
Y:L e N(y) , Xi G'N(XO) P Wy o€ K(Xl) r % € Mci(Yi) _and

Xi > 0 such that

(Ciowl) + (O,Ai?Zi,c Ci for 1 =1,2 .

Let X :=X; 0 X ¢ N(x,) aod Y :=7Y; n¥Y, e Nyl . By

1
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—40-!‘ Lt

. .
. ot s - . .
A

' (1.3.16), AW, e KLX) , and by (1 3.17), ‘
. R "y 2

,,
E)
.
. .
. ™ Bt
N

Lar
/

Zyon 2y« Mclncz(Y) ¢ Now Cyn szn W, o0 W2 F o

|

-~

! L. -
n (O,m;n(Xl,kz))(Zl‘nzz) aC; nC, and so vy eR(ClnCZ,xO)

and 'R. possessés property (5). R Co ' - "
, . . t . i

.

rel, ., - -
¢ &

B T, ¢ N i \
Co?ollarg 1.3.25: The q—cones,uEC(xo) ' Lc(xo) ; L

-

CHS (%) IC(Xb) ‘and jIéel(xol have property (5). ‘
¢ ’ - P -7 . ‘

N

Theorem 1.3.26: Suppose R 18 a g~cone on E with ‘

-~ 1

= Xy K=oy, $ = ¥ and suppose the followlng

TKAX)
condition holds: e

4

4

»

(1.3.18) If ¥,,¥, ¢ N(y] ,.then

t

Mo Lo (¥10¥y) < {2qn e M. (Yq),%, ¢ M, (Y0} .
1 uC, 2 21 ~CpvLi T2 C, 2

I3

v

. Then® R has property (6). ' o '

Proaf: Suppose y « (E\R(Cl,xo))an (E\R(C5,%y)) . Then
—— : , . Do

&
\"

there exist Y. ¢ Nly) and A, > 0 such that 'for all

Al

z; e*MC;QYi) cytez; and (toe (0,h,) , kg ¥ ry' 4Gy,

“4 =1,2 . Now let:Y := ¥, Y, ¢ N(y) , and let
[ ¢ - . Pl
7 ¢ MC uC (Y) . By (1.3.18Y, there ex1§t Zl € MC (Yl},
1772 - X .
) p) waith 2= 2 0 Zy o Tﬁén;f?r a}L

] = ! ’
y' ¢ 2 'Zl n ?2 oo .

) Z,’Z € MC (Y

’ ~ F

,and. t ¢ (Ofmln(xl,iz)) ) Xg t ty' ¢ C L C, . Hence - ,

LA
i

A R(qlucz,go) , and so R(qlucz,xo)c:R(Ci,go)tJR(CZ,xo). B

L




counterexample which.shows that it ddes not Have that I

’( ' -+ R . . .
N & L K - " " » 5\ R
. LR LT A . ) v A » »
, ) ™ 4] - , S . 0T . L oe < . - _(_A . “ :.”“k f
P ’ : b ’ i u ' 'y ' ‘- H’, ) N e :ﬁ‘ 1 § (»4
Coroliary 1.3:27: The g-cones, K,(x,) and A (xO) possess ey
» . t. N . ; "‘ ,_' } t_ - . ‘ .p .
,property (6}. . - - N !
. [ N ) * - - ) "« -, ) L, .- 3
Proof:- Both M(Y)'= Y and MLY) = S&tley1(1.3.18).w N £ S
e v - hl b - ™ - aLr » B i .t
. B o .. . 4 ,;* . . L .
L' Lo PR '-" » PR S —” “

- e

It 1s a general rule of‘thumb that zf a q-cone qannot
be, readlly proven-to_have a certain property, thexe 1S ar : - g e

A
+ L

property. This 1s true at least for ¢ases (a) through (d) :f .“' o
and - pr0pert1es (1) through (6) —.see Table 1.9. 3. In : e . '
partlcular, in cases (a) through (d), there are no nontn1v1al o SR
q—cones hav1ng hoth propertles (3) and (4) (compare Thegrems o LT ’
1.3.19, 1.3. 21 and l 3.23), none hav1ng both propertles (4) - ,‘ . .
and (6) (compa;;e Theorems 1.3.21, 1.3.23 apd 1.3:26), and .
none h:":lVng both proiaerties (5) and “(6) (compa'r;a Theorem' R
1.3.24 and 1.3.26). . . o '\ -
“The gnly g-cones in cases (a) or (b) wh%dhztaVe both . ,;
properties (1) and (2) ate the contingent cone, DM tangent N
cone, and Clarke tangent cone. This adds extra justifi- .
cation to the fact‘that‘ Ké(xo) and .Te(x) are the tangent o
cones which have,recelhed the most attention in optimization
theory. The potential of kc(xo)"haé‘nét up to now been
fully exploited;hit pla§s an important subsidiary role and
can be used to sharpen certain results -inswhich the contlh-

gent cone has previoisly been used, as we will see in 1ater

chapters. R



1.4. Additional Tandent Cone Properties

n this section we discué? additional important tangent -

cone pgoperties and establish which guantificational fangent
“ L

cones satisfy each of them.

-

- “
» 1

Definition 1l.4.1l: .Let E , F' be l.c.s.” A tangency aper-

=

. ;
ator is product-preserving if

(1.4.1) R(Clxcz,(xl,xz)) f R(Cl,xl) X R(Cz,xz)

wh?never % ¢ Cy c*E  and X, € Cy « F .
This,propexly will prove to be an essential one in
establishing the subdifferential calculus results of chapter

2, The following theorem gives conditions sufficient for a

g-cone to be product-preserving. .

Theorem 1.4.2: Suppose E ,\;} are l.c.s. and xl'e él < E,

¢ C; = F . Suppose the topology on E X F is the

)

product topology and make the following assumptions:

(1.4.A ,K(Xlxxz) c‘K(Xl) x K(Xz) for all

Xl € N(xl) r Xy € N(xz) . . .

(1.4.3) Mclxcz(ylez’ c Mcl(yl) x MCZ(YZ) for all
¥, e Niyp), ¥, ¢ N(y,) , Where
(eryz) € R(Clxczl(xl,xz)) .

Then

-

e vl et f"'-sv&'?_i‘a.r‘u [

-k
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(xi,xé)‘e (Cp%xCy) MW , ' t e (0,A) , *' (y1,¥5) € Z
'_(xi,xé)‘+'t(§i,yé)‘e Cy x C, . By (1.4.2) and (1.4.3),
W =W, X W ’

' \ -
‘ ! - >

y Y® . »
W o. , *

(1.4.4)  [R(Cy%Cy, (xy,%,) = R(Cy,xy) X R(Cy,x,)
Moreqver, if $:= and equaiity holds'in (1.4.2) and ' . N

~

(1.4.3), -then (1.4.1) is satisfied.

¥ .
A N - v

P;oof:Zqupose '(yi,yz) € R(Clxcz,(xl,xz)) . Since E x F

is "topologized with the product topology, * Yl € N(yl) '
N ’ \ a

* Y2~€~N(y2) , ¥ X e'N(xl)', # X, € N(x

o $A>0, 9

Y, xY, ) , #!

»

C.xC (

172

‘there exist W ¢ K(¥; xX,) and % e N )

,

2
£ K(Xl) : W

.

1 5 wherq W € K(Xz) and

1 2

7 = zl X 22 where zl € MCl(Yl) ’ 22 € Mcz(Yz) . It )

LN .
follows that Y, € R(Cl,xo) and y, € R(Cz,xo) ; So (1.4.4)

holds.

*"Conversely, suppose $:= % and yy € R(Cy,xp)

ROK R(Cz,xz),. Then * ¥, e Nly;) , # X; « N(xi) , there

exist Ai > 9 ' Wi € K(Xi) and Zi € MC.(Yi) ’

. i
. [] o1 * !
i X, e.Ci,n Wi , for all t ¢ (O,Ai) ' y; € Zi '

! R . - -
Xi +_tyi I3 Ci ;1 =1,2 , Let A : mln(Al,Az) R

W= W, x W, , 2 o= 2. X Z, + ¥ =Y XX

1 1 x Y, , X 1= X

1 1 2 °

C1%Cy

. ,By (1.4.2) and (1.4.3), W e K(X) and Z ¢ M (Y) .

© Then * Y e'N((ylpyz)) , # X € N((xl,xz)) , there exist

v ' ¥
W e K(X) and 7 ¢ Mclxcz(Y) , B (xl,xz) € (clxcz) nw,
-~ =

for *all' t e (0,X) , *° (yi,yé) e Yn?Z,

(Xilxé)'+jt(yi,y;) € Cq x C2 . Hence

+
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[
. - 44 -
(yl,yz)(é Rf?lxczz(xl,xz)) , and so (1.4.1) holds. _ o 0 )
Corollary 1.4.3: ‘The‘qrcqnes kc(xo) ’ Tcﬁxo) ' Ec(xox ' .

To(xg) ¢ Lolxg) ' Hb(%o)‘, Fol(xy), "and G.(x,) are -

s -
. . . w
5

- ¢ - e P
— 1
product pres.erKVlngj.\ \
o

v
L e

[y

, &
' ¢

Proof:, ASsumptions "(1.4.2) and (1.4:3) hold with equality
in caseg (a)'through‘(c). In the definltﬁbh of each of <t \
these.coﬁeg,:"$:= g, o - - : R

If § =¥ in the‘deﬁinition*of a~q—cone,'that cone will

not in ‘general be product preserving. (There is a counter- :
3 « - -

_ example for tle coniingent cone in [ﬁoSl Section 2], ) , ¢

Counterexamples for other g~cones’ are given in Table 1.9.3.)

5

For q—cbnes'with $1= ¥ ., the best obtainable “"product-

inclusion" is the following.result, the proof of which we

leave to the reader. .
¥ [ ] . .

Proposition 1.4,4: Slippose E , F are l.c.s. and E x F

hag the product topology. Suppose R 1is a g~cone, and

suppose R' is a g-cone on F 1in whose definition $:=d , ¢

F

Assume” that R'(C,x,) <« R(C,x,) for all (C,x,) € 20 x F ,

o’ 0 0 '
that M(+) and. K(+) are identical in the definition of

'

R and R' , and that equality holds in (1.4.2) and (1.4.3).

-
v B

. Then for all x, ¢ C, ¢ E and X, € C2 ¢ F , .

1 1
™

#at

(1.4.5) R(CyxCy, (X1%,)) 2 R(C,%;) % R'(C, %))

3

a®




Corollary 1.4.5. (See [Ul] for (1.4.6) and (1.4.8)): For

2

2 2

% <

i all xl e ¢l Cl cBE and x., € cl C cF,

(1.4.6) K (xl) x ka

(x,) <K
€1 272

¢y xc, {F1r¥p)) ~—

(1.4.7) A (x.) X E, (x,) < A ((x,,%,)) &
c; 1 ?2 2 CyxC, 1 T1IT2

# o

(1.4.8) bo (x)) X L

(x.) < & ((x.,%.)) '
1 c, 2] s L *

We next mention a localization prép?rty possessed by

.
oo
’&"

’ many g-cones.

Theorem 1.4,.6: Suppose R is a g-cone on E gatisfying

the condition below:

(1L.4.9) if_ X 1%y € N(x)) and W e K(Xy) , then

W n X2 € K(Xl ? Xz) .

1

Then 3

(IN,10) R(CX,x,) = R(C,x,) for all, (C,x,) e 2° x E

o) o)

and ‘X € N(xo) .

Proof: ILet vy e R(C,xo) .. We observe that for any

Y ¢ N(y) , there-exist A, > 0 and X e,N(xo) such thHat

1

X, ¢ X and X, + (0,A])Y ¢ X . Then * Y e N(y) ,’

1 1
# X' e Nixg) , $ A >0, there exist W ¢ K(X') and

. Ze MY) , #" x e X0 Ca W= (CoXp) o (WnXy) , ”

S' t e (O,min(l,ll)) AR Y e‘z cY ,x+ty'eC.

°

But since Xl + (O,Al)Y cX ,x+ty' e CnX. In addition, - _

2
~
1
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<1
v

i

WX, e K(X;Bxl) by (1.4.9). Hence y ¢ R(CnX,x,) and

1

R(C,xo) c R(CnX,xO)

P
.

Conversely, suppose Yy € R(CnX,xo) . Then ¥ Y e N(y) ,

# X' ¢ N(x , 5 A > 0, there exist W ¢ K(X') and

o).
Z e K(Y) , #' x e (CnX) nW=Cn (WnX] , $'" t e (0,A) ,
*Ty'eZ ,x+ty' e CnX. Since X n X'« N(xo) and

W XcK(X'nX) ,y e R(Cx,) . Hence R(CaX,x,) < R(C,x,)

&

" and (1.4.10) holds. . n

@

In particular, hypothesisj(l.4,9)~holds whenever

K(X) := X or K(X)\:= Xq ¢ SO (1.4.10) Is true for any -of

?

the g-cones we ‘have defineéd so far. This property 1s alsg .

%

discussed in [Bo8]}. Observe that (1.4.10) ddes‘nbt hola

for %R(C,xol :=‘cone(C—x0) , which is not a g-cone,
4. ' FoY
Another property important in our future considefatlons

As the following inclusion for )g E » F strlctly dlffer—

b3 * & 3

[
©
L] . 1

(1.411) | Tglx)R(C,xy) < Mgl ,g0x)) . ]
. . > & R .

.
1) LY i
L]

entlable at Xq 3 C c E. .

In Prop051t10ns 1.4.7 &nd 1.4, 10 below, ve' glve con 1tlons

3

ad

-

Proposition 1.4.7: Suppése R 1is a g-coné with # == P

%
M(Y) =Y and -* := ¥ and suppese g: E ~ F is strictly

differentiable at x

g € CcE . Maké the following

assumption:



B d
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s
4
3

(1.4.12)  If Ve N(g(xg)) , X ¢ N(xy) with g(X} ¢V,

t

¢ .

‘then g(K(X)) < K(V) .

Then (1,4.11) holds. ., .* ‘ !

" ~

1Y

o*
~v 4

Proof: Let y ¢ R(C,x3) , U e N(Vg(x,)y) and V e N(gtx,)). .
Since g is strictly differentiable at Xy + there exist

L}

Y e Niy) , X ¢ N(xo) and kl > 0 such-that for all * f

. . " . )
t g (O,Al) ; ¥' € ¥ and x ¢ X, g(x+tyt) g (x) e U and
g(x) e Vv, - .

¥, M¥Y) =Y and * =¥,

]

I

Since -y € R(C,xo) , ¥

$ A >0 , there exist W e K(X) and xe CnWwW,

3

. \ v L , .
$' £ ¢ (0,min(\,A,)) , there exists y%* e ¥ , x + ty' ¢ C .
g 1 1L , { . 4 .

In addition, there exists g ¢ .U with g(x). + ty =
g{x+tty') € g(C) . Now if , x € CaW 7 g(x) € g(C) n g(W)

and g(W) = K(v) "by (1.4.12). Hence y < R(g(C),g(xy)) ,

Y 1

dnd (1.4.11) holds. ¢ 0

L]

il

. bepllé;y L.4.8: Suppose g: E =+ F is strictlyadifferentiﬁ

able at 'xo,e CcE . Then (1.4.11) holds for the g-cones
o ' - ¢
KC(XOL ’ kc(xo) ' DC(XQ) , and .

anlxg) = {yeE| ¥ ¥ ¢ N(y), ¥ X ¢ N(xg) ,& 2 >0,

HxeXnC Vie (0,A), 3y €Y ; x+ty' ¢ Cl.
. Y

*

Proof; The cases K(X) = X and K(X) = XO\‘bOEh satisfy

"condition (1.4.12}. . ’ ' . : : ' B

LY

=
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In [Al], Aubin establishes. (1.4.11) for XK.(x,)

case where "E and F are Hilbert spaces. See aléo IBoZﬁ,

in "the

[Gul] for applications of this wellnknown’inciusion: .

3

Corollary 1.4.9: Suppése A: E> F ig linear and

continuous and X,

hypotheses of Propositiom 1.4,7, ,

P4

,e C <*E ., Then if R satisfies the

(L.4.13) - A(R(C,x.)) < R(A(C),Axo}

o)
I d .
+

In particular, Cok '

(1.4.14) A(KC(XO)) c KA(C)(AXO)
and |

(1.4.15) A(kc(xo)) c kA(C)(AXO)\'

@ -
(4

Inclusions (l.4.14) and (1.4.15) will be invoked in

¢ v

Chapter 2 in the proofs of subdifferential calculus'

formulae. '

@

~

Proposition 1.4.10: Suppose R, is a g-cone with # :=3% , ¢.

-

3
M(Y) =Y and * := ¥ and suppose g: E + F is strictly

e CcE . Make the following relative

»

differeptiable at Xg

openness assumption:

. %

(1.4.16)  For each X ¢ N(xj) ‘and W, ¢ K(X) , there

1
exist V ¢ N(g(xoll and W ¢ K(V), such that

3

3

,
B g R S gy

Bl
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%%
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£

K g(Cl n'W = g(C n W) .~

Then (1.4.11) holds.” ' - &

» L I

-

'+ Proof: -Let; ¥y ¢ R(C,x%]) and U ¢ NL(V'g(XO)yl . Since g is

'stra.gitl,y di,fférentiable at  x,, , there exist Yi e N(¥v) ,

4

X e_N(xO)! "and Ay > 0 a'sucr_i that* for all Tte (0,A)

e e\_Yl , and X € X, - ) R ' *
* . ¥ B % v
sy ' - x . M
. 'g(mtyt)' gxl 'y .

’ S’in'Ce y € R’(C,’g{o) » there exists X ¢ N(XO)* with

X < Xl s S A >0 “, there exists Wi e’K(X) ,, for all '

¥x ¢ Cn Wy o §r t ei(O,mln(Al,A)) , there exmst:s y' ¢ Y1 ’

X +ty' € C. By (1.4.16), there exi'stls Ve N,(g'(xo)) _and
. We Kl(V)l such that g(C) n W < g(CaWq) . Now for all |

y' e ¥, ;<e Cn W1 ' anci t e (O,mln‘(}t,kl)) , there exists

y-e U with 5

Cglxtty') = g(x) + ty .

-
of

Thus there exists V & N(g(xo)) ; $ A > 0, there exists

We K(V) , for all. g(x) e g(C) nW , $' t e (O,mln(k,ll)),

there exists v ¢ U, g(x) + ty € g(C) . Hence

y‘e R(g(C),g(xO)) and (1.4.11) .holds. []

I a

Corellary 1.4.11: Inclusion (1.4.11) holds. for the g-cones

Tc(xo) and ‘

Té(xol :=J‘yeE:[ VY edN(’.y), BXeNixgl, ¥4>0,
¥x< XnC, Hte (0,A),Ty"eY¥Y, x+ty' e C}

e —— =




&
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‘under the following assumption:
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»(1.4.17) For each X ¢ N(xo) ; there exists V ¢ N(g(xo))

u

with V ng(C) < g(XnC) .

"

Proof: Set K(X) = X ain Proposition 1.4.10. Then (1.4.16)

reduces to (1.4.17). 0

Corollary-l.4.12: Suppose A: E + F 1s linear and continuous

and ¥y ¢ C < E . Then 1f R satisfies the hypotheses of
Proposition 1.4.10, inclusion (%.4.13) holds. 1In particular,

]

1f (1.4.17) holds with g := A ,

* o

and - .
(1.4.19) A(Tc(xon a TA(C)(AXO) .

Incluslon (l 4,18) will be used in the proofs of sub-

dlfferentlal calculus formuiae in Chapter 2.
In our dlscu551on of property (2L:u1section 1.3, we

saw that (1.,4.11) does not hold fbr g-cones with' * :=d 5

and sets of the form C := g_l(O) ; where g!]Rp >R" 1s

continuously differentiable near X, and Vg(xo) 1s of

Ve

,rank m (see Example 1.3,16). However, inclusion (1.4.13)

f

Ed

holds more génerally than does (l.4.11), as we now show in

Propositions 1.4.13, 1.4.15, 1.4.17 and 1.4.19.

"




is linear and\CQntinuous and_that\(l.4.12f holds with é =A
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Proposition 1.4.13: Suppose that R is a q—cone‘with

A .
#:x¥ and * :=¥ and let x, ¢-C<E . .Suppose’ A: E » F

&

Make the following additional assumptiqﬁ:‘

(1.4.20) If Ve N(ay) , ¥ ¢ N(y) with A(Y) <V , then

. AN < MOV . , ’

t .

Then (1.4.13) holds. o

EEQQEE Let y ¢ R(C,ko)»; Y € N(Ay{A and U e‘N(Axo) . Then

Y := A_l(V) ¢ N(y) =and X':= Aﬁlth ¢ N(xo)', and $ A >0,

there exist W e K}X) ; 2 eiM(Y) , and x ; Cnw, J

$' t g.(O,A) , there e#ists y; € é‘, ®x+ ty' e C. .
‘By (1.4.1"2) and (1.4.20), A(W). ¢ K{U) and ‘

A(Z) ¢ M(V) , Then $ XA > 0 , there exists ¥

Ax ¢ A(COW) € A(C) n A(W), $' £ ¢ (0y)) , there exists -

Ay' ¢ A(Z) with Zi()g))+ t}&(y'w: A(x+:cy') e A(C) . ‘Hence

Ay < R(A(C),Ax)) and (1.4.13) holds. , .

2

Corollary 1.4.14: 6 The g-cones *EC(xo) and Ab(xo) satisfy

(1.4.13) for all ;€ Cc E . . 'K T
Proof: The cases M(¥) =y and: M(X) = X, satisfy (1.4.201'

[y

and (1.4.12). ' 0

Proposition 1.4.15: Suppose A: E » F is linear and con-
’ « R . %
tinuous and X, ¢ C < E . Suppose R 'is a g-cope With ‘




O ot i e

# :=ZE, and * := ¥ and assume that (l 4 20) holds and that

(l 4 16} . hol s with g . Then (1.4.13L holas.*

'
3

v

«Proof: Let ¥ e R(é,xo) and U ¢ N(ay) . Again

Y := A (m ENW) and there exists Xe N(xg) , $ 23>0,

there eXlSt Wl 3 K(Y) and % e M(Y} , for all x ¢ Wl n C

‘$' t e (0,)\) ,.there exists y' € Z with =x + ty ¢ C. By

\
(1.4.16), there exist."V ¢ N(Ax,) and W e K(V) with

JR(C) n W e A(CAW,) . ] »

N %

By (1.4.20), A(2) ; M(U)} . Combining these facts, we see

that there exists .V c N(Axg) , $ A > 0 , there exist

W e K(V) and -A(Z) ¢ M(U) , for all Ax ¢ A(C) o W,

$' t ¢ {0,))., there exists A(y') ¢ A(Z) with

AX + tAy' = A(xt+ty') € A(C) . Thus vy e R(A(C),Axo) vand

(L.4.13) holds. ’

H

-

Corpllary 1l.4.16: Suppose that A: E - F "is linear and
continuous, that X, ¢ C ¢« E , and that (1 4.17) holds with

g = A . Then (1.4.13) holds for the g-cones H.(x,) ,

i

0 ) 7 and : {/'

1

F (x
Hé(xg) = {y]d x ¢ NQXO), ¥A>0, ¥xe¢c XnC,

Hte (0,0), x+ty e C}.

Proof: Assumption (1.4.17) holds with M(Y) as in cases

{(b) or (c).

e S U O

o

S G oo
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Proposition 1.4.17: Suppose that A; E + F is linear, open

\

and continuous and that Xq

q~cohe with * := 3 and # := ¥', Assume (1.412) holds

e CcE, Suppose R is a

with g = A and m#ke the following additional assumption}

1
4

(1.4.21) If Y e N(yl and Ve Nyl with Ve aA(Y) ,
.then M(V] ‘> AGM(Y)) .

N -
Ay

Then (1.4.13) holds.

£l - -

-
#

r ;{(4
t

. Proof: , Let y e R(C,x,) and U« N(Axg) . * Then

0
X = A 7(U0) « N(x,) and there exists Y e N(y) , $ A >0 ,

~

w

there exist W ¢ K(X) , Z‘e M(Y)“, and xe CnW,
‘S" ’e (0,)) ", for alll y' € Z , x4+ ty' e C. Since A is
open, there exists V ¢ N(aAy) with V < A(Y) , so by (1.4.21),
A(Z) ¢ M(V) . By (1.4.12) with g := A , A(W) < K(0) .
Combining these factg, we see that there exists V ¢ N(Ay)
such that for all U ¢ N(Axo) - §.> 0 , there exist
A(W) ¢ K(U) , A(Z) ¢ M(V) and A(x) € A(C}) h A(W) ,

g twé (0,A) ’for all A(y') e A(Z) , o
A(x) + tA(y') = A(x+ty') ¢ A(C) . Hence A(y) € R(A(C) ,A(x,))

L

and (1.4.13) holds, 0

L4

Corollary 1,4.18: Suppose that A: E » F is linear,

continuous, and open, and that Xy ¢ C cE . Then the

g-cones Gn(xy) , Lalxg) , £o(x,) ’ Lgel(xo) and ngl(xo)

L4

satisfy (1.4.13).
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,

Proof: Assumption {(1.4.12) hdlds for K(x) =X .or
T—— ! -

K (X) = X, , and aésumption £1.4.21) holds- for M(Y) = Y or

)

¥ n (aff C - x,) . ' . . u
. o

1l

MY

Proposition 1.4.19: Suppose that A: E >+ F is linear,

continuous and open, and that x; ¢ C < E . Suppose R is a.
g-cone with * :=3 ; # :=3 , and assume that (1.4.21) holds
and that (1.4.16) holds with g = A.. Then (1.4.13) holds.~

-

Proof: The ﬁroof is similar to that of Proposition 1.4.17,
» \ -

using (ly4.16) instead of (1.4.12). 0

Corollary 1.4.20: Suppose A: E~+ F 1is continuo%ip,linear

" and open_ and let X, € C < E . BAssume (1.4.16) holds with

g = A, Then the g-cones ‘IC(XO) "’ IEEI(XO) and

Ié(xo);;f‘{yeE| TY e Niy), @XeN(xg) , ¥1>0,

3

¥xeXnC,Hte (0,0), ¥y' e ¥ nC, x+ty'e C},

satisfy (1.4.13).

I

[

Proof: 1f M(Y) 1s as in cases (a) or (d4), (1.4.21) is

satisﬁied; o

v ’

A summary of the conditions under which (1.4.11) and

(1.4.13) hold for various g-~cones is given in Table 1.9.5.




*
1.5, Directional derivatives, subgradients, and necessary
&+
conditions for optimality ’

-
™

Definition 1.5.1: Let £f: E +J§ be.an extended real valued

function. The (effective]l domain of £ is the set

/ . % ;

[

(L.5.1) dom £ := {xeE|f(x) < +»} @

The epigraph of £ is the set . - . co

- [} ”~ N

(1.5.2) epi £ := {(x,) ¢ E xR | f{x) <} o -

v e
3

&
One of the most important uses of tangent cones is in

N +*
defining directional derivatives and=subg;hdignts"of
functions via tangent"cones of epigraphs. This is an
)
especially fruitful jidea for g-cones.. Directiomal deriva-
A »

tives associated with g-cones are much more analytically

tractable than those asspciated with other tangent cones, and -

their subgradients often admit a versatile 'calculus. We will

u

therefore concentrate on directional derivatives and sub-

gradients associated with g-cones.’

/ - 4

t

Déflnltion 1.5.2: Let R be a g-cone, and denoie by

N

F(E ,B) the set of extended real valued functions on E .

Define R: F(E,®) x E » 2E*® py /\ g

(1.5.3) R(f,x)) = {(y,8) ¢ ExB | ¥ 850, * Y e Ny,
#XeNxgl, #u>0, §4>0,8We KX x
K((£ (xg) ~u, £ (xg)+u)), T 2 e H(¥), #' (x,1)

cepi £nwWw, $"te (0,A) ,

-

‘ @ ’

P
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w < g
s »
- L]

¥U oyl ¢ 7,'8 4" <£d+ 8, (x,x) +t(y',d"') e epi £} .

- Remark 1.5.3; (a) Notice that the expression S

"(x,r) + £(y',d") € epi £" in (1.5.3) can also be writﬁen

-

Y - A
w DO ICE o g v L 1t follows that 1f (v,d) ¢ R(E,xy)

then (y,dt+p) e ﬁ(f,xo) for any p =20 .

3

(b) If * :=W%. and« M(Y) =Y , then .
ﬁ(f,xo) = Rlep1 f,(xo,f(xo))) . This is true in particular )
for Tol(xg) , Ko(xg) and ko(xg) , the three examples we 3
will examime 1n the greatest detail. N -

» &

"
-

Definition 1.5.4: Let R be a g-cone, f: E'+ 1R , and »

Xn.€ dom £ . The R directional derivative of £ at x
0 —— . 0

with respect to Y is defined by

¥

4 o A
(1.5.4) - fR(xozy) := nflr|(y,r) e Rif,x))} .

The R subgradient of f at x, is the set

' - -
”»

(1.5.5)  9%f(x,y) := {x'eE'|<y,x* < £(xy;y) for all . yeE}.

a
P

Remark 1.5.5: (a) 'This idea of defining directional-

Y

derivatives and subgrpdlenté'via fgngent cones of epigraphs

of functions has been widely discussed in recent years - see’

[}

for example IALl, IA2]; [Bo71; €141, IDoll, Imill, [Hi2l, = .~

.

[Hi3], [Pe2l, IRo41, IRo5] and IThil. . S N

™ I
-

(b) Iy is also possible todefine dlredﬁidpal dhrivat;vesf~
. via graphs} rather than‘épigraphs, of functions r,seé,IUf]h
: S

! v r ” v

*
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[3

ﬁ[gol]. These derivatives, in order to be finite, require tpe

-
fundtion £ to be more "smooth" than do the directional

—

deriyatives defined in (1.5.4). Since our purpose here is

to develop versions of dlfferentlal calculus and optimization

H

.theory for nonsmooth functlons we will not investigate these

-

concepts here.

L 4

(c) "Definitions analogous to (1.5.3), (l.5.4) and (1.5.5)

- "

have been made for vector-valued functions (e.gy IThl]) and

set-vaiued mappings (e.g. [Th2], [Pe2], Ial]). We will

. discuss the vegtor-valued case .in Chapter 3. .

(d) Suppose R, and R, are g-cones satisfying
'fzf(f xg) R, (£,x,)" for all f: +® and x, ¢ E. It

follows from (1.5.4) that .

- ¢ ES

*
-

3 . -‘R .
“ - w2, 1
“ ~ . £ sxop') ~s £ (XO;') ,

mo- - ‘
-~ " LY

and se by (L.5.5) -

v )
v
e : R R
B - -
.
‘

2 1
f(xo) c ) f(xo) .
In paréicular,

Flxgiv) s B lxgie) < £ (kg0

and
BKf(xb) d_akf(xo) < BTf(xo) . . ‘
« 7~ .

[

Relationships among the various R directional-derivatives

can thus be deduced from relatidnships among the corresponding
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tangent cones.
(e} It is not @aid‘to show, taking into‘account Remark
1.5.3(a), that ﬁ(f,xo)'= epi fR(xo;') . We will éppiy this
fact beloy. ’

We have already noted that if R 1s a q~c5ne with
* := ¥ and M(¥Y) =Y , (1L.5.4) becomes -
#1.5.6)  £R(xyy) = infir|(y,r) € Rlepi £, (xy,E(xy)))} .

2 o

. 4

We now demonstrate that (1.5.6) also holds if M(Y) =y .

K

. Proposition 1,5.6: Let R be a g-cone with MYy =y ,

f:+ E »>IR , and X ; dom £ . Then (1.5.6) holds:

i

Proof: 1t is clear tHat for such a g-cone,

r

R(ep1 £, (xy,£(xy))) © R(£,x5)

L4

3
SO fR(xo;y) s‘inf{rl(y,r) € R(epilf,(xoff(xo)))}. On the
o}her Hand, suppose fR(xo;y) £ d . Since ’

§(f,xo) !‘;pl fR(x0;~) ;, (v,4d) ¢ ﬁ(f,xo) , and it follows
that (y,d+8) "¢ Rfepi f,(xO,f(xo))) for éll § >0 . '

Therefore

inf{r|(y,r) ¢ R{ep1 f,,(xo,f(xo)))} < a,

¢

and so fR(xo;d) > infir|(y,r) ¢ R(epi f,(xo,f(xo)))}h
Hence (1.5.6) holds. ' @

e
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Corollary 1.5.7: Let f£i'E > and X, ¢ dom £ .  ‘Then

inf{r[ (y,r) € Hepi f(&xor‘f(xo)))} l1

-
1

I

(1.5.7) £ (xyiy)

1 A
(1.5.8) | £7(x47y) = lnf{r}(y r) e A epi £

.

and |

(b)Y g

1

. ' \ ' ' :
(1.5.9) £ (x:¥) wntr] (1) € Egy ¢((xg Elxg) )3 .
L ‘ .

Proof: In the deflm_tlon of the tangent cones H, («) ,
\
Ec(*) and AL(+) , M(Y) =y v 8O ‘these are special cases of

s

Proposition 1.5.6. ’ \’ a

2 .
There 1s an alternate, moxe direct way to define the

dlrectlonal derivatives of (1. 5 4€' With ‘this’ alternate

K}

characterization, we will see that many, of the R directional

A
derivatives are familiar object%. . . ‘ K

i
|

Theorem 1.5.8: Let R be a q-dene,\ f: E >R . and _

Xy € dom £ . Then \ v . ) b
’ \ -
o \u
(1.5.10)  £R(xgsy) = O inf .
, YeN(y) XsN( 0 A>0 WeK(X) »
: u>OV ”xK(f(xorwu,f(xo)+u)

.
" f \Fr
rd w \ B

inf © AT \ o' O'. f(xtty')-r
ZeM(¥) (x,r) ecepr £0qW gtg(O,A) y'eZ t
[ swp if =T \\ e *
' where 0= . o N . '
. inf if * =8 - k :



@

»

“r

sup if $ =¥ ‘
’ A= S “5
. inf if # =4
sup-if $ =¥ . -
Q0 = * , and .
inf if §=41

) 1y .
£l - Ry
? s

gr ., AaY , 0' ¢ {sup,inf} ,

0" £ 0 e #4" , 0 #0 ., !

Proof: Denote by 8 the right hand side of (1.5.10). Then

§ <d if and only if for all § > 0 ; * ¥ ¢ N(y) ,

CE X e N(xg) , Bu>0,$A>0, there exist W e K (%)

x“K(£(xg)~u,£(xg)+u) "and Z € M(Y) , #' (x,x) & epi £ n W,

Eifiz%;L:E <d+§. In othef

$'A>0, ¥ y' e ¥ 07,
yords, . S £ d_ if and only 1f' (y,d) « ﬁ(f,xo)b. s was -
mentioned in Remark 1.5.5(s), ﬁ(f,xo)'= epi f?(xor-) , SO

(y,d) ¢ ﬁ(f,xo) ‘iﬁ and only if fR(xb;y) <d4d. Hence S < 4d.

if and only.if fR(xdiy) <d and (1.5.10) holds! : al

e
>

We next list some familiar speéial cases of (1.5.10). '

M ‘

x

Example-1.5.9: - The.uppef and lower one—éided,dlgeciional

»

derivatives of £ at Xy with respect to y' are given,

-, IM
respectively, by ‘ - ) )
. . - C o Elxytry) ~£ (%) B
(1.5.11y »  £7(xy5y) = inf suwp g :
] A>0 te(0,}) o .
. LI \. . ! ‘p -
and . ‘
’ ‘ . ’ v ‘-‘ K .
} ) ’ . \‘\ . “v

~

.
Tt

P

E



v

f(x0+ty)-ffxo) .
(1.5212) f (x ;v) = sup inf - .
* A>0 te(O A) . ‘

~"

Eiample 1.5,10: The upper and lower -one~sided Hadamard

A
derivatives of £ at " X with respectito y are given,

Y

respectively, by, . - .
T L - f€x0+ty')—f(xo)
(1.5.13) £ (xd;y) = f (xo;yl = inf ]lgup T -
YeN(y y ey,
A>0 t2 (e, A) .
Al ~ . .
and .- . . VN .
K " f(xb+ty')-f(xb)
(1.5.14) f+(x0;y) = £ (x ,y) ="sup *1nf . T
. YeN(y) y'eY
> . A>0 te (0,2)

ad

|
M ‘

Example 1.5.11: The Clarke derivative of f at X0 with

respect to y (e.g. [Hi3]; [Cl4l) is® defined by

®

(+.5.15) fo(xo;y) = fH(xO;y)

1

= inf sup : fw_ .
XeN(xo) (x, r)eXX(f(x )-u, f(x ) +u) }t ,
u>0* nepi £ '

A>0 te(0,})

When f 4is .continuous at xo , the Clarke derivative

siﬁplifies’to the more familiar-looking

(1.5.16) £0 (xo,y) = inf sup" f(X+t{)—f(x) .
XGN(Xo) xeX
A>0 te (0,7)

We will discuss this in more detail later:

) R [y

A
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Example 1.5,12: The upper subderivative of f at X, with
respect to y ([Ro3], [‘§04]. [Ro5]) is defined by ~ ¢
\ R v i \ !
: : ¢ ‘ / ' ' ' " ’ ‘
s + i
: (1.5.17) /E (xgiy) = £ (xg1y) :
\
-
£ ~Z sup inf sup. . . L . ¥
. c b YeN{y) XeN(xO) (x,r)eXX(f(xQ)~u,f(x0)+u)
. A0 n epi £ i
. w0 Y ke (0,A) \ )
| TN g Elwtyloz
- ylﬁY - t - ‘;
The expre?sion in {1.5.17) becomes simpler in special cdses, o
T as we will see shortiy. T : " .
Iy \ X w
- L By Remark-1.5.5(d) and Table 1.9.4, the inequalities
<. ' C Ar E : ’
: 1 £ (XO:'XBS £ (xg12) % ,
o . . C 4 .‘1 - . ’ .
£ixgic) = £ {xyie) w0 : g "
' A g . ‘ b,
, f+€xo;.) s f (xog.)P}’fi . ¢ . * 1 . ~ ¢
-+ ) » B \ ' ’ e '
. fE(xo;-)':sf (x57*) .. and \
- - . + «* \D 6 ‘; ' . , v
: f+$x0;-) € £(g7t) < f.(xo;y) h?ldt B
i ’ v o N [ H ' ' N
In 1mpok£qnt-%bg&1al céses,.various of these directional Co.
derivatives coincide. ‘We begin by examlnlﬁg the case in =
, t N PO : r'“ ’ “ "
which £: E +R is convex. '’ In this gase, .- ro St
. ~ + - a AN
. » Aepl e (K E(xg))) = EQPi f((%orf(xa))g:ym ¥ e
. ! ) . . - ) ’ fo [ ‘\*‘, ‘:i :
A N P - L
_and so. £ (xo;‘) —\f %xog-) = £ (xO;-)", where £ (xo;-)* is
R ‘ L .
the one-sided directional deriwative definéd in (1.2.3). R
- . , 5, : . Y Lt * N ",' .
1 “l > v ’
L] ¢
A . 5 ’ ] . - .
. - o
A ] ® 1." ¥




Ky b (rg Elxg))) =

In additlon, as we* saw in sectlbn l.3, 'Kepi f((x ,f{xOJ)) e

Tepi- epl

‘L el A epi f((xo,f(x ))) for convex £, so f (x ;

'\ﬁ (x 10) = f (x -1) = cl f'(x .+ (For the definition of

.-

" the’ “closure“‘bf a functlon, See "[R61, :Sectidn- 7] or

N 4 y v
Deflnltlon 1.6. 4(11) ) It follows that aéf(xo) =‘8Ef(x0) =

3 f(xn) = a f(xay =,a f(xo)v\for‘ f,»convex.‘iln addition, 1f

- , ] L L ¥
£ is hounded above on’ a neiéhbourhood of x, ; then

(;' f(xo))) = cl H‘ f%x )) énd 50 . fﬁ(xo;‘) =,

epl f( 5 pl f(xo'
ct £° (xy5°) * and 2TE(xg) =, 9 f(x LAl of these R

This ‘fact is’ the motivation behind the notation in (1.5.5).

We can now see the-mmportance of tangeﬂm’ﬁone Property

(l).d Tangent éones with this property are thOSe whose associ-

ated subgradient sets coincide with the ordlnary subgradlent

.
1

for convex functlons. ' * . . .

. Another 1mportant case is that rn whlch g‘ E +IR is

1

strlctly dlfferentlable at"%x ¢ E .‘ In, thls case (see

: ‘[Ro3], [Ro51), VE(‘x )y £h (x ,y) = X (xo,y) = f (x V) o=

. ! /
. 0 3
£ (xgiy) = £ (xg7y) = £F (xo,y) £l (xo,y) ¢ and, vElxy) =/

L a
aRf(xo) + for each of the R+ subgradlents cor¥esponding with

»

théde directional derivatives. This fact is essential,

)

since thd goal of sibdifferential calculus, is, after all,
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|

the extension of the differential calculust

We next consider‘!ﬁmﬁliﬁications of (1.5.10) which can
be obtained when f |is nothneceésarily differgptiable but’
satisfies some con}inuity property.

-

Proposition 1.5.13: Let £f: E »+ R be 1.s.c. at x, < dom £,

and let R be.a g+cone with # := X and K(X) = X . Then

4

(1.5.10) becomes i v
- x ¥
R, X . .
(1.5.18) £ (XOJY) = ] inf | 0 inf |
; YeN(y) XEN(XO) A>0  ZeM(Y)
u>0
' ~(

\ |  sup q o o f (x+ty L f(x),.
ReX te(0,)) y'e¥nl
f(X)Sf(x0)+u ) . N -

ey .

Proof: Denote the right hand side of (1.5.18) by . S, and
suppose fR(xo;y) < d . Thensfor all § > 0 y ¥.Y e Nly)

there exists X e«N(%O) andA u>0 ,‘$ A >0 , there "
» ro* ‘ - % .
exists 2 e M(%} 7 for.all (x,r) X X(f(xﬂ)-gff(xd)+u) n

Bt st e 0 , g ez, BB gy

Choose Xl ¢ X , if necessary, such that: f£(x) zf(xo)i-u

¢

for all x e Xy - Then 'for any y' ¢ Z and' t e (0,)) ,

(x,r)  satisfies , "x ¢ X, , re (E(xy)-w, E(xy)+w) ,

o)
1y o »
J£(x) ¢ r , implies f(x+tt )7 < @+ 6" if and only if x

satisfies "x ¢ Xl 2. (x) = f(xo) + u implies

N i

<£d+ &". Thus fR(xo;y) < d if hnd‘oply

TE (xt+ty' ) =£(x)
t R

if 8§ <d, and (1.5,18) holds. ‘ o

v

PRI

A,

J S

e



Corollary 1.5.14 ([Ro3], [RPSI)E Let f: E>R be-l.s.c.

2
-

?

.at x. ¢ dom f . Then

0 i3
{1.5.19) f+(x0;y)==sup inf sup ,
. YeN (y) XeN(xO) xeX )
) . u>0 ) f(x)sf(x0)+u
- A>0 ©ote (0, M) .
. | .
. Cinf f(x+ty;)—f(x) .
- y'eY ’

N

Proposition 1.5,15: Let f: E + R be contrnuous at xd '

and suppose ‘R is a g-cone with # :=& and K(X) = X .

Then (1.5.10) reduces to . . .

ne

“
PR

(1.5.20)  £(xy5y) = O inf o inf .
. YeN(y) XEN(RO) A>D ZeM(Y)
) : sué o , o CE(xt+ty ") - (x)
xeX te(0,)) y'e¥nZ ', -

+
3

]

Proof: As usual, denote the righf»hand side of (1.5.20) by

in

¢ S , and suppose fR(io;y) d . Then for all § > 0 ,

* Y e N(y} , there exist X € N(xo) and >0, $XA>0,

T 7 <M(Y), for all (x,x) ¢ X x (£(xy)-u,£lxy)+y) n epi £,

©

y » ' - »
§' t e (0,0) , %y €ea, f(xftt )" < 3+ 6 . Since f
P N

" ¥ is continuods, we may assume, by choosing a smaller neighbbr-

hood X if necessary, that £f(x) e (f(xo)-p,f(xb)+u) for-
"all "x ¢“X . Thea for any ¥' ¢ 2 and t e (0,)) , (x,r)

satisfies "x ¢ X , r‘e\(f(xo)—u,f(x0)+u) , £(x) < ¢

. . +ty ) - ) . i . . '.
1mplle$,'£lé¥3%—l—£ < 4 +'8'{ if and only if x satisfies
£ - . . ! v
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N LAY .
"xe X _implie§ f(x+§{ )=f(x) d+ 68", Thus fR(xo;y

if and’only if §'sd , and (1.5.20) holds.

4
'

Corollary 1.5.16: Let f: E + R, be continuous at Xy -

. - Then fo(xo;-) ‘can be expreséed as in (1.5.16) and

\

.

P -

(1.5.21) ﬁ?(xo;y) = sup inf * sup
’ . © YeN(y) geN(xo) XeX
. L TR0 T tel0,)
. inf Elxty ') -£(x)
1 t ‘
y'eY

.~

Definition 1.5,17: -Let -E:'be a normed space. The

) <a

g

ftnction f: E + K is said to Bé»localiy Lipschitzian near

X, ¢ B if there ex14t "X & Nixq) 'and @ constant 'K > 0
such that .J£(x)-f(x')] < K||x-x'|| whenever x,x' ¢ X
LI R . . L -

N I

Ptoﬁosit;pn»l.SLlB: Let E ‘be a normed space, and suppo

f: E'+ R is.locally Lipschitzian near x

o

be a g-cone with * :=w , M(Y) =Y , # := - and either

K(X) = X or K(X) = X, - Then
a ’ .
‘ R . .
(1.5.,22) £ (xo;y) = inf O inf - sup
XeN(x5)  A>0 WeK(X) xeXnW

\

ot fx+ty)-f(x

se

e E. Let R

)

te (0,A) t

¥ o
Proof: Denote the right hand side of (1.5.22) by § .

is clea} that fR(xO;y) < 8 . Suppose fR(XO;y) £ 4.

-

Then

]

i DT




.for all 6 > 0 and Y e N(y) , there exists X e N{xo) '
S f > 0 , there exists W e K{X) such that for all x ¢ W ,

$' t ¢ (0,1) , there exists y'.i Y with

. .
Fix+ty L £ g 4 % . (Por the case K(X) = X , this

characterization of "fR(xo;y) £'d" relies on Proposition
1.5&}5 and’ the fact that. £ is Eontinuous at xod.) Since
£ isuiocallj Lipschitzién near- X, , thgre exist »
Xl € N(xo) and K > 0 such that for all x , x' ¢ Xl '
If(x)—f(x'il 2 K||x-x'|| . We may choose X « N(x,) to be
smailer, if necessary, so that there exist Al >0 and
Y, ¢ N(y) witp X + [0,A,)Y, < X, and Hy"™y"|] = %%- W
for all y',y" ¢ Yl .

"Now let &8 >0 and Y ¢ N(y) be’'given. There exist

X e N(x,) ', $ A >0, there exists W e K(X) , for all

XeXnpW, $'"te (O,min(k,kl)) '"#there exists vy' ¢ Y a Y,
\

with ,
! f(x+ty') +t S. (x)
£ (xgy) =£(x) | 21
t T t
T E(x'+ty)-f(x) L 8
. < t + %
o
<r+ 6 .
W - * ‘ v

Thus fR(XO;y) < d implies that S < d , ahd-(1.5.22) holds, O

o ~-
)

Corollary l.5.i9: Let E be a formed space, and suppose

f: E +R is locally Lipschitzian near x, ¢ E,. Then

+ _ O ) T* . —‘OH* . . e i’
f (XOI') = f (xol ) 14 f (xoi ) = f (XOI ) r



N

-
2

' A ‘ E
£y lxgie) = E£lxgr) o and g = £ g

v -

Remark 1.5.2&: {a) We will see in section 1,7 that if E

is a Banach space and f£: E - R is locally Lipschitzian

ek
near X, € E , then fT (xO;') = f+(x0;-) in addition to

0
the relationships listed in Coroilary 1.5.19.,

(b) An ekamination of the proof of PrOpositioq‘l.S.lB shows
that (1.5.22) will also hold if *:=% and M(Y) =Y , and
so ‘f+(xo:') = f?(xo;‘) ’ fI(xoi°k_= fo(x5;~) and

fI*(xo;-) = fH*(xo;;) under the hypotheses of Corollary
1.5.19. Moreover, we will see in section 1.7 that

EI(XOF') = fl*(xo;-) = fo(xo;') =.fH*(x0;-) .

(c) The assumption that # :=3d in Propositions 1.5.15
and 1.5.18 can also be dropped, but little of interest can
be deduced from the case # := ¥ and K(X) =X . We will
see (as was mentioned in section 1.3) that such g-cones are
too "large" to be useful in applications.'

For our applications to optimization in Chapter 5, we
are interested in g-cones R for which 0 ¢ aRf(xO)
whenever  x; ¢ E is a local minimum of f: E +® . We now
determine which g-cone subgradients satisfy such a
COndition..

LY

Theorem 1.5.21: Suppose f£: E - R has a local minimum

at x0 € E . Then

Y

(1.5.23) ' 0 ¢ ¥ (xy) . :

[ RS

"y

D
. oA BB o e i, s oy T - -

.




L5

Proof: Let y € E be given. Since Xq is a local . - |

minygnum for £ , there exists X S,N(XD) such that

£(x) 2 f(xo) for all x ¢ X . Choose Y1 e N(y) and
Al > 0 shch that Xq + [b,ll)Y < X . Then for all” .
te (0,)) and y' ¢ ¥ ,'f(x0+t¥')-f(x0) > ; , and so

¢

f(x0+ty')-f(x0)
T 20 . Since y was arbitrarily chosen, it

follows that \

. ) £(xgtty')-f(x,)
flxy7y) = sup inf : n 20 .,
YeNty) y'eY |
ASO te (0,A)
.
for all y ¢ E . Thus (1.5.23) holds. @ L0

“ °

Corollary 1.5.22: Suppose f£: E + R has a local minimum

+

E . Then .
0 € *

s

at x

L4

(1.5.24) ) 0 ¢ aR‘f(xo)

¥

for any g-cone R which is a subset 6f the contingent cone,
for all.,}%}xo) € ZE_x E . In particular, (1.5.24) holds
for the g-cones Ac(xg) ' Ec(xo) ,_kp(xo) , TC(XO) ’
% * * [ *
TC (XO) y HC (XO) ' HC (XO) ’ IC (XO) v IC (XO) r QJC (xo)a N

-

and Lé(xo) .

- Proof: Suppose R 1is a g-cone such that R(C,x,.) < Ka.(x,)
—_ 0 €70

for all (C,x,) .« 2" x E, It is pot hard to se® that

’
IS

R(f,xo) is then contained in Képi f(xo,é(xo)) ;- and so

¢

"

a7



-

-

0;y) for allk y e E by Remark 1. 5 S(d) o

-
s

Hence (1.5.24) -holfls. - WU T o

.
B ‘o . - -
% W . - » .“' . . .
.

Remark 1.5.23z If f is cqnvex, the eondljloh 0 e af( 0)
allty Thid ?r
Tﬁe best

is spff1c1ent as well as neceSsary for Optl

will not be true in general of condltlon (lih 24)

” -

we can hope for in general is that (1: 5 24) Fe a necessary

L

. condition for optimality.: - (See [ﬁoS Chapte 5] for more -

discussion and examples. ) ‘ \ e .

»
v - L .
0
° . + - A v ~y
- L] - A -

Example 1.5,24: Condition (1.5.24) ié:ner‘evén“a‘necessery

~ iy .

I3

condition' for minimality fér*q—eones with # = ¥ *and ,

L
-~

K(X) = X . . For insiance,‘considerfthe g=tone YCC(XO)» and »

~
LIS . . v

the functJ.on f: R >R defl‘hed by f(x) t} Itis met L

v
EEA
h\ v P N

z y S0 that f (p y) = - )

hard to veqify chat G(f 0) —ZR

“for all y ¢«R , and 3 f(O) =~¢.. As was ment&oned inﬁ

Y -

section 1.3, Gc(xo) is the ﬂsma&lest“ of the q—cones with

“WR. . v
‘A4 =¥ and K(X) =X, so 3 £ (0) =97 - for ‘all’ other such
«’ » ' * N v 4 v - \" . ;:. -« r
g-~cones. ’ x}»' i *' w i "
©* - . . N ) ‘,:. I - "'i
» L 4 | Lo
f s .l
, - . ﬁ“ - ” & , N - . t
¢ b *: ) . ’ , ', Ve L,
. 1.6, Convex hulls of tangeht cones - e ‘ .
- - - ¢ “n‘}’ - * v
A * .

I1f a tangency operatot oY tangent cdhe has, a .certain

. .

property, wili the closure of its convex huyll possees the, s

.
o
v '

same property? There are important reasons . for asklng this
#

[ v

v

. 7 qggstipn. ~In partlcular, suppose we have'a result.lnvolv1ngu

! *

the contingent cgne. If replacing the contlrgent cone’ by

” +
»

°



. A7 -
.

- * w

..

* -
- -

- - « ~ .

:

-

the pseudptaﬁgent cone would st

rengthen ‘the result, the
-answer to the above question. is of interest.

For -most of the properties we have examined in
L : -Chapte

-
.
(SN

r 1, the answer to this question is quite easy.

In
- Yoy « o
this short section, we compile the answers for the various
properties we have studied so far. ‘ 3

Propertres’ (1) and (2) are clearly preserved when
closure’s of convex hulls are taken, since cl cone(C—xO)
13

‘is caonvex for C 'convex (and is of cpufse always closed)
. ' 4 |

o .. and since Vh(xo)_l(o)

. . C,sCycE, then

is closed gand convex. If

cl conv Cl € ¢l conv C2 r SO0 the closure

of the convex hull of an isotone tangency operator is still

A

v

1sotone. The answer for property (4) is immediate - the

clbsu&e of the convex hull of any tangency operato; is

N : # :
convex since closures of convex sets are convex.
. . Properties (5)

'
and (6) "are not preserved by closures of
. convex hulls, however, A counterexample for property (6)
f i ; was given in section 1.1. Here¥*is a counterexam;;e for
g; R property (5): ' v//
s S Ty .
v" v e

"
- N
-

Example 1.6.1: In‘ZR2 , define C, i< {(x,v) |

N

X <y <2x}
and C, %= {(x,y) |y s%-x or y =2x} , and let Xy = (0,0).
+Then L. (%) = in¥ C and L (x.) = int C, , while.

SR ey o }1/ c, X0 2

. AN ¢l conv L

c (xo) = C

\ !
and .cl conv L. (x.) =R> . Thus ’
1 1 C 0

» * L] N 2

¥ \
o > cl conv Lcl(xd) n cl conv Léz =Cy . but LClnC (xo) =g .
v‘%"‘ - d,. . k . *
e .‘The tangent cone L (x,)

Ll

has property (5), but its convex

E=Y
&
.E
4
,
¢§
.
)

. t
-
*
-
Y i
3

>
i,
a



) .

-T2 -

4

hull and closure of 1ts convex hull dg not.

This example illustrates a major draw@ack in achieving
convexity of a tangent cone by simply taking convex hulls. »
The inclusion in property (5) is very important in appli-

cations, and 1t is not easy to establish whether the convex ;

hull of a "tangent cone satisfies it.

u
#
. o 1 »
[}

i

3 - s

Broposition 1.6.2: Suppose R 1s a tangent cone which is

product-preserving. Then ¢l conv R is also product-

preserving:

[y

J
) ¥

Proof: Suppose Xy € Cl cE and" %, e Cy)cF, gndiletl N o

¥ € conv R(C1 XCZ,(xl,x2)) . Then there exigt p>0, '
r

.t R
d; € R(Cy xCpy (x,%,)) and ;720 , i=1,...,p , with :

i .
P P .
L A =1 and y.= I -Aid. . By (1.4.1), each N :
ji=1 1 . i=1 1 .
di = (ai,bi) with ° a; ¢ R(Cl,xl) and b, ¢ R(Cz,xz) ’ ) i
o D . ) ;
so y = (1£l Ajay s L A b;) e conv R(Cy,x,) xconv R(Cy,x,).

*

Hence conv R(ClXCZ'(Xl’XZ)) < conv R(Cl’xl) X conv R(Cz,xz) .

.

H

Conversely, suppose y, ¢ conv R(C;,x;) and %
n 1) l ! :

Y, ¢ donv R(Cz.Xz) . Then ¥y = iil Aiéi for‘soms n > o, . . g

it

. n . .
a, € R(Cl,xl) r Xy >0, i=1,...0,, I Xi 1, and o
i= 1 * ot

*

o
(U 4

Aibi for some m > 0 , bi J'k(cz,kz) ' mi >0,
‘ R

4

. . T W




T

- r 0] -
*o | i ’ . ¥
, \ - . . : . . . f
. P
v

n b3 + 4 i foe “
T ‘ui“-—- 1. Assume without logs of g)an‘erality that m<n ., ‘ ’
i=1 " ! , ’ ” \ -1‘ '
2 ! 4 "
Let 'p; = 0 ,m+1 21 <, ard let \Fi , m+1 £i < n,
; n . -
be arbitrary elements of ’Rcczixzz . &hen ¥y = ‘El plbi . o ~
' # s Q' R - 1= > ' . /
Doy CooT
and (,Y],'Yz) = iil PRCH ,3-&-: b i) P conv\\(R(Cl,x R xR(Cz,x B
3 }
since R(Cz,xz) is a, coné. Thus . ,\ . .
' i ' ‘ ’ e 2
conv R(Cl,x ) x '‘conv R(Cz,le S conv(.R(C ,x;) % R(Cz,x )) " '
= conv;R(CGCZ,(xl,xz)) by (1.4:1), 'Hence (1 4.1) holds NP
for c¢onv R , and so 1t also must hold £ cl COnV R .- d .
P ) ' ! ¢,
Proposition 1.6 3: Suppose g E + F 1s \strlctly dlffer-h (
entiable at ¥, ¢ C ¢ E , and suppose R is a tangent cone.” l’} p
i i - 3 b

1

Assume «1.4.11)" holds. Then . \ ¢

. .- , T .
(1.6.1) Vg(xo) cl cony R(C,xo) c cl cohv ﬂ(g(er,g(xof) . o '
] . h " 5 ) < .

In particular, \
r’ . ‘ oy - ’ i *
(1.6.2) Vg(xO)Pc(x ) < P (C)(g(xc)) 3 A

N H
-

v Vo \ - ¥
¢ r ¢ ! : » » 0
Proof: By (1.4.11), Vg(xo)R(C,xq) c B(q(C)'g(xO)O , SO - )
. Lot \ . . ‘
Vg(xo)?onv R(C,xo))=conv Vg(xO)RfC,xO) ccl cqpyk&g(c),gdxo))!
and hence Vg(xo)c; coan(G}xO) c ¢l conv R(g(C),é(xo)) « L
Assertion (1.6.2) follows from (l1.6.1) and Corollary - S L
1-4.8. o. * N lr t D
R « i ¢ " . Vi
; * " - e
The inclusion (1.6.2)." ig well known - see for, example ' ‘o
R oW
By, .. e o
[Y \D' \ ) ry - , ) "
Lo R LN -
4
D ; s
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) ot ’ ! PR i 4 . ‘
o 7 . We finish tthis section by showing ;that the necessary_ ;
- N ] ‘s - - (‘t A
i v 1 ' » v
. “conaltion for minimaln,ty in (1.5. 24) will hold for N
* ‘)
. , . T . !
\ . , c;L conv R’ whenever it holds for 'R . e ’
§ ;o . R , . N » ¢ * » . ’
; : ‘ . L N ot i
N Toe, s * a3 . I t: PR r . ' . !
" Deflm.tlon 1.6, 1 . ([Rol, Sections 5 énd 1) Let ’
c . EuE 4 R- be' an extended real-*valﬁed funct:l.on on E , i}
SN (). The con,vex hull of F, denoteé conv f , is the t
v - W
' - ° ' &y t ¥
. s - functlon whose ep;graph is the convex hull of the .
' .y L , ¢ s Y 3
. . Ct . e,plgraph of £ . , . '
’ *© t1i)  The closure of ,f’ ‘denoted cl £ , is,the function
* . oo whose eplgraph is the closure of ‘the eplgraph of £ . .
Y ) . ‘ ' t 2 - n
' * (1ii) §uppose ~R is a g-cone and ' Xg € dom £ . Define
R , ’ . rk ¥ + . N % . 3 ‘
. R Lo ’ M TR RPN N .
- . 1 = » +
. "' CO.R v R, " .
- (1.643) £ (xo;-) := ¢l conv f .(xo;-) .- ’ :
. . " . ! " !
I3 . ; ¢ N . - "
A * # t N ‘ N fy ' *
R N ¢ ! . . ¥ ‘ - ' § v ¥ x
. \\ . Propogition 1.6.5: Suppose R is a g-toner, £: E >R ,
£ 1 ’ 3 . \ . T . - by ) . ,
- i \ ¢+ and' x, e dom f', ' Then ) ' < . '
’ \ \ - O " p R . 4
! T : ?‘ . ' . ¢
Y L , ’ ¢ ¥ B ¢ ¥ {
. P - EE R , LA : . .
) (1.6.4) epilf (xo;-))w = ¢l conv R(f,xo) . oo
! ’ + © s S \ “ \
] hd » - ]
. } ‘ . . ‘ .
T, "Proof: By Definition 1.6.4(iid), T, .
- R _.t‘ - s ~,’ Qﬂ \ . ' ) ,q " ‘ ’ 1
. co R ~ '
’ ] epi (£ (x57+)) = cl conv B(f,xo) ’
, qt : s \ , s, , . rl .» ‘ r ] 5 . L Fl )
Ll i 3 o
' *  and'by Remark 1.5.5(e),. ' . ’ .
% . ', . ’ ' o LR ‘ ' *
¢ ! 3 ” ¢ . * « -
- . ) e . \ . * ,
K , -, . epl £(x.5) = R(f,xo) . ~ ‘
4 :‘ . 13
\ ' , ‘. a Sy _R’ » L s , \ .
v { 0"‘ ”‘ ! = L ’ ’ «
* :b FAR i ' 4 " :L - » 4 [
*~"1 P «“ ?‘. . - . 1l
« .“ * a n f *
[ I‘@, e " ‘ . i .* N
of - . * - R
) \ ° 4 . M . ' “ .
f . . ' i . + s
] 13 i . A N * -
% C" N » N , -
"\J : , . , M a 1 R N
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Combining these facts gives (1.6.4). O

v

Proposition 1.6.6: Suppose R 1is a g-cone, and suppose

X is a locadl minimizer of f: E +R ., If conditf5q3“
- . . o ® Y0¥
BRf , then Lo ¥

. 4 “ -
a

(1.5.54) is satisfied for

&
<
“
3 3
et

(1.6.5) 0 ¢ 9°° % £(x)) := {x' Bl <y;x'> :
« N \ )

N

cl eonv R(xo;y) for all |y ¢ E} .

< £

' » s '
4 *
1

%

Proof: Since 0 « aRf(xol , it follows that r 2 0 for

every (y,r) « ﬁthxc) . Thus r > O for every .
(y,r) € cl conv ﬁ?f{ko) , and 0 € 50 R f(xb) by
Proposition 1.6.5. ' ﬁ ' ' . f '
il » b b ‘
Corollary 1.6.7: Suppoée ‘'R is a g~cone such gﬁat Lt
RlC,XO)-c KTC,XG) for all (C,xo) e 2% « E. ,. and suppose )
a ‘ ‘__ »
X, is a local minimizer for £: E >R . Then (1,6.,5) holds.
In particular, ((ﬂ‘ i . . s
kY B 1 v P . .
(1.6.6) '+ 0 ¢ dbfx,) = a0 ¥ g(x ) . :
O . » . ‘0 1 +*
Proof: This follows immediately froﬁhProposition 1.6.6 and -
Corollary 1.5.22. ' f !
l ] a * . +
. ‘ B ~ . . v J
e . ) ’.1“, ¢ ’ Loy
» L8 a : ' ! ' *
‘ln“\‘h’xn A \:. e N ¥
L3l & ‘

" , } ) ) oy t

2

.- v
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The tangent‘cone resulting frém this change in quantifi-

- 76 - C .

.
Ay #

N
. ‘

1.7. Alternate characterizations of, tangent cones,

-
"o

‘ Earlier in this chapter, we 1nvest1gqted the ef\egt of

changing $ from ¥ to '@ in the defipition of Kc(xoz .
L vt <,

Eation, kb(XO) ; is product—preseréingg unlike. Ké(xo) ;
on the other hand, kg (x,) lacks- property (6), a property .

1w
[

possessed by the contlngent cone. ) .- -
In thlS section, we examine the conseauences of some
L4 , \
other slight changes in quantlflcathn in the deflnltlons

<

,of g-cones. We begain by dlscu551ng the effect of changing

$from:z{tov. ‘

)
+

A\
“

If we change $ from. @+ to. ¥ in the .definition of

T (%)) r e obtain the cone TC(xo) , defined in .Corollary

1.4.11. Trelman [Trl, Lemma 2.1] ahd Penot [Pe3, proof of °

Theorem 1] haye,shown that Td(xo) = Té(xb) when E is a

Banach space, C ¢*E 1is closed, and‘ax ‘e C ., (This .

0
result gpras important consequences that we wil’l\di,scuss in
Chrapter 4.) An examination of Treiman's proof §ﬁqws that a
#imilar result holds forrother g-cones with® # := & and

¥ . '
K(X} = X ., We prove this in Propositions 1.7.1 and\§m7.4.

{

P

! \

kY
3

Propodition 1.7~1; Suppose R is a q—cone Wlth # ;= ﬁ‘ '
k(XX.= X, * = # S =39 and with iMﬂ}) siich that fot 4:
any c¢losed, bodhded; and convex Y e N(y) aﬁa any -

Z e M(Y) ,n % is.closed and convex. Then if s X0°¢ C, a

> .

closed subset dJf a Ban;chzkpace E., - Lo

1




4

A1

\.

¢

(1.7.1)

»
\

Praof: The inclusion RI(C, xg) < R*(C,x))
T 0

’ )

from the‘deflnltlons of R and R¥

-

Thenfthere ex1sts Y € N(y)

R(C,xo) = Rf(c,x )

o EXEN(Xo)l,V\

\

v

\
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I

\
4

A\l

o) &= {yeE |[¥ ¥ € N(y) ,

A>0 ,3 2 e M ,¥xeXncC,

T te (0,0) ,2y c¥Ynz, x+tty' ¢ C} .

v
N

1

is immediate

Suppose v ¢ R(C,xo).

such that for all X e N(xo) '

A0 and Z € M(Y) , there éxist x e X and t e (0,})

with (x+tz),

and convex.

nc=9.

v

Replacing Y by a’'smaller neighbour-

"hood. if necessary, we may assume that Y fgkclosea, bounded,

We may also assume X is convex., Let such an’

X be given, along with some 2 ¢ H(Y) , and choose

xe€XnC an

d& A >0 such that x + AY ¢ X and ‘e

L (x427) hC o= d‘;

r
» v

As in the,proof of [Trlﬂ Lémma “2.1], order the points of

A ;= [c n(x+

-1

Fq;héﬁ§?vk1;x

~for some 't'a
order relation is transitive. Now define
R . ]
{¥m}m=l 1n%uct1vely“

o r )
o, = .suploa defxm-+aZ) /;A # N2 T

[0 Alzyl
2 e A, X,

0 ., Since

v

as follows: . -

¢

> x; 1if -and only if -kz € ¥ b3
Z is convex by{ﬁgpothesis, this

{

a seguence

£ L]

Let Xl = x ., Given xm s let

Choose S such that,

CXve (B -WB 7) n A where u“~—B 52 (m+2) . Thus if i
T2 K, Ze X+ BZ with B (m+1) . Let ' '
> m n . s .
'y = sup{lly'[liy ¢Y}. . Then for all: z 2z x .
| |z-x 1] <rag” e+l .\\Tﬁgg;; .xg'z xmw'for»any kKzm,
~ I3 « - 4 . i
- . ¢ s 4 ‘ ’ * ) '
5 ’ * !
- h ° Ve & 4 R \ >
’) e L ] ‘ n ¢ '& > N !
~ - ‘ 4 ! N . T
‘,\ . ’ . ' M ' K

*

'
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1

. is Cauchy, and since E 1is complete, the sequence

{x_}°

mom=]l
as a limit X . Since C and x + [0,A]Z are closed,

. Z 2 X, 2z 2 X for all m , and ..
z-21] < [la=x_|] * ||x %]
< tqp (mAl) d;?(m+l) - @™

-

« ¥

Y L
¥ .
-

Fof all m . Hence z =% , and ‘§‘ is thus maxipal under
<. We ;éﬂclude.that for some r > 0 , (¥ + (0,r)2) nC = ¢ .
Therefore vy flR*(C,ﬁO) ' ana S0, R*(C,xo) IS R(C,XO) and
(1.7.1) holds. ' 0

®

Corollary 1.7.2: $Suppose Xq € C , a closed subset of a

Banach space E . Then TC(XO) = Té(xo} “and’ HC(XO) =‘Hé(x0).

If R in Proposition 1.7.1 has M(Y) equal ‘to the class of

’

all non—empiy convex compact subsets of Y, .

R(C,xo) = R*(C,xo)”.

-
Y

v
@ ¢

* Corpllary 1.7.3: Suppose, E is a Baﬁach spgce, f: E + R

is l.s.c., and Xg € dom £ . Then for all y ¢ E, ’

<
o ¥

’

\

7

PJ‘\V 4 ’ !' : ‘”
(1.7.2) £ (x53y) =sup . inf sup .
) , " YeN(y) XeN(xO) A>0 - . . S
d s o620 fx)<£(xp)+d ..
T v . . °
VR inf |, ang | DdEtyl)-f(x) ¢
. vy te(0,X)  yley LB
. . 'G" e R d I
- ° " o i ’ . '
' ! N + ' AR t‘
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If f is cqntinuous'at Xo % then for all y ¢ E ,

. ‘ , o
(1.7.3) " £L(xysy) = inf . sup sup inf £ (xtty) £ (x)

Xel (k) X>0 xeX te(0,)) t L

Proof: 1In either case, epi f is a closed subset of the

ach space E x R . Then Tepi £y £(x)))
v— * y + -8 p—t ‘T* . 8 )
= Tepi f((xo,f’(xo)) . and so f (xo, = f (xo, } . The

1 . *
expression in (1.7.2) is that for £7 (xo;y) for an l.s.c.

function f by (1.5.18). Similarly, Hepi f((xo,f(xo)))
H

" . 0 AR - o .a
= Hepi f((xo,f(xo))) : so f (xo, ) = F (xo, ) and (1.7.3)
follows from (1.5.20). = * 1]

Proposition 1.7.4: Suppose R 1is a g-cone with # := a ,
K(X) =X , * :=% , and $ :=3 . Then if C is a closed

subset of a l.c.s. and x, ¢ C ,

0

4

(1.7.4) R(C,xo) = R*(C,xo) = {yeE| & YeN(y), T X EN(XO) ) )
¥A>0, -2 e M) ,¥xeXnC,q te (0,)),

¥y' cYnZ,x+ty eC}.

Lo

»

Proof: The inclusion R(C,xO) c R*(C,xd) is immediate from

the defin?tion of R and R* . BSuppose ’y'é R(C,xo) . éhen b
gor all Y ¢ Nly) , X & Nx) , 2 >0 and % e M(D) , therd )

exist y' « F s XeXnC and t e jO,A) ‘suéﬁ thaé ‘a . o
x+ty'lé(h3., So let’ Y ¢ N(&)‘, X‘en)\il(xo) and -2

: , C ¥
Z ¢ M(Y) be'given. We may again assume ‘that .X is tonvex.
» \; ’



"'80" '"

Choose X ¢ X n C , vy' e Z and A >0 with x+)x' ¢ X

4

and x:wky' ¢ C . Order the points of

A::=Cn tx-F[O,A]y'] as follows: For any Xy,X, ¢

X, 2 X if and only if %, = x, + ty' for some t4£ 0 .

1 2 1
This order relation is again transitive. Arguing as\1

Proposition 1.7.1, we conclude that there exists % e X

and r >‘0 with

, (x+(0,0)y') nC=§ .

%

v

. We can reach this conclusion whether or not E is normed
v

or complete,‘;Ihge our Cauchy sequence in this case is

- . *

. actually a sequence of real numbers. Therefore

v ¢ R*(C,xo) and so R(C,xo) c R*(C,xo) and (1.7.4)

Y \

holds. . .0

Corcollary 1.7.5: Suppose C is a closed subset of E and

—_ * — *
X, € C . Then Ic(xo) = Ic(xo) and HC(XO) = Hc(xo) . .

Moreover, (1.7.3) holds in any normed space.

» s !

.
v

Remark 1.7.6: (a) An examination of the proof of:

t

Proposition 1.7.4 shows that in fact .

#(1.7.5)  R(C,x;) = R¥(C,x,) = {yeE|a YeNly), T XeN(xy) ,

¥A>0,¥ xg e XnC, ¥y'e¥ni, . ‘
‘ + y; ) ‘
At e (0,0)., x + ty' ¢ C} , ,
-
’ - . ' !
' x
a » J{((w , . «
.n\ LY ? 1. -
-‘ . ‘7" . ‘
- . [ N \ ¥ ’,
o ". K

-



o

N
. . »

- I
a slightly stronger conclusion. ''In (1.7,4), the same

t e (0,)) must "work” uniformly for '€ YanZ , while in
? R y -

L4

(1.7.5), a different t' may be used for each y' ¢ Y n 2 ,°

(b) If the set C. is not closed, the tangent cones R(C,x,)

0
and R*(C,XO)' will riot in general be'equal in either

Proposition '1.7.1 -0or Proposition 1.7.4. For.example, if

— - * ! —
c=0., HC(XO);:'O and Hc(xo) =R for any x, eR . If
c :=R\{27%|n20} , 1,(0), = {0} while I}(0) =®R' . If
- - . S .
‘ 1 1 =
C :={Qnl ( I -~ Y1} u {0} r
o on=l 2730 2l

_ . O ot .
To(0) = {0} while T5(0) =R .

f
o »

-

(c)‘ In R? ; there are nonclosed sets which show that H* ,

*

T* and I¥ are not convex-.or, product-preserving in general.

For C :=Q % 0, H5(0,0) = (0x@) u (R\Q) x (R\Q) , which is

_not conwdx and not eéual to H;(O) X Ha(O) = R . For .
C % é X C where' C,‘:= : ( L L ) v {0} and
* 1- 2! 1- _ In+l * _4n
. . ’ Yo n=0 2 2
. [+0] ! M
. __"“ . 1 M 1 * »
c, := nZO (24n+§,’ 24n+2).u {0} , To((0,0)) is not convex.

4

Points of the form (y,sy) e.Té((0,0)) for s ¢ {0,[2,8],

4n+1'24n+3]}

132,128},...,[? ’ ;, but not for any other positive

vallues*of ‘s . Thus (1,4 and (1,64) are in Té((0,0)) ’
whi\le -i— (1,4) +i— (1,64) = (1,19). ¢ TH((0,0)) . This

exanle also shows that T* is not product—preservfgg, X

sinﬁe Té (0) = Té,(O) =R . This same example demonstrates
| 1, 2 K

#
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A ' ‘
that T* is neither convex nor product-preserving in

3§

general,

(d) Exampleé are given in [Bo8] of closed sets in incomplete
&

spaces for which Té(xo) # T.(x) and T,

xo)’ is not
convex,

Another consequence of Proposition 1.7.4 is the follow-

ing variation of [Ro2, Theorem 2]:

Corollary 1.7.7: Suppose C is a closed subset of R" and
Xy € C , and suppose int Tc(xo) # ¢ . Then :
s ] . . e .
int TC(xO) = Io(xg) o é
Proof:r By [Ro2, Theorem 21, int.TC(xo) = IC(XO) , SO by
cas . L -
. Proposition 1.7.4, int TC(xO) = Ic(xoy . ‘ B
‘ ‘ . t
Our definition of g-cone could have been expanded to
include tangency operators of the form ' ) !

(1.7.6) R'(C,xq) := {yeE|* Y eN(y), # XeN(xg), $ 1 >0, ,

‘E We K(Xy,d 2 e M(Y) , 8" £t e (0,1) , Y

© T L #vxecXnConW, *y' eY¥anZ, x+ty' e C} .
. ¢

i

o

e bty A a7

An 'examination of the proofsyin sections 1.3 through 1.6
shows that the results in these sections still hold fer '
R' defined as in 7.6). Including cones of the form

. g ] )
(1.7.6) in our iscussion adds a few new tangent cones to
'

1
-
[}
©
. s
*“’WMW‘& e my e sk s w8

-
-~
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‘y PN
s

e, a

s
. T
-

our collection; however, none of these new cones is of any“"

+ w

great import. Still, it is of some interest to compar
s B

conQﬂﬂEf the form (1.7.6) with closely related anes of the

T

form (1.3.1), We consider here three éxamples, begifining

1
)

with ) o .

* . -
¥ v -
<

(1.7.7)  BAi(xg) := {yeE|T X e N(xg), ¥ A >0 , @ t,e (0,A),,

»

¥xeXnC, x+ ty e€,C} . \
L) - A

[

0
-
-

" In (l¢¥.7), the same t, must work uniformly for all

~ LY
"x ¢ ¥ n C, in contrast to the definition of Hé(xo) , in

which a different t may be used for each x ¢ X n C ! It

is clear that the inclusions . " v

J’
@
v

L 4

He(xg)e < Hc':(xo) c Hé(rx())

»
®

always hold, and tﬁ%; these three tangent cones are equal

-

whenever C is a closed subset of a l.c.s. (by

Proposition 1.7.4 with M(Y) =y) . .There are nonclosed

s

sets, however, for which these three cones are distinct.
For example, in ZR2 let C := Q+ X R\{Z—nln =20} . \Tﬁen the

points (0,1) and (1,0) are in Hé(xo) , while (0,1).2Hé(x )

: ‘ 0

‘and neither (0,1) nor (1,0) is-in "H,(x,) .

. The example C = Q x Q from Remark 1.7.6(c) shows that
Hé is ;2 general neither cdnvex nor product—presé%ﬁﬁng,

*
HG ((0,0)) .

. \ .
o
y
1

\

]

since for this example Hé((0,0))



N
Wé,pext consider the tangent cone Y -
(1. 7 8) ‘Ié := {yeE]H Y e N(y), T, X € N(x )
1 , ’ "'
oo ‘A>o ats(ox),vXexec vyley, ¢
' x+ty! e C} . . ' B
~ : ‘ o
’1”' » ! ' ™ )

Here again it is clear that

-
- 4 *-

v

N) - Io(xy) < I4(xg) < Ta(xg)

[4
v

afd that these three tange}xt cones are equal whenever C

f
" v A '
v

p a closed subset of a Banach space E , In fact, it turns out.

that mIC(xo)' and I(':(xo) are always the same.

[y

Pfopo:sition 1.7.8: Sﬁp’pose X € Cc E, Then

Io(xy) = Ié(x0% . ) 1

-

i - 1 _\ '

Proof: Suppose y ¢ Io(xy) .and let Y e N(y) ,X e N(x))

’

4

Y i§ closed and convéx, Let Xl € N(x0)~ and xl e (0,2)

be sudch that X, + (0,:>\1)Y c X . Choose Y'l e N(y) such
. .

1
-« « that there exists ¢ > 0 with .(l-¢,l+e)y’ « Y whenever

v y'e ¥ . ‘-There exis). x':* Xl n~C , tO € (0,}1) and

o

1
y' e ¥, Wlth x! +~t0y" ¢ ¢ ." Define )
t o= sup{tlt Stys X' +ty' ¢ C} , and call "a % x' + tyd .

L

»

is

v ,and A > 0 . We may assume without loss of generality that

b 2

.
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Case l: Suppose t < to . Then! a+ (0‘,t0-?_)y‘ n C= ¢f.’

« Let t e (Q,FO—E) . . ThHere exists X ¢ X n C such that d

\

X = x'-+ sy' for some s e* r(T:—t,T:] . Then s+te (T:,to) '

8

-"and §+t§;' =3x' + (s+t)y! € a+(0,t0“—'£)y' , 0’ X+ty' ¢ C .

« 4
Case 2:  Suppose:' t & i:'o . .There eXists -¢ > 0 with
> 4 ‘t_:
(1-g,1+e}y’' e Y . Let t e (0 ,m) . Then o ot

x' + (E-t(l+e), Ert(l-é))y' ¢ X . If there exists

3:: e [x'+t-t(l+e), T:—t(l—s:)y] n C, , then there exists . “ '
° 4

§ €. (l1=,1+ery' with X + ty ¢ C . If n(;t, call ] ’
m := sup{s"lx" +sry'ueC, s<t-t(lte)} . Call b s= x' oy ', .
1, - ’ !
i Then ther‘e exists )‘0 ¢ (0,) ) such that N
v, h ~ #

Ltb ¥ (0, Ag)y' nC=4¢ . Tet t e (0 Ay) . There exists

-

X e X n C such that x = x‘ i sy' for some s ¢ (m—t&.,m] .

LI |

Then s +te (m,m—l-)\O) R and "x+ty' ] ﬁc':+sy' +ty!' ¢ b

4

+ (0,2g)y" 4 so §+.,ty‘_ £C . ) . . . .

*a
v »
¢ .
w

] ! -
n en.tﬂher case, y ¢ In(xg) | and 50 In(x J < IC(XQ) .

-

0
X 1! . s
erefore I.(xs)l = IA(x) - . a ??n
. Finally we consider . Y
Py ' ’ )
. v I8 »
(1.7.9) Té(x“o) i= {yeE |¥ ¥ ¢ N(y), = X e Nlxp) , ¥ ) >0,

‘

T te (050),¥xeXnC,dy c¥, x+ty' eC} .

[

-
“ of 4
[} N "

4

onde more it is true :Ln general that T, (x) cTC(xeT‘tT O) ,

and Prop051tlon 1.7.1 shows that these three tadgent qones \

U’

_ are equal whenever C' is a closed subset ’of a Banach space.

e
-

-
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*

)

f
- ‘/Gc(xo) , is a very ltrivial" tangent cone which can only t%tke

l"‘ . * "‘ -
2 1 -86-) 5
AT
L]

If CcR, it is not hard to éstabliéh (b}ﬁﬂ rgumeﬁt

samilar to t%ag.USed in Prop031tlon 1.7.8) tha

Ta (%, ) 5 T (x )_; Whether those two tangent cohes are

equal more-.generally is an open questign., .

:‘, The{s is only ongqufoye with f(x) f’% and’ M(¥5 Y,

-+ ythat’we have not yet mentioned, it\is ,
. . -, A =
.o ’ L e ’

' gé‘(xo) = {yeE |2 Y ¢ N(y), ¥ X ¢ N(xo); ¥AS q,i'

- 4 xeXnC, T t.c (O,A),Vy'ei},x-i-ty'eC}ﬂ.‘ T )
, " W

'] . H
.
’ v

»

The reason we have not mentioned Gé(xo) is"that it, like,
* . ) v

[
» s

on the values # and E . In fact, one can show that '
*- N ,“ ., , E W
GC(xo) = GC(XO). for all' (C,xo) € 27 X E.. ¢ > {ﬁ

% . a o o

¢ -

1.8. Weak tangent Rones o ;

- N 4 ' !

One class of tangent cones we have not yet considered

‘

are the weak tangent cones defined in [Ball -and [Bo3]. -

L] _/ ’
Altﬁough we will not dbal with weak tangent.cones in subse-

adent cliapters, we will discuss them briefly in this section

4
[ t v

and defing a simllar.coniiff which fits into Qur c-cone

framework. ' . ’

‘ »

&
'

(In thls septlon, let E be-a normed space. As in®

[BoB], denote by the norm.%qpology on E and denote ﬁg .

3

T 'another locally eenvex (Hausdorff) topology pn E such

-

that !

~N

~
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'n,. L] "87' -'~ 4_“

v

£23

) . “»
% [ * b 'S

LY 1 & . R ,’-
. oo ‘(1.!;1.1) ~ (il 't #is coarser than.s and ‘

A\

i

.

1

- »

’ ’ “
/ . (i1) 'f-conv?rgent sequences are s-bounded;

-

- L]

L «
*

Tet "=" stand for s-convekrgence and: "= (1)}" stand , for ,,
< . '

T-convergence, - .
4" M r M .
1 ) i Y e
¢

Defifitron 1.8.1. [Bo3l: Let Xy £ E* and Cc E . 'h’;‘he

»

M ¢

"sequential t-contingént come of C at’ Xy 1s the sét

" .
- N “ 3
3 ’ . v
.

(l'?'Z), K_(C,xy) == {yeE |2 a.sequence’ X, +'x0 T c,

) Z .An > 0 such that ln(xn—xo) = (1)y} .

v

« "
*

)

! . A .
! The sequential T-—pseuddtangent cone is the sset
3 » “ L3
J s ' .
¥ * . 3 )
(1.8.3) . P%(C,xo) :="cl copv KT(c,xo) . , -

- * 4
- B a M
> . ¢
M v . »
" Al

* «  We begin by deriving an equivalent form of (1.8.2)

i
. . ’n L] l‘ I3 »
which is easidr to compare with our g-cone definitions. .
- N N k\ p ) M a
L »

\
» ' +

' Proposition 1.8.2: An equivalent form of (1,18.2) is

1 t ’ - n

’
t

(1.8.4) K _(C,x,) = {yeE |4 sequences t_+ 0 and

. i }
Y, = (t1)y such that 3?0 oy, € C} .

A 3 ¢

¢ i ' . K

Proof: ’ﬁenote the right-hahd s::Lde of (1.8.4) by $-°, and let
. - 21 ¢ \ A
v 'e KT(C,XO) with y # 0 . Then there exists X € C with

X, * X and )\p >0 ‘such that An(xn—xo) - (T)y . Since

0
y # 0 , we may assume }‘n is a nondecreasing sequence.
r ' -

wl 4




b -

¥

/

+

v

+

]

7

. ) ) ‘ ' ‘l ) ,

» N “ N ‘ . "
L L -1
Set y = Anfxn xo) and t o= %n
Xg * By, =X € iE. Since X * Xy it ¥ollows théi

s

; Then ¥, = (t)y and

ty, > 0 , and so t v 0. Hence y.e 5. ,

Conversely, let y e S . Then there exist t, ¥ 0 and

» N .t .
Yy -f(T)y .such that .xo-btnyn ¢ C . BSet X, = §0-Ftnyn
"l’* ‘2 - » ~ R ., ¢
and ln = 'tn . ¢ Now. s [ ‘ {
! " L. 3 ' .

- >
. . v, o~ ?

@

' .
! - = i b ¥ R
) anxn xo) Yy (My ’

.

B . ? v

and since -{yn} is s-bournded "and t Y 0, it follow;\fhat
Xn > x0 .H'Hsncé y € KT(C,XO) . Noting that both sets

contain 0 , we have.proven (1.8.4%.‘ Lt a0

t e
»

«
-~ < ¥

R

Remark 1.8.3: It'is well khown that if E is a normed

‘ b f

space, . ' -

.
» - * "

(1.8.5Y

¢

3 . . - . .
Kc(xo) := {yeE |& zy/fb, ay,+y with
¢
4 »

’ by o P
. Xy e c} é

- . . .
. » . \ y “~ 7

Comparing «(1.8.5) with .(1.8.4), one sees immé#iatgly-that
Kc(éol < K. (C,xg) . It is shown in [Bo3] that the seq&entiai

T-contingent and 1-pseudotangent cones satisfy inclusions

» . {

analogous to (1.4.1k) and 11.6.23{é?d can thus be used to -

sharpen the Guignard Kuhn-Tugker conditions [Gul]s Thése’ "
tangent co?es were_defined with such applications in A}hd:n '
. We now dePine and briefly"éigéuss’d similayx tanqpnt/p
cone nbéion‘tﬁat fits inéo our g-cone framework. It hasr

. . «

- ] ‘ [ b\‘ Wt '
.



‘ "
.+ previously been examined ianel] . ’

- 4 A N
« I -~
« Y . » < \ ¢ , R ‘. .
“ g 1
! y

» .
’ ) })efinitiOn 1.8.}: Let Xg € E and CckE and ’let N )
. ‘ denote‘ T%neigbbéﬁrhood. The T-ccntlngent co;ae, of C at
o | . x0 is the set;'. , ﬂ o "
.n<q~*\ ‘ «."\\ . - "? .1 i

. A .
‘ (1.8.6) - C(;X,O) :-"«éyeE | z-cE: bounded, ¥ Ye NT(Y),

1 ~! 3
.\/.‘ ¥ A> 0, B0, X), @y e¥na, xotty' Cl. o

t £ *
\l, "

.- |’2 > ‘ . y , B -
Lt The -T-contingent coné is not guite a g-cone sinde the
e ! »
.o T orde:r of !ts quantlflcatlons is different from that “in

. (1. 3 l). ‘Clearly "k (x j e~K_{(C,x,) < Kp (%) ’ and ' the’ .
. . (SR A 4 0 e -
.three sets»,are equal if -T =8 ~ - . / v

o

- ? ' i_ T
~ .
NP AN N PN - . .
v - | . | # %
» -
A} » a b v ®y ’

DU ' Referring to\k‘eéults «0f" sectibns 1.3 and 1.4, we can
. . .
s . \* readlly deduce a number cf,‘propertles .of K (x i As in

i

. . Propos:Ltlon 1.3.3, 1t ig a hcamogeneous tangent cone, It is

, hot--always a closed set - the pr00£ of Theorem 1.3.4 dbes

I3 ¢

U ‘ot work® J.n this case. A direct ar’gumer‘?t bé/; that if C’
AR Y ‘ ~
. . is copvex and "y € C, then '

. 1 \
' L . 4 ‘
! : N - y .

i

¥
By

- 5 s Ye ‘ X v )
« ¢ N [ T M
N . o clecone(C~x,}) = T - ¢l cone(C-x,) & K.(x,) . ¢
Y | . . ] : 0 c'™o
~ e ‘” < N . t
- 2 4 . [y .
1 + H I '\ " ‘ ’ \ hd

Lo ) If h = IRn + R" 1s \strictl'y differen‘éia’blé with Xy .© h™
S . and Vh(x ) is of rank m , then. FVh(x . (0) < R c
. 0 0 1(0) :
H . -
. ) ' ‘KT {x.) .° HoWe,ver, K (x ) 'does not Have property {2)
o n"eoy 9
BN ,8inge the inclusion K

¢

&
«r

-1 (X ) CVh(x l}) does not -
h

A\l 5




4
\»\) ; ]
) . ¢
\v\ N [

~

/&u
’ ¢ - 90 -

\ :

*y

\

necessarily Hold. It i8 immediate as in Theorem 1.3.1%.that = .

b}

Ké(xo) 1s isotone with respeet to s

-

contingent,cone, Kg(xo) is not alzgys éonvex, does not have

et incluSion, .Like the -

A 3

ot

el ‘ ~
property (5)4/and Is not product-preserving. It is easy to

see, drguinq as ig Theorem 1.3‘26,
Q v 4

] ¢

We conclude this section by de
shtisfies generalizations of (1.4.1

r .

"

T
Re

monstrating

that
L) T * N

that K.(xp),
1) and IBoB,’Theorem 1].

I 3

Definition 1,8.5: Let E and F be normed spaces an%

» .
.

Xo ¢© E..' Thekanctlcn g: E.» Ffjl

where‘the limit in (1.,8.7) is, appro

bounded "subsets of E . .

¥y

’ v
»

¥
Proposition 1.8.6:

able at Xy € ¢« E and Vg(xo) i
¥
Then
\
- T T
1 2
(1.8'.8) V() K™ (%) gz!g(c)
# (S
. Tl
Proof: Let vy « L (xo) » A >0 a
S. » f

‘-
given. There exists V ¢ NT (0) s
’ 2

Vg(xo)y +V+VeU, Since ¢ is

o

s Frechet differentiable

‘at x; 1f there exists a linedr continuous Vglxg): E > F
© satasfying © , . '
: . )
oL ¥
, g(x0+thtf6(xgi )
(1.8,7) Tim T = Vg(xO)h ’ .
t+0

»,

ached'uniformly through

"

+ 1
. v »

§ Ty - T, continuoug.‘
v, . ]
(g(x,o)_?’ .
nd U e NT (Vg(xo)y) be
- 2,
uch that

Frechet differentiable

»" 1
Ix]
-
4 L]
» o+

»

() has prdperty'(ﬁ)f .

x

“

éﬁppose '2&E + F is Frechet differenti-~



L

¥

-

whenever y' ¢ ¥y n Z.and t e (0,}y). .

¢ N\ . » [} L .: i
at x, , there exists and )‘l e (0,)) Jsuch
that for all bounded Z ¢ E ¢ talnm% 'y ' ! . a
‘ glxgtty')-glxs) = : w o
« ® - N 1 -
i » [ ” 2 “

'
2 . vt
f
* ) I3 k]

T, - T, continuous, there exists Y¥s; ¢ N_ (y) “ such that.
1 2 . , J2 ”'th «t &
. ) v ¥ ‘ ° : , i )
. g(xo)y' e Vg(xo)y + Vv for all y' e Y, . - .t
* . - i f ‘ . X
Thus for all bounded 2 containing y , Yy ' .
, V. » . ~ ;N wy .
. f ) g£x0+ty')—g(x0) ; ! ' )
(1.8.9) . = e Vglxgly' + v
! L d
v c Vglxgly + V+ Vel
W

/

Y
:

whenever y' e ¥y 0 Yz nz and t e (0 Ay) . Now since
y ech (x‘d) ' there eXlSt’ a bounded Z & Tynn Y2 y
£ (0, 7\1) r and y' € Z w:Lth Xq t ty' ¢ C . Hence by *

"

(1.8.9), there exists y e U n%(x Y2. such that

Since Vg(xo) is .

-
s

- A

. +
“« 4
L
A ¥

Ugxg) + &y = glxgrty') e ged) .. 1 =

s

2

-

v

*

T . P :
y 2
Ti}ereficre‘ Vgixg)y €~Kg(c) (g(x,)) and (1.8. 8‘) hﬂalds. 5

A
-«

Corolléry 1.8.7 (cf.' [Bo3, Proposition, 6]):- Under the

hypotheses’ﬁof ‘Proposn,tior; 1.8.4, ;Pé{xo) := ¢l conv Ké(xo)

*

. w
] 1 ]
N
’ -
.
- . .
v
f

e ! ' w

~

L

P,

e ey
13



O

.- U > P \<;
¥ 4 [y
' } « u'v /‘
€ * ‘ s ' ]_1 s { . . o
satisfies . . T, L ’ .
." - ’ v % - ‘ " : T ’ ) \ } f‘
. “ 3 o . 1:1, T, . . ' . f‘(
ce "(1.?.10) Vg('éfo)BC {xolg c fg‘(C) (g(,xo) IX«: , .
“:u‘ ! ’:? * N ’ ¢t ' ¢ )
- % - . ' . " X .
’ . -~ . ! ' k “ i
. Proposition'l 8,8 (cf. {BoBl Theorem 1}): Let f:iE‘+i§ ,
» he Frechet dlfferentla%le at’ ¥y € C € E, an& suppose that . '
. Vf(x )} is r—contlnuous. A neé;ssary candltlon for X, to P
. mlnlmlze f ,over c is that Vf(x ) € Y (x ) ¢ .
0 C 0 L) . [
. . a.\) ‘L . ‘ . K ., e .
3 . ‘ [N A‘ B B ; ’u .
. Preof: sSuPbose x; ‘minimizes £ over C , and let \ i\
13 ¢ '. L] L
y ¢ Ké(x ) . Then there exists a bougfded set Zc¢E such _ °
that, for all Y €. N (y) and X >0, there exist t ¢ (0,1 -
and y. e Y n Z w1th xg +tty’ e C and N
- ‘ L of(xrtyty-£(x,) \ hr
0 ' 0 % . ~
¢ - 2 0 . » °
.‘ PN ) i X i ’
, Since F is Frechet differentidble and Vf(x,) .is, /
* 1 ‘ » A i i
T-continuous, wexconcisde that Vf(xo)y 20 . BHence:- -
[ M L4 -
¢ VE(xy) e Kgéxo}* . Finally, since VE(x,) is linear and 4 -
I} K ' ”
% . T=continuous, v ’
. ) b ; ) . .,
. N - , R
. F3 . vf (XO) 6 Pc‘(xo) L] -'. \ D .
A ‘" v L4 P

ot

One could go further and make a neral defrnltlon of

4 LY

o gt {Coxq) » The gropeﬁt;:j of spch tangent _cones could- be

» eagily established by the-results. of sections 1.3 and 1.4,

We leave the details of such a development.to the reader.
¢ ' ’ ' r

‘
* -
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@

. o \
€« . 5 ;
vz E -9~ @ \fy
\ ok

?

3 . [ ! . -
s o - ~ "
. e It was® cbser’ved ﬁariler that K (C,;{O K. ,(xo) in

general. We now, hote that in the case where E is reflexive
o ’ * » [

and T = w , the weak togg}ogy,lﬁhe*th are in fact equal.

* iy "\

.
- ? “
Sy . - ‘ »

Prdq851tlon*l 8,9: If E is a refleﬁtve normed }ﬁéqe and -

’

%, euC c E ,«Fhen ‘K (C X, ) = Kc(xog .

<

: | : Y |
*“$/~ v } : Yoop 3 -

s

" \ »

»
Proof: Let 'y « kY XO) . Then-there exist, M >0 and nets

. ! I
’ 1

Lt b0 and ¥ (w)y such that C,:=%y +ty, e¢C and ™

ily II . Nowl let uo be such that. ta’s 1  whenever
o 2 ao‘, an%.qons der

]
L]

o D p= (t t (d xo)) ; O 2 ;;}.‘ . N

! o "

' ; ‘ l
Then (0,y) ¢ wecl C . It is a consequence of "Whitley's
‘ ~

ponstrUct;on" [Hol, P. 148] that there exist seqdences t
’ N n
and Cq such that t ¥ 0 and t~ (c =X )+ (wy

, o o a
n ’ n ) n n

Therefore, (y ¢ Ky ¢Crxp) 3 a

“r

3
LY a

One can apply Corollary 1.8.7 and Proposition 1.8.8 to
prove an analogue of the Kuhn~-Tucker conditions_given in

. v ¢ N
[Boﬁiﬂ¥keorem 21. By Proposition 1.8.9, such a result would

[

c01n01de with ,[Bo3, Theorem 2] if 'E is reflexive and would.

“va

be an extension of *t“otherwise. Lt

A
" T

v
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-1.9., Conclusions

-
.

In this section, the results of Chapter 1" are summarized

in a series of tables.® Table 1.9,1 lists J:,he‘ majotr proper-.,

. ties studléd in Chaptér Ter ah&'in Table 1.9.2, the combin-

.

atlonsqbf properties that do not occur in general (by '

results of sectlon 1.2) are oomplled alonq with comblnat;ons

which never+<occur for ‘g-cones. It would be 1nterest1ng to,
ha&e further 1mpossibillty theorems to rule out more
geneaally some of the comblnatlons whlchanever occur for
q—cones. One other pair of propertles, %3) and’ (4), only
occurshamong q—cones for Gc(xo) , which is trivially copvex
since it always equals e:.ther\SE or § .

» Table-1.9.3 collects together the definitions and
1
propertles offthe specific tangent cones discussed in Chapter

1. Counterexamples are exhibited for the properties a given'
cone does not posséss. Table 1:9.4 lists a number of '

fhclusions relating these. various .tangent gones, all of which

caih be deduced quickly from the definitions of the cones. ‘In

* 4 *
Table 1.9.5, the results of sections 1.3 and 1.4 are -

¥

.

summarized, making them easier to compare and apply.

With the information 1n this chapter, one can presum-
ably, as in Seftlon k 8, establlsh readily the propertles of
a given gq-cone. It is also posslble to examine known resuats

involving g~cones’ aid determine whether they might be

{

\

sharpened by substituting other tangen;‘COnés for those’

given. . s

[}

s
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L s * e ~' . - N N e ™
a 4 . Lw . . ..
Qur results so far dindicate that the most important

‘tangent cones are those lying between the pseudotapgent’

cone and the @larke tangent.cone, in particulax Pc(xo} v g

.
A ¢

. * ‘ )
Kalxy) kc(xoi » To(xy) and TC(XO)“ In the gequel we

) 4 £
will focus in.on these tangent cones, adding. comments-abou
Al * 03 i
other tangent cones'when appropriate. Vo
' 2 e * £l «
. - . . ,
z - - 3 - .
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¥
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P’ L3 " ) - , f’. ,’: v -\ -w A
. ; Table 1.9.1: * Tangent cone properties , ‘ Tt
A N N ot - Z ) ’ ! ’ . ¥ \'~. ’ ) ‘ )
. . ) o . .. R o
- - (1) If C < E is closed and convex and x%e:gg, P »
P} N “ . " - . 3 o * '1}& : .
: ) ¢l R(C,xy) = ¢l v A(Crxg} . . A , *
l . S )\ZO R . ’ T a@ Y
D (2) If,hs!R + K" is continuously differentiable near ,.
; - ’ ’ A « 7 'l
. s X, € h"l(a) and Vh(x;) chas ranig m , then” - A
. - g . € - - [ . & . 4 .- . ﬁ, é't‘u
. R(h™T(0) ,xg)n Fhixg) ™ (0) . P .
. . . , - - ' ] “ . 1»_'$ ) - .
- * . ! > bt ’-l
. N (3 If 'Cl c CZ < E, Ré{,‘l,xo) .© R£C2’,XO) for all . o
LS . XO % E [ ] » ;v .. . .‘ - .
.o # )
. T {4y R(C-,xq) is convéx for all ,(C,xo) 5'2E XE . L
n ‘ L 5 : : ) LY i .
(5) R‘_(Cl,xo) o, R(Cz,xo) c R(Clﬂcz,x’o) . for all CJ_,C2 < E . ]
¥ - ~ , Vs s . el o
' Ty and' XO ‘e E . " o . , }&i'#‘; Y A -
- AY X ¢ : [T “' - .‘;‘ «
. , / (61) R(,ClUCZ’XO) c R(Cl,xo) U R(Cz,xﬂj for .all lecz « E ﬁb R
* . - N Y ' '\\ i s ! *
and 'XO € E ™ lw ’ . . { . 3
. \ ‘ N . s « ) Sy
" ™o N . 2t - » # L3 N 1
. . .o Xl ' E Cl s ‘E and Xz 6 " C’Z F F L . 'x - » . r’
T P . — L . - 1
. (NCy If X, 18 a local minimizer for £:,E +R , T s
/ O oge 3RElxy) ’ : ) BN “
[ ' L . '
& ‘” " * "
» o, ’ e . ,
fl \‘4 , + " . , r)
- R P . W .
- a ] ’ ‘ * ' L4
& s * *
4 W o, : o)
- \ . - - » b '
P B - ‘
’ i , . .
€ b
R » * .
* ‘ ' ‘ 4 i
. -~ 4 - ’ o
A
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« " fable 1.9.Z4 impogﬁiblé combinationg of
ST tangent cone .properties -

v L]
.

< . oo ‘ R '
- - -

R

R(‘fl,x,ol &:,Y:C(x . (l) (3) (37

- Theorem 1, 2 4
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. Table.l.9,3. Tangent ¢ones -
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Table'1,9.3 (contifved) .
Abbreviakfons in Table 1.9.3: - .
. o . . ',‘ -y ‘
- ! ‘ . Meaning l - ‘
. Either ¥ or- &, , ’e [
,_B has that property. . et
"~ "R does not ha;e‘that property. T .
‘ R 1s a1wa§s’closed. . ] -
,gw R is always o?en. , ) - “. . -
. R .i% neither open fhor closed in genéigl. .
R has Property 1 it¥ fintte dimensions, but not
. in general (see section 1.3}, . - '

In finite dimensions, Rrel has Property 1.
A counterexample for R as example 1,3.10.

r
See Example 1.3.8. ) s
See Example 1.5.24, . _ :
M(Y) = nonempty compact subsets of Y .
N N ’
. \ .
’ ) b
¢ | " |
L4
. ]
i ¢ .
L] , i . \
' ” . "v
s ’ A /‘ ’
!
A . '
\ .
Yy . .
1 ¢ b 8 7
N 0 - ! 1
N »
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- . 8‘ Ay B N T 3 ] X‘ “ 0
’ ., Tab e 1.9.4. ";l‘angent cone incluslons - - . ,
b i S . ¢ . I
s ‘ ©on” ', ; ’ ‘ ' - " 1 l s e
(i) . ],:C(XO) ¢ “ch,xo) ~ ’for‘ any g-cofie R R
‘(1;,); &{ R(é,-xo);c: DC\(XO)'; for any q-;cone’o R o S,
\ 1 4 . . i A [ ‘ " ’ N ‘ L '
(iii);i Ho (%) < Eg(x4) © Bo{x)) < cczne(C;-xO) . : |
14 S e ,\ , ) 1, ‘ "
(v) LC(XO)‘ c zc(xo) < Ac(xo) © chxe) o , '
’ \ ' ) . ‘l " . “ ., \
J(vi) Tc(xc) c kc(xo) c Kc(xo) c PC(XO) ‘ ‘ -
i
. — ) ‘
fviv) TC(‘xpl ¢ Talxg) © Kalxg) A .
' G ‘ ’ " - i3
SN * ¢ * ¢ * ! - ¢ a F] -~
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[ )’ , r , . fj/ N : , .
Co - o 1
‘ -« ' e ’ * L ' 1 4
3 y \ \
. . | X | |



e

Table 1.9.5, Summary ef results of Sections 1,3 and 1.4

' ’H " ’ by

&

¥ ,#!/ $ K M imply ’ 2§ iii?‘_
- - - - all gone-valuedness 1.5.2
- - - all all homogeneity * " 1.3.3 i
¥ - - = . oall closure R >l.é.%
g - - - "ali vpenness N 1.3.7
- ¥ - - - 1sotonicity 1.3.19
¥ @ | = all convexity ] 1321
kt & 3 a,b,c convexity 1.3.23
a | g | =@ all all | property (5) 1.3.24
¥ - ¥ - Xg ali/ property (6) 1.3.28
- - g | all | asbye | products preserved 1.4.2
M b 3
TN e
* ~i;\\\§\ K| M additional assumption imply |by Prop., Thm,
vi{w |- lal1| ¥ (1411} 1.4.7
¥ | & | = | X |1¥ [relative openness (1,4.11} 1,4.10
¥ | ¥ | - all]all ‘ {1.4.13) 1.4,13
¥ i3 | - | X |all relat%ye openness (1.4.13) 1.4.15
| ¥ | - lalljall |A open (1.4.13) 1.4.17
a l g | - | X |all jrelative openness, A open| (1.4.13) 1,4,19
"(1.4.11) Vg(x IR(C, %)) < Rlg(C),glx,))

L/ :

{1.4.13) A(R(C,x)) < k(A(C),AxO)' .
'
In the table above,

wn denotes "no restriction”,

a1l denotes “"assumption holds for all of cases {(a},{b),(c),(d@"
of (1.3.2).

t

“a,l,c" denotes:"aséumptlon holds for cases (a),(b),{c)™.

"relative openness" 1g condition (1.4.16).

ab y
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, the Finite-dimensional Case’ T '
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2.1. Introduction .o - i~

.
) [ LY
-

B
.
“ +
.
o a L]
A
- ' r no3
.
.
. e

.
’ * 5

The concept of subgr&dlent was 1ntroduced originally for

convex functions f£: E + R. by the~def1n1t;qn

u
*
v ’

NI ’ , . :
(2.1.1)* afﬁxoﬁ = {x'eE'[<x—xO,x'>‘s %(x)-f(xo)

1]
E

. ' for all x ¢E}

These subgradients admit a versatile calculus (seé ¢[Roll, .

-

[E2] and their references), the cornerstone of which is the .

L]

"subgradient sum formula": «
3

» 4 3
} Al

Theorem 2.1.1: TLet g, E >R , g, E + R be proper convex
; 1 5 r co)

functions, and let Xy € dom fl n dom fz_.‘ Assume -
(2.1.2) 2 dom g, 0 int dom g, # @ .

Then. v ! i ’ .

(2,1.3) 6(g1+g2)(x0) = Bgi(xo) + agz(xo) . .

€

Note that the inclusion Sgl(xc) + Bgz(xo) c S(gl+g2)(x0)
follows immediately from (2.1.1). The proof of the opposite ‘

4

inclusion in (2.,1.3) uses (2.1.2) to invoke some equivélent ’

. ! i

* - 105 - - 1
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. . ‘n.b< v r n -

-« ., of.the Hahn—Banach theorem ([EZ], [Hol]) If B ==3R r Lo

) assumption'(z 1. 2) can be,replaced by the weaker requlrement ‘

- [Rel, Theorem 23.8], - S oy
) T L ‘ , . Lo . " , .
Voo AP .
, R} N . { D » o § oo, . ; ‘ , X
S N Y ri dom gi woridom g, A F . P

T ) oy
» . " ' - [ \ - .
“, In section 1.5, we saw that-for a convex function
P R i N A vt ! . '
f: E» R dnd’ Xy € dom £ , - Coe :
. 2 K f’) ’ .

i
¢ -
. of
- Lt ‘s

’ - A .\ __" er r /_‘ k -“ \ s
\Bf‘xu) = 3 ﬁ(xo) =3 f(x ) —,?lf(xo) . R

'

T B ' e W) = 9T (xg) o

-
40 ' - /

€ il’lt .dom f r M .' ' “ ‘¢

Vo o~
.

and if in addition x,

“ 1 4
§ 5
1 1 ¥ ! %

‘ , o H o o
v a f(XO) '-\ 8§(x0’ . .

‘
T

|

Do there exist analogues of Theorem 2.1.1 involving |

R:!ﬂbg;adients'which are:valid for wider classes of

i . Ll '

functions7 The answer~1s yes.. For 1ocally Llpsch1t21an
functions defined on a normed sPace, Clarke ({C12], [C13], o
and |Cl14, chapter 2]) and lelart*Urruty tﬂll] have

developed an eéxtensive ca;culus for 3 f . More recently,
Rockafellar [Ro3l. has derived a calculus for' 3 £ whlch ‘
generalmzes that for 3f end 3 f and 15'va11d‘for

functlons wvhich are not necessarlly convex or eVen contlnuous
(see also [Ro5]1, [Cl4, section 2. 9]) In this 1atter develop-

rent, the analogue of Theorem 2.1.1 is the féllo&ing resg}t:

L4
* '
L
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Theorem 2.1.2 [Ro3, Theorem 2}: Let E be a l.c.s.,

£+ B ffﬁ. and"fzz E+R , and suppose f; and f, are

finite ‘at’ ﬁo . Assume . ) '

i

(2.1.5) dom fl ) n 1nt dom f2 (x i) # B . '
Then Co R )

ST ' T . T, 'y
2.L.6) © TG £ Gg) = 2TE Grg) 3T R)

v
.
{ s . . N 4y
.
K ¢ ! v

Reiark 2.1.3: (a) Eqﬂallty does riot in general hold in -

Y

{2.1. 6), as demonstrated by the follow1ng example, given in

[Ro5]: Deflne £, t R+ R by fl(x{ := [x| and

£:R+R by f£,(x) = -|x] , and 1lét x, i= 0 . Then
2t R 2 0 hen,
£) +£, 20 and T(£+£,).(0) = 0, while .3"f)(0) =

2T£,(0) = [~1,1] , so that 8 £ (0) + anz(O) = 2,21 .

' Conditions sufficient for equality in (2.1.6) are given in
{RoB] We Wlll dlSCUSS them in section 2.4. .

(b) Statements (2.1.5) and (2.1.6) may be written

/

equivalently [Bo7] as oo . (

Y

(2.1.7) dom flf(xo;-) n dom fZI(XO;-) e

2 \ . B .

and . ’ ,
& » A — , « ‘)u :
(2.1.8). " 3T{EHE) (x,) © 9V, (x,) + 0°E (x.)
e 1%g! Ry lRgd
t A s - N ¥ o .
The 'proof of Theorem 2.1.2 relies ih a fundamental way

3

upon the convexlty of the Clarke tangent-cone, Recall

(Remark 1.5. B(b)) that ' . R

§

w k.
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- ¥

’ ] + -->'~Y
(@.1.9) - ebi £ixgit) =T

W

gl (%grElxg)))

€
+

Through (2,1.9), f$(x0;' inherits important properties
N boe LY

 from the Clarke tangent comne. Since Tc(xo) is ¢losed,

N . f+(x i*) 4s l.s.c., and since TC(XO) is a convex cone’

f*(k0;~) is convex and positively homogeneous, As a
L result, either ‘ J
t 4 N ¥ /j
¥ ' t N " '
(2.1.10) (&) f*(xﬂ;O) 0, in which case £ fx,,) is

proper ‘
{

+

il

{
/

[}

+or (b) ﬁ+(x0;0) ~» , in which case f$gx0;°) is
\ equal to =-® throughout its domain and
ITE(xy) = 8 .

1

. Using these facts, Rockafellar’'s proof proceeds by the
’ f

following strategy: First, the direct characterization of

[

f+(x0;y) given in (1.5.17)'and the fact that f*(xo;y)

3

fI(xo;y) "for y e int dom £ (xo;-) are applied to prove
that if (2.1.5) holds, then

=¥ * }
NN2.1.11) (£ 460 xgy) < £  (xsy) 4 £ ¥(x 1Y)
sbe 1752 o’y 1 \Roiyl t Iy X4iy

\\\,:> ‘ for all y ¢ E . ‘

¢ A
M "
R €

*
-

Secondly, it is observed that if either fl+(x0;0)"or

“f2+(x0;0) = == , then (fl+f2)+(xo;0) = -= by (2.1.11) and
T

fi+(£0;- are 'proper convex functions, ani(xo) =

+
i

B (£1+£,) (%5) = @ by (2.1.10) (b). Otherwise, for i = 1,2,

[

»

*
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» R ‘ @ o
boag My '0) and (2.1.5) is just (2.1.2) with ’
.t é'. - *

, ot ‘gi_ R
C combined to prove (2.1.6). ° . AN
[ r v ’
It is ipteresting to note that Theorem 2. 1.1, Wthh ;s

ixos') Elnally, (2.%. ll) and Theorem -2.1,1 are

i L3

used to prove Thebrem Zul 2, 1s in furn a corollary of o

v

Theorem 2.1,2. Thls becomeg easier to see after it is

" observed that*(2.1.2) can be\written equivalently as,  °

.

- ~ L0 r,(;

(2.1.12)’ dom g{(xo;') n‘int dom gé(xo;-) £ g,

- A
N *

: | - / _— - ) ."
‘Unfortunately, Theorem 2.1.2 is not strond enough to
recapture the finite—dimensmonal version of Theorem 2:1.1,
in which assumption.(2.1.2) is re;lacéd by (2.1.4). One of
, : our purposes in this chapter 1s to produce a finite-dimen- .
s;oﬂal calculus for an1 which.i; strong enough toﬁ
encambaﬁs ag a special case the s§!8n§e5£ version of thé
‘ finite;dimensicﬁal subdifferential calculus for convex
. functions: ([Rol , Sec%ion 231). We do so by a method in
‘ soTe ways similar to,.aﬁd in some ways different from, the
a method of proof for Theorem 2.1. 2'outllned above.‘ In our
: vers1on of the subgradlenﬁ sum formula, we first establish
o (2.1.11)4 ‘then use [Kol, Theorem 23. 8] to prove (2.1.5), the@
overall pattern followed in [R03] HoweVer, rather than

work directly with (1,5.17)a as in [RO3], we rely on an ,

s

-4

"inversion theorem"™ of Bo [Bo5], #jclumion (I.4,18) of
i b ) L !
Corollary 1.4.12, and éhe’relatignship in (2.1.9) to.prove
+ ' f - Ao
(2.1,11) more easily, than in [Ro3] and with an' assumption

H

LS




- ' {re -

) - - a

less demandlng than (2.1.,5). C - .

g -~
' . . ’ Here'ls an outllne of Chapter 2: In sectiop 2.2, we

LF

collect the preliminary results that we will employ in
proving subdifferentidl ®alculus formulae. We prove our two

‘main subdlfferentlal calculus formulae in sectlon 2.3 an@ . .

E
.

glve a number of corollarles. This section contains =

» - 3
.

finite~dimensional strengthenings of many of the- results in

Y [Ro31, as well as a few formulae - product and guotient rules

~" that have no analogue in [Ra3]l. 1In gection 2.4, we pfove
- ¥ « v -
directional derivative inequalities involving £ _(x;:*) and

v ®

e H e SR i el o

fk(xo;-) and yse them to derive conditjons guarantéeing

v

, equality in the inequalities and inclusions’of section 2.3/

) , » ! .-
These conditions are somewhat weaker than the usual "

"subdifferential gegularity" conditions [RoBJ. Somre of our .

’ ingqualities m’vglvinq £,(x5:+) and fk(:& ; WJ.ll have
further appllcatlon in Cﬁapter*S.ln generallzlng previoq;
b _ results about "upper convex approx;mates".: Finally, in ‘

" section 2.5, we indicate briefly how the méthods of this

[RPONE

; chapter can be used to 'Véerlve subdlfferentlal dalculus
. formulae for extendgd real valued functions deflned on
Banach spaces. . . | ‘ .

S In subsequent sections, we will simplify notafion by
writing simply "3f" in ﬁlace of "QTE", since this causes no
ambiguity. The notation "3f" has previously been used in
d the locally Lipschitzian case (in place of our a¥g) as well

‘ .

Q%r\k, as in the convex case; however, as we saw in section 1.5,
J

" 8Tf coincides with 9f in‘the co?yex case (since the Clarke
ot : | {
~ b A

[ k


http://se.cti.ori

Tesults of’secilon 2,3, Specifically, e has derived

.entials". 1In contrast‘to our "convex analy51s.based" .

. - ! T -
" - a PO

~ N
- - . -
v . .
c = 111 - -
- . A -

.
.
.
-
N ‘ . B v
¢ ]
.
.

o \ -~

“tangent céqe has property (1))'and in the locally Lipschitzian _

\éase (by Coroilary 1.5.19)1 One further notathnal ‘note: ~

é v P b
in section 2.4, we will use - f;(x5:+) -as an alternate . -

«
- - -

notatjon for fkgxo;- . . -
. Very_recentl&, Ioffe, in the significant pape;;[lZlfuhaS

v
t

used an entirely different approach to prqve some of the

L3 4+ o

Cérollaries 2.3.5 and 2.3.7 and PerOSltlon 2 3.14 as specxal :
cases of results in-the calculus of “apprOleate subdlffer- ) .
/\

-

*

approach, Ioffe uses a penalty type argument to es;ablishtaq

w

analogue of Theorem 2, l 2 for approx1mate subdlfferentlals,

L3

then passes to a corresponding result for af by means of

~ \ *

the iﬁpoftant inclusion ([Pe2], ([Pe3], [Trll, 4,1,1)5 ‘<

t
4

lim inf Kc(xo) c Tc(xO) . .

x+xD ] .

~x

We w1ll discuss this inclusion - and approxlmate subdlffer—

entials - in chapter 4., Whlle'our mdthods do not yield-

results ;g;ut approximate subdifferentials, they do, seem to '

provide a simpler and more ve;satile method of establishing

generalized subdifferential calculus rules of the type !

presented in section 2.3. . ‘
Even more recently, Rockafellar [Ro7] has derived

inclusions (2.3.3), (2.3.6), (2.3.16), and (2.3.33) by an

approach that is “dua}“ to that taken here. The methods

used in [Ro7] center around the normal cone NC(xO) ‘ (see

Definition 2.3.2)'and earlier results of Rockafellar on

proximal normals. 'The methods of [Ro7] can be very fruit-

K




-

problems, however; they do not seem to yield .any information

*

'-gllz -

L

fully-applied to the. study of perturbed optileation

on conditions for equaiity in the subgradient inclusions,

i

"2.2 . Preliminaries

* Propositions 1.7.1 and'1.7.4 still hold for C closed near
3

~

Definition 2:2.1s Let E be a l.c.s. and Xy ¢ CcE .

(a)

at x, , then the set hepi f is closed near (xoxf(xo)) and -

f

X

'
Xy + bY the localization property of g-cones (Theorem 1.4.16).

(2.1.5) is the special case of [Bo5, Theorem 4.1] given below.,

0

is l.s.c. at x, . We make the further obsgervation that

The set C is said to be closed near x, Af there

v

exists X ¢ N(éo) such that X n C 1is closed. \

if

The function f£: B +R 1s strictly l.s.c. at X

for some o > f(xo), the function min{f,a} is l.s.c.

Y .
The function f£: E +R is l.s.c. at x, if for any
—-M—d-—h—.-— 0

&

e > 0 , there exists .X ¢ N(Xe) such. that

£(x) z fixs) - ¢ for all x e X . )
&ﬁ}, 0 )
It is observed in [Ro6] that if f is strictly l.s.c.

‘

0

and (1.7.2) still holds for f merely strictly l.s.c. at

'Y

The result that will allow us to weaken assumption

Notice that a corollary of Theorem 2.2.2/is the fact that

Tc(xo) has!properﬁy (2).

Theorem, 2.2.2: Let C be a closed subset of RF, and let

a

G: RP + R be strictly differentiable at %) of ¢ n g 10
nAssumev . . ’

) g |
(2.2.1) , 6 (xg) T () = &7

»

[3

¥

+
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Then . ‘ e

-1
(2.2.2) - 7. (x,) o VG(x,) “{0) c T (x,) .
\ crot Lo cneteoy O

®

- The proof of Theorem 2.2.2 depends on Ekeland's
- ( "
variational principle [El], an id!&rtgnéfto 1 of nonstootl

analysis. In a sense, all the "hard work" in tlie proofs in

section 2.3 1s contained in Theorem 2.2.2. o -

¢ 2

-r

Because of the localization property of g-cones, we

-

actually need only assume in Theorem' 2,2.2 that "C is closed

<

near X, , as we now demonstrate:

T ~ % .
. 1
. ) * ¢

4

. Corollary 2.2.3: In Theoyem 2.2.2, replace the hypothesis *

that C is closed hy the hypothesis that C 1s closed near

'x, . Then (2.2.2) still holds.

-

; . . - . oo
Proof: Bince C is closed near Xy there exists X ¢ N(xo)

L

such that. C n*X 'is closed: By Theofem 1.4.6 and (2.2.1),

A
+

2

! ‘=' 2 =* g .
V8 (x)) T (ko) = Volxg)Tolxg) =Y ”

'
*

, CnX
Theorem 1.4.6 again, we conclude that

N * ‘.—1 Y N ) . R » s
Hence T (xOL n VG(XO) EQ} c TCanG‘lto)(xﬂ) . Apply%ng‘ g\

s M -l ) i . \ \
To(x) 0 VG(x,) (0) €T .- (%) . . O .
co 0 cng Yoy 0 ’ 1

‘ 2 . ®

N

3

Another key ingredient in the proofs.in section 2.3 is

.the following special case of Corollary 1.4.92 ‘(see also S :

i
v

[bo5, Corollary 4.21): T



5 ]

. ' Proposition 2.2.4:" Let E , El be l.¢c.5. and A: E =» El

be linear and continuous. Let zo'e C ¢ E . Suppose that
. A;_"-
* B is relatively open on" C at z, ¢ 1.&.,

.

(2.2.3) For each X e N(zy) , there exists Z ¢ N(Azj)

such that 2 n A{C) < A(XnC) .

s
2 ’ P N * H
Be N v

Then ) ’ !
u 1 - N

[
+

(2.2.4) ' A(Tc(zo)f c TA(C)(AZO) .

. Twe
-~ Y
»

\ _Condition (2.2.3) is simply condition (1,4.17) with
. g := A . Notice that (2.2.3) holds in particular whenever A
. \‘is open and one-to-one on' C .. . .

+

R o

. *lxample 2.2.5: (a) Let A-IR2 + R be defihed by A(x,y}=;y;

\

- cw{ £,y) [x 20 Ly <0} u {0 *-—)]n 12,0003, land 7, =(1,0) .
Then neither (2.2.3) nor {(2.2.4) holds, since A(Tc(zo)) =

{§fy £0} , while ,

_I/’ . » ’
: s4: * * ' LI t ’

ot (b) Tt is possible, though, for (2.2.4) to’hold without
(2.2.3) being‘saéisfied. _For example, consider A and Zq
as in (a)
o i
Here (2.2

, and let C := {(x,y)lx.zo vy <0} v {(x,y)|x=0}.

.3) does not hold, but (2. 2.4) does,|51nce ’

1 N ¢ F]

TIPS

) . 3 i f
. ' k’A(Tc(z())&) = {y|ly €0} and 'I‘A(C)

1 [}

(Az)«ZR .
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4

.

- In-section 2.3, we will establish célculus“;ules_ . X

involving functions of two forms: bos

a - '
1 ' * '
v

u ‘ —
;. (2.2.5) (a) h i= £ +f,0F , where £;: R >R is . ‘

1 ’ . ’ N )
o . . , stryetly l.s.c. at x0 ’ f2:~3m”, R 1S s
.’, ) g3 . - ) Lst}ictly l.s.c. ét F(xo) , and F::Rﬁ s 10 \
Lo ‘ oo is strictly differentiable at Xy € dom £, 01‘.

v
- * ‘ »

. -1 : o
4. t F v (de fz) . 2 o 3

i
N . v L P x
\ ~ @
i v -

. . }hﬁ h :=Fof where f = (fl,...,f Y, each

RN f’ Rm +R is strlctly l.s.c. ‘at  x , and ‘

0

’ : R F'ZR 4~R.,1s 1aotone (nondecreasxng) with

- - !
. . . J n
oo respect 'to the coordinate ordering in R~ .- .

®
L. S .

. » . ’ ¢ .o v b B ¢ .
(; ) %, . The proofs of these calculus rules will consist of two:

) stages, as was mentioned in section 2.1l:

? !
.

~

: . .

11

Stage 1: Establish a directional derivative inequalipylwith
. 'the help off (2.M.9), inclusions (2.2.2).and (2.2.4),

. and the fact that the Clarke tangent cone is

.

¢

product-presérving (Corollary IT4,3).

1

Stage 2: Use that inequality and a convex subdifferential

. . calculus formula to establish a corresponding \

>

+ subgradient inclusion.

o

In ‘order to cdrry out stage 1, we need to establlsh that '
condltlon (2.2. 3) holds for the approprlate A, C and Zg
‘ We do so below in two technical lemmas. 'In the proofs of
N

-

Aatre s
-



i ( Y
) -&]16 - :

PN

#

these lemmas, for x = (xl,'...,xp) € Rp: and € >0 , we

define Be(x) 1= £y=(yl,...,yP)e RP l¥i_xz}‘l <e, i=1,...,p}.

i

a 2.2.6: _Let E, E' be l.c. Sey and let F: E ~» El be

ntinuous at’ XO ' fl. E *-R. be flnlte and l.s.c. at X5 o

fand. f2 Bt

. \
‘As E xR XEl XP:*'E xB. by A(x,y,z, r) (x,y+r) and

G: E xR xEl xR -+ El by G(x,y,z r) = (x) -2 . 'Then

+LR be flq;tg and l.s.c. at F(xo} . DBefine

ll

¢

”» ( |
(2.2,3) is satlsfled with ‘A _as above,
(l: = (epi £; x epi £,) n G (0) , and

V4

'y i (xo,fl(xo);Fz(xo),leF(xa))‘) .

i

b}

r *

‘* Proof: Let € >0 , Ue fd(x ) and Y ¢ N(F(x )) be given,
and let X :=U x Bs(fl(x )) x Y x B (fZ(F(x ) e N(Z ) .
By hypothesis, there exists Uy cU, U ¢ N(xo) such that

for all =x e Uy ¢ we have , )

. £, (x) 2 :fl(axo) - e/3 , N
/ F(xX) ¢ ¥ , and

l' +
J

4

(£,°F) (x) 2" (£50F) (x5) - e/3 !

4 * ; LY J,b

-

Define N := U X B /3(fl(ko)L xY'XBE/B(fZ(F(XO))) . Since

A. is surjective, Z 1= A(N) e N(Azo) « We will now verify

¥

. R,
that % n A(C) c A(XnC) . To do so, let (x,r) € 2 n A(C) .

4

Since (X,r) e Z , " there ex:.sts (x,v,2,r) ¢ N with " x =X ,

y+tr=r1. Slnce (X,T) € A(C) , there exists .



J ! .
o . : . ;o - 17~ ‘ ,
Al ’ 4 I N = N
, , N 3 i ' : 1 ‘o,
; - ¢ ’ .
. . R

[, ' J

N ) | '
' \ \ \ f n | v

\ " (x' & z‘ r) EC with " x' —x,y'+r'=rl,and
[ [ ‘e !
X)l [

Ut e ’,/ f (x ) :S“yl ! Z".: F(x’) ’. fz(z ) s r" - NQW x' € Ul 7 SO f :

v

1! ' '

'
x

E/S zF(‘X))) ,so o

' \

oo z|\€(Y . AlSQ r € B /3(fl(x0))

—

o © T e B2 /3(f (x}+‘ f2 F( ))) Flnally, smnée y +r = roo ' ‘

\ and y' = l(xo) - 6/31\\,\ we conclude thaﬁ y e.B (f (x ») , E

' \ ,'\ R

[ and r! sB (f (F(x )}) ‘ Thus, (},y z',\r) eX and SO Co

¢
+ N
N 5

‘ (x r) € A(XnC) . ,\We cOﬁcludé that Z nA(C} CA(XﬂC) 0

I . s }:' ,’w . . ‘4 ,\‘ " . 'g :
Def:LnJ.tJ.on 2. 2 7:% F: R > R ,.is isotone on,6 D'c ZR if o o
‘ 3 . Fix)-s Fly) whenevef ,x,’y:[ €D and x' si y ':(wi'th’respéct to o '
: . the coor;linqte ordem‘.r\xg)«t.c. C’ is strlqtly 1sot6ne in the l?;h

e B [ AN f 1\’

-

[

H
e D ew

— o

. coordinate at 'x':= (X;,...,%) ‘¢ IRM if F(x) </F(y) « o
, . \ | , o, ' . ) ’

: . : L4 . . " B i

. < b N ’ ’ W

— ‘ \ whenever x <y and_in <Yy oer : o | , ¢
i

\
. . ' R s i , . .
P } ) v ) )
° \ ) ' ! ty P . B N
! N ! / A P 3
. . ' ! . ' ! ’
h N t
£ Jamiy

Lemma 2.2.8: Let: /f s E'»- R 'y A w-vl,...,n be finite and
I ' b

. i E \
4 -

i.s.c.f at’ x0 , andcall . f :=‘(‘f1,...,f ) . Lét F: R -»‘Rf\ et

v
\

© be flmte at f(x) ' 1sotone on By (f('x )y o+ :R for some !

) LA

) : 0' > 0 , and l'.s.c. Dgflne Al (E ij) ‘I‘l+l + E x R by A L

i !
' » W . N . N

",7 A’(xl,yl,...,xn,yn,zl;‘...','zn,r) (1= (xl,r)k (Here ‘xi € IR%‘,‘ K L
et vgem eR L) Define G (ExRP xRS EThA®? ny

, G(xl,’yl,:..,xn,yn,zl;..»,',z\n\,r?‘ = (x ~x2,\..‘.,x ar¥y - B

, ‘zl,..,',yn-zn) . Assume for each j;e {1,...,n} that eit\err
oo ‘ | _(;L;)‘* f‘j | ige c‘:o‘nti:r'xuoﬁs‘ ;it Xy o, OF \(12) F is f;tricthly" ) ‘
é ' isotone in- the Jth coordinaée at‘fkao) » Then (2”.2,3) is N

* " i . v , ‘ ’ , A
, »satz.sfled with' A as above, o I \ N , ‘
AR ‘ N 1

o C := (epi £ %... xepi £ xep:L F) 0 G J’(O) , and v

, Zo ?= (XO ( 0)'--1,X01f (XO) f (X )7'--}f (x )lF(f(x ))) T "




!
\
|
.
'
' . )
¥ '
'
i - - P
¢
N '
F

y
N

" Proof: Let € >0 and ‘U e N(xo) be given, énd] define

“

=4

< C o Kx= T (UXB(£](x)))) x B_(£(x)) ¥ B_(F{£(x)))) < N(zg) .
' ‘,. ' ; ’ .=l

Fer t > 0 , define U, := {(yl,...,y ) € R.{y 2 £, (xy)-t,

. "~ i=1,...,n}.. By hypothesis, F is isotone on U, for |

‘ . o . . . 0 . oL
; sate t; >0 . Let I c.{%,%..,n} be the se; of coordihates
in which F is strictly'isétoné at ‘f(xdf . Suppose ,iel .

4

We claim that there exists ﬁma € (O,t ) such that -

P, Txg) -u.\)...,-f (rg) e By (xg)=hy) > FLEGR)) . If

3
i

noE: then for all ,t e (0 to) ' ‘

u
i N »
)
)
=t

~

* - ‘ F(fl(xo)-t'...hfi(xo) +€"'01fn~{}c0)_t) S F(f(xo)) .

i
'

&
o R . ' ~

« But since F 1is l.s.c., it follows that

. i
) s, - [

B | F‘(fl(xo),!...,fi(xo) +§,\l...,f'n(x0)‘) S‘g‘(‘f(xn)) . :

|
i ' !

( | ~ ¢ -

1 . i & «
This contradicts our assumption that i e I . s¢ for each o

i ¢ I , we¢ can choose u; € (0,5 with
i “ ) o ) v . T ' s Y .

N ' t
' v

; ‘ I Si E:(fl(xo} u re -v[f (X )‘: ‘-}.E".:-"fn{go)ﬂ—ui)*F (‘fl‘xO))>Du

! e A 4

¢ i ! 1 . v \ b

. S R . 3‘ , . . '

{ se Let u = min u . and let 8 = %—miﬂ 6. . Then if’ hE a ,

b S I Ty I M o l ' .
N fr'E,Bﬁ(F(ﬁlxol)) n F(U}) ' 1t follows from the 1sotonlc1ty '

[PRETN P '
!

'of F that r = F(y) £or some y = (yl,...,y ). Wlth

i ¢
»

AR Y3 < ii(xo) +. & ' for all 1.6 I . Now by assumptlons (1)

o and k2)y‘theré exists v é,N(xé) , v c U .such that
N ‘ ' /

3(x) € B, (f (x; ))[ whenever’ XeV,j¢I  / ad, . -

v
¢

7

P EMEONE £ (XD) = whenever XeV,jel. Let . . N

e
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L4

. n . )
N f:f igl’(v XBE(fi(xO)*)) x B_(£(x4)) xBg(F(£(xy))) . RAgain

Z = A(N) ¢ N(Azé) . We will now show that 2 nA(C) cA(XnC).
» N L - - -

Suppose (¥,T) ¢ Z n A(C)". since (k,T) ¢ A(N) ,oX must be
in V and T in Bg(F(£(x)))) . since (X,B) ¢ al0) ,

,there exists'y ¢ R" with £(X) <y and F{y) <T . Thus

-
—

kY
-y := £(X) satisfies F(y) = T, §i € Bu(fj (x4)) for all

j I ' and ~fj(xo)--‘p‘s v, s fj(xﬂ)fke for all j e I .

We conclude that (i,?l,.-n,;ﬁ,i;n,fi(-‘,o,;,i—'r"l’.i') € X n‘C I’ and

so (%,T) ¢ A(XnC) . - " N

-

.

Remark 2.2.9: The hypotheses of Lerma 2.2.8 hold in the

. v
3

following important‘cases:* .
» . n ‘
{a) F(yl,.¢.,yn) = 7

O .
1

1

e

' in\. and each fs l.s.c, at x
G ?

n
(b) F(yl,...,yn) = Ty and each fj positiye‘and

'/\/’ S
l.s.C., at. XO . h v
*

i

(¢) Fy.yees,y. ) 1= max and each £, l,s.c. at x ;
e Yl' ’yn lsjsn yj J , 9

with fJ continuous at x, for all j ¢ I(xo) » where

0
T(x.) t= {i e{l,...,n}|f: (%) = max £ (2.3} .
i 0 ' ' l 1770 l<3<n 1 0

1

i
\

We will also make use of the following lemma concerning

preservation of ,isotonicity by R-directional derivatives:
- Y

F

H

Lemma 2.2.10: Let E be a l.c.s., and let R be a g~cone

with K(X) = X or K(X) = Xy o Let F: R® » R, be finite at

] '

s\)

. e e E
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/ #
. - . 1’
-Y20 - L , .,
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- ’
" ' -

xO ¢ R® and isotone on a neighbournéod of cXg o Tﬁéh

FRtxo:-) is ;sotone on- Bf .

v 4 *

Proof: Let Yy1¥y € R® with Y, 2Y, s and suppose

(yz,d) € ﬁiF'X It suffices to show “that . , .

o) -
(yl,d) € ﬁ(F;xo) . ‘To-this end, let -§ >0 ‘be given. There

“exists X ¢ N(xo)' such th;t F is isotone on X, . For a
given U.e N(0) , there gxists' Xz*e N(xo) and AO >0 ‘such.
that4 X, + (OZKO)(yi+U) € Xy , i=1,2 . Reeping in mind that

K(X) = X *or K(X) = %, , we conclude that * U e N{0) ,

0
#XeNixy , #u>0, 5230, there exist

Woe K(X) x K(kF(xOJ-u,F<xo)+g33 and 27 € MU , -

#' (t,r) ¢ Wa (X2 X(F(xo)-u,F(xG)+v)) nepi P ,

*
b

$' te (O,min(A,Ag)) , *' he?, .

' ‘ F(x;t(y2+h))-r
t

sd+ e .

Now x-+t(y2+h) 2 Xu+t(yl+h) and‘both x'+t(y2+h) and

x'+t¥yl+h) are in X, . By isotonicity of 'F'on X, ,

1
F(x+t(yl+h))—r F(xft(y2+h))—r "
B = TR -
atid hence (yl,dl € ﬁ(F,xu) ; as gquired. o

{

For stage 2 of the proofs in section 2.3, we require
two subdifferential calculus rules %rqm convex analysis,
The first is a hybrid versibn pf se subgraéient sum formula
(Theorem 2.1.1) and a weil—known chain rule ([Rol, Theorem

1 '
'
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;23.9], [E2, Proposition 5.7]1}. It is easily proven by

suoce%i‘ly applying these two rules. We provide a proof

¥ .

of the second result, 1 .

vy ' %

i

Theorem 2.2.11t Let E , EY

and f,: gl » R be propér convex functions. Lét A: E + E

be l.g.s.,‘énd let . f‘f E~+R

1

be continuous and linear, and suppose Xg ¢ dom f nA‘fl(_dom fz) .

, 1

Assume . . ! : RN :

. . ’
(2.2.6) . Aldom £) o int dom £, 7 § .
Then o ) g

[ = * '
(2.2.7) B(fff2 A) (xo) Bfl(xo) + A¥3E, (Axo)
< v
m .2 1 n .

If E:=R and E :=R , then (2.2.6) may be replaced by
(Z.E.é) Alri dom fl) n ri dom £, #0 . ) v

.
. * N
L . L ]

Theorem 2.2,12: Let £ : E ~R ,i=1,...,n be proper

convex functions, and let F: R >R be proper, convex and

'

isotone on R® . Call fi= (fl""'fn) « Suppose

- . n - .

‘ %. ¢ n, dom £, and f(x.) ¢ dom F . Assume
0 ’i:-"l i 0 N t
(2.2.9) int(dom F) n (range £ +R") # &'. )
Then ’

3

(2.2.10) 3 (FofF) (xo) = {8(x+£) (x}D') [A'20, A eaF(f(xo))} .




'

If in addition

i
|

{2.2,11}) dom fl n n int dom £, # ¥ ,
' ‘=2\ J-
. . 1 \ . ,
then . - . ) - R . . .
i ' ") »> \ » )‘.,‘ ¥
§ _(zlz.lg} 3(Fof) (x5) = {A-(afl(xo?!..',afpﬁxo))[A 20,
A ° . X e AE(£(xT)} .

» D ’ ~1

o | o In the special case in wh;chT E ;'3W:, {2.2.11) may be

. 'répléced;by*

. » 2
o ' , n \» P
{2.2.13) n ri dom fi Ao0. - - '
o : i=1 ! .

.
f v
'

3 -

Y
- [ T
.

Proof: Let X e 3F(E(xy)) , X 2 0 , and' x¥ce 3(A+£) (x) .

, Then
T GoxgR*> € () (1) = (40) ()
=‘A-(f(x)—f(x0)) '
< FIE(x))-F(£(x,))
_ = (Fef) (x)-(Fof) (xg) .
. ," ‘ ‘
. s x* ¢ 3 (Fef) (x)) , SO .
[he (0 (%) yues, £ (x0)) A €F(£(xp)), ) 20}
c{a(kvf)(xO)IAeaF(f(xo))!kzo} c3(Fef) (xy) .
' ‘ "
“ Ccﬂzérsely,qsuppose' xg € Q(Fof)(xo) .

——
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Call h :=F f£f . Since F is isotone, ;

n
h(x) = min{F(y) |f(x)sy} for all x ¢ n dom fi . - Then
‘ . Cr i=1 : ‘
- - *
h*{x ) := sup<X,x:>=h(x) = sup{<x,x.>-F(y) |y -£fi(x) 2 0} .
0 X 0 e 0 ,
- L) ' M

Assuﬁption”(z.ﬁ.B) guarantees the e%istence of a Slater point

+ b4 «

for the gbove concave program, SG we ﬁayfapply the Lagrange
- v . «

multiplier theorem (e.g. [Hol, '14G1, [Rol, Theorem 28.21) ¢ .

There}exiéts X > 0 such that .
h ] ' i ° ? L2
"R* () = sup<x,x%> - Fly) + Ar{y=£0x) ° s

XY
Co = FYO) 4 (£ * (xg) .

i

R N 1

Then's X .

- ‘ - * * ,
h(xo) +‘h.(x0)‘

F(£(xy)) + (8)*(xd) + F*()

i

]

'S '

Y

and so

¢ &

<x.x3>:+'l-f(xor

¢

ArE(xy) + (e£)* (x0) +F(£(x,)) ¥F* (1) .
We now have ' .

¢

}-f(xo) + (A-f)*(xg)

*
<X, X >

and . ‘ ~

§;f(x0) = F(£(xy)) + F*() ,

\( .

implying that

! ¢

4

- A€ 8E(f(x0)) and xg € 8(A~f)(x0) .

3
v

V¥






